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MACE 2.0ReferenceManualandGuide

William McCune

Abstract

MACE is a programthat searchesfor finite modelsof first-orderstatements.Thestatementto
bemodeledis first translatedto clauses,thento relationalclauses;finally for thegivendomainsize,
the groundinstancesareconstructed.A Davis-Putnam-Loveland-Logemanproceduredecidesthe
propositionalproblem,andany modelsfoundaretranslatedto first-ordermodels.MACEis auseful
complementto the theoremprover Otter, with Otter searchingfor proofsandMACE looking for
countermodels.

1 Intr oduction

MACE (ModelsAnd CounterExamples)is aprogramthatsearchesfor smallfinite modelsof first-order
statements.It is frequentlyusedalong with our first-ordertheoremprover Otter [5, 4], with Otter
searchingfor proofsandMACE looking for countermodels.Thetwo programsacceptalmostthesame
language,sothesameinput file canusuallybeusedfor bothprograms.

MACE hasbeenusedfor many applicationsincludingquasigroupexistenceproblems[3], ortholat-
ticeproblems[6], andlatticeandBooleanalgebraproblems[7, 8]. Othersuccessfulprogramsthatlook
for finite modelsof first-orderstatementsareSEM [11] andFINDER [10]. A relatedclassof programs
canproducefinite modelswhenthesearchfor a refutationfails. Examplesof theseareSATCHMO [2]
andMGTP [1].

At its core,MACEhasaDavis-Putnam-Loveland-Logemanpropositionaldecisionprocedurenamed
ANLDP. ANLDP can be useddirectly to decidepropositional(SAT) problemsgiven in conjunctive
normal form (seeSection8). Section6 givesdifferencesbetweenMACE 2.0 andprevious versions.
TheMACE Websiteis http://www.mcs.anl.gov/AR/mace.

2 A Little Moti vation

Sayyou’vejust inventedgrouptheoryby writing down thefollowing threeaxioms,

���������
�
	��
���������

	�������������������	��������

andyouarewonderingwhetherall groupsarecommutative.Youpreparethefollowing inputfile, named
group.in.
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set(auto).
list(usable).

e * x = x. % left identity
g(x) * x = e. % left inverse
(x * y) * z = x * (y * z). % associativity
a * b != b * a. % denial of commutativity

end_of_list.

Now yougive theinput file to Otterto searchfor a proof (actuallya refutation).

% otter < group.in > group.out

andto MACE to look for a countermodel(actuallya model)of size4, asfollows.

% mace -n4 -p -c < group.in > group4.out

Both programsfail immediately. But looking at theOtteroutputmakesyou suspectthatnot all groups
arecommutative,soyou goforward,looking for largercountermodels.Thecommand

% mace -n6 -p -c < group.in > group6.out

succeeds,andtheoutputfile containsthefollowing noncommutativegroupof order6.

======================= Model #1 at 1.13 seconds:
e: 0
a: 1
b: 2
*: | 0 1 2 3 4 5

--+------------
0 | 0 1 2 3 4 5
1 | 1 0 3 2 5 4
2 | 2 4 0 5 1 3
3 | 3 5 1 4 0 2
4 | 4 2 5 0 3 1
5 | 5 3 4 1 2 0

g: 0 1 2 3 4 5
---------------

0 1 2 4 3 5

Hmmm,very interesting:I wonderwhathappensif weadd ��������� to our theory.

3 How to Tell MACE What to Do

Threekindsof inputdeterminehow MACEworks.First,theclausesor formulasin theinputfile specify
the theoryfor which you seeka model. Second,specialcommandsin the input file put constraintson
themodels.Third, command-lineoptionsgivegeneralconstraintson thesearch.
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3.1 The Formulas

MACE readstheinput (from stdin)andtakesformulasandclausesfrom the listsusable, sos, de-
modulators, andpassive as its basictheory.1 Like Otter, MACE immediatelytransformsany
first-orderformulasto clauses.

MACE is abit morerestrictivethanOtterin thelanguageit accepts,andit interpretssomesymbols
differently. SeeSection4.

3.2 Constraints in the Input

Constraintsarespecifiedin anoptionallist mace constraints in theinput file.2 (If you give Otter
an input file containinga mace constraints list, Otter ignoresit.) Two kinds of constraintare
accepted:assignmentsfor themodelsandpropertiesof relationsor functions. Hereis anexamplelist
thatshowsall of thetypesof constraint.

list(mace_constraints).
assign(e, 0). % constant symbol
assign(g(2), 1). % function symbol
assign(3*4, 2). % function symbol
assign(P(1), T). % relation symbol
assign(Q(0,3), F). % relation symbol
property(same(_,_), equality).
property(lt(_,_), order).
property(g(_), bijection).
property(_*_, quasigroup).

end_of_list.

The assignmentssimply give function valuesor relationvaluesfor particularmembersof the do-
main.3 Membersof the domainarealwaysnamed�������! � " #�%$'&�� , where $ is the domainsize. The
Booleanconstants(relation values)arenamedT andF. Note that assigningvaluesto constantscan
alsobedonewith the-c command-lineoption (seethenext subsection).The following propertiesof
functionandrelationsymbolscanbespecifiedin themace constraints list.

equality
This appliesto binary relationsymbols. It is necessaryonly if a nonstandardequalitysymbol
is being used,becauseany binary relation recognizedby Otter as an equality symbol is also
recognizedby MACE asanequalitysymbol.SeeSection4.2.

order
Thisappliestobinaryrelationsymbols.It is necessaryonly if anonstandardordersymbolisbeing
used.MACE (but not Otter)automaticallyrecognizesbinary ( asanorderrelation.The“order”

1Onecanarguethatthehot list shouldalsobeconsideredaspartof thebasictheory, becauseOtterusesthehot list to make
inferences.MACEignoresthehot list, however, becausehot list clausesalmostalwaysoccuralsoin usableor sos,andMACE
suffersif it getsduplicateclauses.I supposeMACEcouldgetaroundthisby doinga subsumptioncheck.

2Previousversionsof MACEusedthepassive list for constraints.
3Why notplaceassignmentsin with theclausesthatspecifythetheory?Thiscanbedone,but suchassignmentsmightnot

makesenseif theinput is alsobeingusedfor Otter.

3



is theobviousorderonthemembersof thedomain: ��(���() ! ! *(+$�&,� . Seetheexampleinput
filesordered semi.in andcd.in includedin theMACE distributionpackage.

bijection
Thisappliesto unaryfunctionsymbols.Thelist of functionvaluesis apermutationof thedomain.

quasigroup
Thisappliesto binaryfunctionsymbols.If you write down thetablefor a finite quasigroup,each
row andeachcolumnis apermutationof thedomain.

3.3 Command-Line Options

-n $ This givesthestartingdomainsizefor thesearch.Thedefaultvalueis 2. If you alsogive
an-N option,MACEwill iteratedomainsizesupthroughthe-N value.Otherwise,MACE
will searchonly for the-n value.For example,

Options Search
-n4 4
-N6 2,3,4,5,6

-n4 -N6 4,5,6

-N $ Thisgivestheendingdomainsizefor thesearch.Thedefaultis thevalueof the-n option.

-c This saysthatconstantsin theinput shouldbeassigneduniqueelementsof thedomain.If
thenumberof constantsin theinput is greaterthanthedomainsize $ , thefirst $ constants
aregivenvalues,andthe restareunconstrained.This is a usefuloptionbecauseit elimi-
nateslots of isomorphismfrom thesearch.But it canblock all models,especiallywhen
usedwith otherconstraints.

-p (Lower case.)This option tells MACE to print modelsin a nice tabular form asthey are
found.This formatis meantfor humanconsumption.

-P (Uppercase.) This option tells MACE to print modelsin an easilyparsableform. This
formathasanOtter-like syntaxandcanbereadby mostPrologsystems.

-I This optiontells MACE to print modelsin IVY form. This format is a Lisp S-expression
andis meantto bereadby IVY [9], ourproof andmodelchecker.

-m $ This tellsMACE to stopafterfinding $ models.Thedefaultis 1.

-t $ ThistellsMACEtostopafterabout$ seconds.Thedefaultisunlimited.MACEignoresany
assign(max seconds, n) commandsthatmightbein theinputfile. Such commands
are usedby Otteronly.

-k $ This tellsMACEto stopif it triesto allocatemorethan $ kilobytesofmemory. Thedefault
is 48000(about48 megabytes).MACEignoresanyassign(max mem, n) commands
thatmightbein theinput file. Such commandsare usedbyOtter only.

-x This is a special-purposeconstraintdesignedto reduceisomorphismin quasigroupprob-
lems.It appliesonly to binaryfunctionf. See[3].

-h This tellsMACE to print asummaryof thesecommand-lineoptions.
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4 LanguageAcceptedby MACE

MACE acceptsnearlythesameinput asOtter. First we list the main differencesfrom Otter; thenwe
givea shortreview of Otter’s language.

4.1 Differ encesfr om Otter’ sLanguage

1. MACE doesnot acceptfunction symbolswith arity greaterthanthreeor relationsymbolswith
arity greaterthanfour.

2. MACE doesnot allow symbolswith differentarities,for example,f(f,x).

3. MACE doesnot allow a symbolto beusedasbotharelationsymbolanda functionsymbol.

4. MACE ignoresanswerliterals. In fact,MACE removesall answerliteralsbeforeit startslooking
for models.

5. Thenaturalnumbers0,1,2,... areordinaryconstantsto Otter, but they havespecialmeanings
to MACE. In particular, MACE interpretsthemaselementsof thedomain.If you askMACE to
look for amodelof size $ , andthereareconstants-+$ in theinput,MACEwill getconfusedand
quit with anerrormessage.

6. On theotherhand,theevaluable(“dollar”) functionsandrelations,for example$SUM and$LT,
have specialmeaningsto Otter, but they aretreatedby MACE asordinarysymbols.As a result,
aninput file containingevaluablesymbolscanproducebotha refutationwith Otteranda model
with MACE.Hereis anexample.

set(hyper_res).
list(sos).

-P(x) | P($SUM(x,x)).
P(1).
-P(2).

end_of_list.

4.2 A Quick Review of the LanguageOtter Accepts

SeetheOttermanual[5] for a thoroughdescriptionof thelanguage.

Clausesvs.Formulas. You canuseeitherclausesor formulas.(Most peopleuseclauses.If you use
formulas,they areimmediatelytranslatedto clauses.)Herearesomecorrespondingexamples.

list(usable). % clauses
-P(x) | -Q(x) | R(x).
-P(x) | -Q(x) | S(x).
f(e,x) = x.
f(g(x),x) = e.

end_of_list.
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formula_list(usable). % formulas
all x (P(x) & Q(x) -> R(x) & S(x)).
exists e ((all x (f(e,x) = x)) &

(all x exists y (f(y,x) = e))).
end_of_list.

Variables vs. Constants in Clauses. Clausesdo not have explicit quantifiers,so we needa rule to
distinguishvariablesfrom constants.The default rule is that symbolsstartingwith u throughz are
variables. If the commandset(prolog style variables) is in effect, symbolsstartingwith
upper-caselettersarevariables.

Equality Symbols. How do we recognizebinary relationsasequalityrelations?The defaultrule is
that the symbol= and symbolsmatchingthe pattern[Ee][Qq].* are equality symbols. If the input
containsthecommandset(tptp eq), thenequal is theoneandonly equalitysymbol.

Infix Notation. Onecandeclarebinarysymbolsto beinfix andto haveaprecedenceandassociativity
sothatsomeparenthesescanbeomitted.Many symbolssuchas= and* have built-in declarations.

5 How MACE Works

Themethodsusedby MACE aredescribedin detailin [3]. Hereis a summary.

For a givendomainsize,MACE transformsthe (first-order)input into anequivalentpropositional
problem.This is possiblebecause,for a fixed finite domain,thefirst-orderproblemis decidable.The
propositionalproblemis thengivento a DPLL (Davis-Putnam-Loveland-Logeman)procedure.If sat-
isfiability is detected,the propositionalmodel is transformedinto a first-ordermodelof the original
problem.

Considerthefollowing input file.

list(usable).
even(a).
-even(x) | even(s(s(x))).
-even(s(a)).

end_of_list.

MACE first flattenstheclausesinto a relationalform. This stepinvolvesreplacingeach$ -ary function
with an $�./� -ary relation.MACE’soutputfor thisexamplecontainssomethinglike

Processing clause: -a(v0) | even(v0).
Processing clause: -s(v0,v1) | -s(v1,v2) | -even(v0) | even(v2).
Processing clause: -a(v0) | -s(v0,v1) | -even(v1).

If weaskfor modelsof size3, MACEgeneratespropositionalclausescorrespondingto all instances
of thetransformedclausesover theset 0 0,1,21 . Theoutputalsocontainsthestatements
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Function s/2 well-defined and closed.
Function a/1 well-defined and closed.

which indicatethat MACE hasgeneratedpropositionalclausesassertingthat the new $2.3� -ary rela-
tions are functions. The DPLL procedurefinds a modelof the set of propositionalclauses,and the
propositionalmodelis transformedinto thefollowing first-ordermodel.

a: 2 even: 0 1 2 s: 0 1 2
--------- ---------

T F T 0 0 1

Scalability. Unfortunately, this methoddoesnot scalewell asthedomainincreasesor asthesizeof
clausesincreases.Consideradistributivity axiom, ���4	�� . �5���6	�� . �*�7�8	�� . ��� . Thetransformation
to relationalform producesthefollowing two clauses.

-+(v0,v1,v2) -+(v0,v3,v4) -*(v4,v2,v5) -+(v3,v1,v6) *(v0,v6,v5)
-+(v0,v1,v2) -+(v0,v3,v4) *(v4,v2,v5) -+(v3,v1,v6) -*(v0,v6,v5)

For a domainof 6, eachof these(7-variable)clausesproduces9�: �<;�=�> � >�? 9 propositionalclauses.
MACE canusuallyhandlethis many clauses,but it’ shardto fight exponentialbehavior. Theprogram
SEM [11] is usuallybetterthanMACE for largeclausesor largedomains.

6 Differ encesfr om PreviousVersions

Major changesfrom earlierversionsof MACE arelistedhere.

1. Previousversionsof MACE calledOtter to parsethe input andto producean intermediateform
that wasgiven to a programnamedANLDP. MACE 2.0 is self-contained,making it easierto
install andrun.

2. Previous versionsof MACE worked for a fixed domainsize, and therewas a separatescript
(mace-loop)to iteratethroughdomainsizesandcallingMACE.

3. Previousversionsof MACE usedOtter’spassive list for constraints(assignmentsandproper-
ties). MACE 2.0usesthenew list mace constraints for thatpurpose;clausesin passive
arenow takenaspartof thetheory.

4. MACE 2.0 allows answerliterals in theclauses.(Answerliteralsareremovedby MACE before
thesearchfor models.)

5. Previousversionsof MACEcouldhandlesortedlogic (with disjointdomains).MACE2.0cannot.
Most of thecodefor sortedlogic is still in place,soit is possiblethatfutureversionswill handle
sortedlogic.

Sortedlogic cansharplycut down the searchtime. Considera domainof size12 that canbe
partitionedinto 8 and4. A 2-variablerelationalclause,with onevariablefor eachsort,produces
144propositionalclauseswith unsortedlogic and32 clausesin thesortedcase.Let us know if
youneedsortedlogic.
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6. Previous versionsof MACE hada checkpointingfeaturewherebythe stateof the searchwas
periodicallybackedupto afile, andthesearchcouldberesumedfrom oneof thosestates.MACE
2.0doesnothave this feature.

7 Calling MACE From Other Programs

MACE returnsan exit codewhenit terminates.This makesit convenientto call MACE from other
programs.Hereis a list of MACE’sexit codes.(This list changesfrom time to time; thecurrentlist can
befoundin thesourcefile Mace.h.)

11 (ABEND EXIT) This usuallyindicatesanerror in the input (not all input errorsarecoveredby
INPUT ERROR EXIT below). Occasionallyit is causedby a bug in MACE.Whenyou get this
exit code,look in theoutputfor anerrormessage.

12 (UNSATISFIABLE EXIT) MACE completedits searchanddeterminedthat no modelsexist
within thegivendomainsize(s)andotherconstraints.It doesnotmeanthat theinput clausesare
unsatisfiable.

13 (MAX SECONDS EXIT) MACE terminatedbecauseof the time limit given on commandline
(with -t).

14 (MAX MEM EXIT) MACE terminatedbecauseof thememorylimit givenon thecommandline
(with -k).

15 (MAX MODELS EXIT) MACE terminatedbecauseit foundthenumberof modelsrequestedon
thecommandline (with -m).

16 (ALL MODELS EXIT) MACE completedits searchandfound all models(at leastone)within
thegivenconstraints.

17 (SIGINT EXIT) MACE terminatedbecauseit receivedtheinterruptsignal.

18 (SEGV EXIT) MACE crashed.

19 (INPUT ERROR EXIT) Errors were found in the input. The output file shouldpoint to the
error(s).

Saywe have a list of equationscontaininga binary functionsymbolf, andwe wish to remove the
equationsthat have a noncommutative modelof size @BA . If we put the equationsin a file, with one
equationon eachline, for example,

f(f(x,f(f(z,x),x)),f(z,f(y,x))) = z.
f(f(f(x,f(z,x)),x),f(z,f(y,x))) = z.
f(f(f(f(y,x),z),x),f(f(u,y),x)) = x.
f(f(f(f(y,x),z),x),f(f(y,u),x)) = x.

wecanwrite asimpleprogramto loopthroughtheequations,callingMACEfor eachandprintingthose
thathaveno noncommutativemodelsof size @,A . Hereis anexamplePerlprogramthatdoesthejob.
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#!/usr/local/bin/perl5

$mace = "/home/mccune/bin-linux/mace"; # MACE binary
$unsatisfiable_exit = 12; # exit code of interest
$input = "/tmp/mace$$"; # temporary input file

while ($equation = <STDIN>) {
open(FH, ">$input") || die "Cannot open file $input";
print FH "list(usable). $equation f(0,1)!=f(1,0). end_of_list.\n";
close(FH);
$rc = system("$mace -N4 < $input > /dev/null 2> /dev/null");
$rc = $rc / 256; # This gets the actual exit code.
if ($rc == $unsatisfiable_exit) { print $equation; }

}
system("/bin/rm $input");

If our datafile is namedidentities andour Perl script is namedcommute4 filter, then the
command

% commute4_filter < identities > candidates

will remove two of thefour equationswithin a few seconds.

8 The ANLDP PropositionalDecisionProcedure

If you have a propositional(SAT) problemin conjunctive normalform, you cancall MACE’s DPLL
proceduredirectlywith theprogramANLDP. ANLDP is includedin theMACE distributionpackage.

Input to ANLDP is a sequenceof integers(no commentsareallowed). Thepropositionalvariables
are1,2,3,.... Positive integersarepositive literals, negative integersarenegative literals, and0
marksthe endsof clauses. For example,hereis an (unsatisfiable)input consistingof four 2-literal
clauses.

1 2 0
1 -2 0
-1 2 0
-1 -2 0

Thecommand-lineoptionsof ANLDP area subsetof MACE’s:

-p (Lowercase.)This tells ANLDP to print modelsasthey arefound.

-m $ This tellsANLDP to stopafterfinding $ models.Thedefaultis 1.

-t $ This tellsANLDP to stopafterabout$ seconds.Thedefaultis unlimited.

-k $ This tells ANLDP to stop if it tries to allocatemore than $ kilobytes of memory. The
defaultis 48000(about48 megabytes).
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-s This tellsANLDP to performunit subsumptionasit searches.(Unit subsumptionis always
performedon theinput.) WhenANLDP getsa new unit (by splitting or by unit propaga-
tion), two operationsareordinarily performed:(1) unit resolution,to remove complemen-
tary literals from all clauses,and(2) unit subsumption,to mark assubsumedall clauses
containingthe unit asa literal. Becauseof our datastructures,unit subsumptionnearly
alwayscostsmoretimethanit saves.But thisoptionallowsyou to useunit subsumptionif
you wish.

ANLDP is an implementationof the Davis-Putnam-Loveland-Logemanprocedure.Efficient data
structuresandalgorithmsareused,but the procedureis otherwisestandard.Whenthe time comesto
selectthe next propositionalvariablefor splitting, ANLDP simply takesthe first variableof the first
shortestpositiveclause.Detailsof theimplementationcanbefoundin [3].
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