Problem 1.

(Exercise2.42in thetext) Solvetherecurrencef (n) = af(n/2), with f(1) = 1. Since
this recurrencds only definedfor powers of 2, we write n = 2X andthus f(2¢) =
af(2<1), org(k) = ag(k—1), with f(1) = g(0) = 1. Thisyieldsthesolutiong(k) = aX
andthus f (n) = a'°%" = n/°% 2,

Problem 2.

(Exercise2.43in the text) Solve the recurrencef (n) = (f(n/2))?, with (1) = 1.
Obsenationimmediatelyyields f (n) = 1—all thatever happenss that the previous
value getssquaredput sincewe startwith 1, nothingever changes!If we have had
f(1) = c, with ¢ > 1, thenwe would have written g(k) = (g(k— 1))? with g(0) = cand
usedbacksubstitutiorfthis recurrences notlinear!) to obtain

g(k) = (g(k=1))* = ((9k=2)))? = (gk—2)* = ... = (9(0))* =¢°

Revertingto n asavariable we get f (n) = ¢2°2" = ¢,

Problem 3.

(Exercise2.44in thetext) Solvetherecurrencef (n) = (2+ @)f(n/z), with f(1) =
1. Sincethisis only definedfor powersof two, we useour standardstrateyy to rewrite
it asg(k) = (2+ %)g(k— 1), with g(0) = 1. As it stands.this recurrencehasnon-
constantoeficients,sowe cannotsolve it directly. We caneasilyboundit, however.
Note that the additionalterm % is always positive and never largerthan1. Thus,if

we replaceit by 0, we will geta lower bound; and if we replaceit by 1, we will

get an upperbound. Thuswe get a lower boundfunction Ib(k) = 2lb(k — 1), with
Ib(0) = 1, or (k) = 2X; in termsof n, thelower boundis thusjustn. Theupperbound
is definedby ub(k) = 3ub(k— 1), with ub(0) = 1, yielding ub(k) = 3; in termsof n,
the upperboundis n'°%3. Of the two bounds the lower boundwill be muchtighter
asymptoticallybecausé( getsinfinitesimally smallask goesto infinity. Thuswe can
statethat f (n) is O(n'°%3) andQ(n).

All of which begsthe question:is f(n) in fact®(n)? The answeris no, but that
takesa bit morework. We would needto shawv that f(n) doesnot grow fasterthan
linearly. For that,we assumea specificform for f, thentry verify thattheright-hand
side of the recurrencedoesnot grow ary fasterthanthat specificform (which is the
left-handside). Thuswrite f(n) = an+ h(n), whereh(n) is o(n), i.e., grows strictly
moreslowly thann. Thenwe would wantto verify thatwe have

an+h(n) > (2+ @)f(n/Z)

Simplifying terms,we get
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h(n) > 2h(n/2) + @h(n/z) + %gn

which is only possibleif h(n) grows at leastlinearly (becauseof the first term on
the right-handside). But we have assumedhat h(n) grew strictly more slowly than
linearly. Thus f(n) is not O(n). On the other hand, we can shaw, with just a bit
morework, that f(n) is O(n'*¢) for ary € > 0—really all we needto obsere is that
n'*+¢/logn grows fasterthanlinearly.

Problem 4.

Solvethefollowing recurrencefn © terms

1. f(n) =3f(n/2)+O(n).

This is only definedfor n a power of 2, so we getthe new recurrenceg(k) =
3g(k— 1) + ©(2). This hasa homogeneousoot of 3, which dominatesthe
driving term(root of 2), soits solutionis ©(3%); thus f (n) is ©(n'°%3),

. f(n) = 4f(n—1) — 4f(n—2) 4+ n?+ 2". Thehomogenouparthasadoubleroot
of 2, sothe homogeneousolutionis of the form (an+ b)2", which is ©(n2").
Therearetwo driving terms,onea polynomialof degree2 with animplicit root
of 1 (n?1") andthe othera polynomialof degree0 with a root of 2. The first
term givesrise to a similar termin theinhomogenousolution, thatis, a ©(n?)
term; the secondterm musthave its degreeincreasedy two to reflectthe fact
thattherearetwo identicalrootsin thehomogeneoupartandsowill giveriseto
a®(n?2") termin theinhomogeneousolution. Overall, thatlasttermdominates
everything,sothat f (n) is ©(n?2").

. f(n)=2f(n/2) — f(n/4) + O(n).

This is only definedfor n a power of 2 (not a power of 4: if nis a power of
4,n/2 nolongeris). Thuswe getthe new recurrencey(k) = 2g(k— 1) — g(k—
2) + ©(2X). Thehomogeneouparthasa doubleroot of 1 andsogivesriseto a
solutionof theform ak+ b, whichis ©(k); thedriving termhasno commonroot
with the homogeneousoot andso givesrise to aninhomogeneousolution of
the sameform, which is ©(2X). Thelatter dominatessothatg(k) is ©(2) and
thusf(n) is ©(n).



