The Discrete Fourier Transform (DFT)

e Sampling Periodic Functions

¢ Inner Product of Discrete Periodic Functions
e Kronecker Delta Basis

e Sampled Harmonic Signal Basis

e The Discrete Fourier Transform (DFT)

e The DFT in Matrix Form

e Matrix Diagonalization

e Convolution of Discrete Periodic Functions
e Circulant Matrices

e Diagonalization of Circulant Matrices

e Polynomial Multiplication



Sampling Periodic Functions

Given a function of period, 7, i.e.,

f(6) = f(e+T)

choose N and sample f(¢) within the interval,
0 <t <T,atN equally spaced points, nAz, where
n=0,1,....N—1and Ar =T /N. The result is
a discrete function of period, N, which can be
represented as a vector, f, in RY (or CV) where

Jn= f(nAt):
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Inner Product of Discrete Periodic Functions

We can define the inner product of two discrete
functions of period, N, as follows:

N—1
n=>0



Standard Basis

1if m=n
(Kun),, = O = { 0 otherwise

Example:

k, =

- O = O O

0
Because (K, ,Ku,) equals zero when m; # my
and one when m; = m», the set of k,, for 0 <
m < N form an orthonormal basis for R" (or

CN) and therefore for discrete functions of pe-
riod, V.



Sampled Harmonic Signal Basis

A sampled harmonic signal is a discrete func-
tion of period, N:
1

_ Jj2mmy;
Waim \/Ne
where m 1s frequency and #n 1s position. A sam-
pled harmonic signal of frequency, m, can be
represented by a vector of length N:
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Sampled Harmonic Signal Basis (contd.)

How “long” 1s a sampled harmonic signal?

1
1Winll = (Win, W)
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Sampled Harmonic Signal Basis (contd.)

What is the “angle” between two sampled har-
monic signals, w,, and w,,,, when m; # m;,?
1 N—1

<Wm17Wm2> — N — e
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Sampled Harmonic Signal Basis (contd.)

(my—myp)

Substituting o for e /™~ yields

1 N—1
<Wm17Wm2> — Nn;()(x
afterwhich the following identity:
N—1 1 — OCN
Y o=
- | —o
can be applied to yield

T >_1 1 —aob
mi» my _N 1—0( .




Sampled Harmonic Signal Basis (contd.)

Since o, = e /2F N , 1t follows that

; _m N
(XN _ e]27t(m2 ml)N

— pJ2mimy—my)

Because e /™ = 1 for all integers, k # 0, and
because (m; —my) # 0 is an integer, it follows
that o = 1 yet o # 1. Consequently,

S >_1 1 —aob
mi» my _N 1—(X,

= 0.

In summary, because (W,,,, Wy,,) =0 when m; #
my and (W, , Wy,,) = 1 when m; = my, the set of
w,, for 0 < m < N form an orthonormal basis
for RY (or CV) and therefore for discrete func-
tions of period, V.



The Discrete Fourier Transform (DFT)

e Question What are the coefficients of f in
the sampled harmonic signal basis?

e Answer Take inner products of f with the fi-
nite set of sampled harmonic signals, w,,, for
0 <m<N.

The result is the analysis formula for the DFT:

fm — <WM7f>
— <Lej2ﬂm%,f>

VN
- fne_] uny
\/Nn:()

where f is used to denote the discrete Fourier
transform of f. The function can be reconstructed
using the synthesis formula for the DFT:



The DFT in Matrix Form

The analysis formula for the DFT:

1S o
Jm = / Z fne_]znmﬁ
N n=0
can be written as a matrix equation:

Jo Woo - Won—i Jo

r * *

CIv-1] o [ Waoio - Whoiva | L v
x 1 _—j2nmg

where Wm,n = ﬁe N,

More concisely:

f = W*.




The DFT in Matrix Form (contd.)

The synthesis formula for the DFT:

fn _ .]/C\me Jj2mmyy
N

can also be written as a matrix equation:

— — — — — A —

Jo Woo ... Wy_ip fo

vt [ Wi oo Whvaan— | [ vt ]
. n .

where W, , = ﬁe J2mmy  More concisely:

f = WT.

Note: Because only the product of frequency,
m, and position, n, appears in the expression
for a sampled harmonic signal, it follows that
Wonn = Wy Therefore W = W', The only dif-
ference between the matrices used for the for-
ward and inverse DFT’s, i.e., W* and W, 1s con-
jugation.



The DFT in Matrix Form (contd.)

A matrix product, y = AX, can be interpreted in
two different ways.

1. The i-th component of y 1s the inner product
of x with the i-th row of A:

X0
] ) Ao ... Aon—1] :
Yo | AN-1 |
| YN—1 X0
An_10 oo An—in—1 ] :
L _xN_l_ -

2. The vector, y, 1s a linear combination of the
columns of A. The i-th column is weighted
by x;:

Yo A0 AoN—1
: = X0 : -+ - _|_xN_1 :
YN—1 | AN-1,0 | | AN—1N-1




The DFT in Matrix Form (contd.)

Both ways of looking at matrix product are equally
correct. However, it 1s useful to think of the
analysis formula, f = W*f| the first way:
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i.e., f, is the inner product of f with the m-th
row of W. Conversely, it 1s useful to think of
the synthesis formula, f = W1, the second way:
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i.e., f1s a linear combination of the columns of
W. The m-th column is weighted by f,,..



Convolution of Discrete Periodic Functions

Let f and g be vectors in RY. Because f and
g represent discrete functions of period, N, we
adopt the convention that f(k+N) = f(k). The
k-th component of the convolution of f and g is
then

N—1
{fxgh = Z Ji 8k—j-
j=0



Example of Discrete Periodic Convolution

Calculate {f+g}; when
g=[210...01]

Since fxg = g« f and since

N—1
{gxfhe=Y gifi-j
j=0
1t follows that

{fxgh = gofi +81fi1+ -+ N1 fi-(v-1)
= 2fi+ 1fio1 + 1 ficv—n)
= fr—1+2fik+1fip

This operation performs a local weighted aver-
aging of 1.



Circulant Matrices

The convolution formula for discrete periodic
functions

N—1
{fxghi= ) figk—;
j=0

can be written as a matrix equation:
fxg=Cf
where Ck,j — 8k—j-

80 8N—-1 EN—-2 --- 81
81 g0 &8nN-1 --- &2
C= g2 41 g .- &3

 8N—-1 §N—2 8N-3 --- 80

Matrices like C are termed circulant.



Matrix Diagonalization

A vector, X, 1s a right eigenvector when Ax
points in the same direction as X but 1s (pos-
sibly) of different length:

AX = Ax

A vector, y, is a left eigenvector when y' A points
in the same direction as y' but is (possibly) of
different length:

Ayl =y A

A diagonalizable matrix of rank, N, has N lin-
early independent right eigenvectors

X0y ooy XN—1
and N linearly independent left eigenvectors

Yo,---, YN—1

which share the N eigenvalues

7\0, ...,7LN_1.



Matrix Diagonalization (contd.)

Such a matrix can be factored as follows:
A = XAY!

where the i-th column of X is X; and the i-th row
of Y' is y; and A is diagonal with A;; = A;:

(A% 0 ... O
A— O A ... O
_O 0 ... KN_l_
We also observe that
XY!'=1

i.e., X and Y! are inverses. We say that A has
been diagonalized. Stated differently, in the ba-
sis formed by i1ts right eigenvectors, the linear
operator, A, 1s represented by the diagonal ma-
trix, A.



Diagonalization of Circulant Matrices

When C is circulant the left and right eigenvec-
tors are sampled harmonic signals and conju-
gate harmonic signals. Consequently, X = W
and Y' = W*, and C can be factored as follows:

C = WAW"
where W, , = ﬁe jzmmy and

500 ... 0
04 .. 0

A=

0 0 ... v |
where A, = Ay = &, the m-th coefficient of
the DFT of g, the first column of C.



Convolution Theorem

It follows that we can use the DFT to compute
fxg:

2 AF
T W+ I W
f L>f>|<g

In plain English, multiplication with a circulant
matrix, C, in the time domain 1s equivalent to
multiplication with a diagonal matrix, A, in the
frequency domain:

Cf = WAW'L.



Polynomial Multiplication

p(x) = POXO -|-p1x1 —|—p2x2 + -+ px”
q(x) = q()xo —I—qpc1 —|—q2x2 + -+ g, X"

p(x)q(x) = pogox’+
(Pog1 + p1qo)x1+
(Pog2 + P11 + P2go)x*+
(POCB + P192 + p2gq1 + pgqo)x3—|—
(Poga + P1g3 + P29 + P3q1 + paqo)x*+

(pOQn+m +P19ntm—171 "+ Pnim—191 ‘|‘pn+mQO)Xn+m



Polynomial Multiplication (contd.)

r(x) = p(x)g(x)

= roXo+ X1 +raxa+ o rp X"

where

ri = Podi + P1gi—1+ -+ Pi—1491 + Piqo

= ) Pidi-
=0

= ) pidi-j

]:—OO

{p*q}



