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MACE 2.0 ReferenceManualandGuide

William McCune

Abstract

MACE is a programthat searchegor finite modelsof first-orderstatementsThe statemento
bemodeleds first translatedo clausesthento relationalclausesfinally for the givendomainsize,
the groundinstancesare constructed.A Davis-Putnam-Leeland-Logemarmroceduredecidesthe
propositionaproblem,andary modelsfoundaretranslatedo first-ordermodels.MACE is a useful
complemento the theoremprover Otter, with Otter searchingfor proofsand MACE looking for
countermodels.

1 Intr oduction

MACE (ModelsAnd CounterExamples} a programthatsearche$or smallfinite modelsof first-order
statements.lt is frequently usedalong with our first-ordertheoremprover Otter [5, 4], with Otter
searchindgor proofsandMACE looking for countermodelsThetwo programsacceptalmostthe same
languagesothe samenputfile canusuallybe usedfor bothprograms.

MA CE hasbeenusedfor mary applicationsncluding quasigroupexistenceproblemd3], ortholat-
tice problemg6], andlatticeandBooleanalgebraproblemq7, 8]. Othersuccessfuprogramghatlook
for finite modelsof first-orderstatementare SEM[11] andFINDER [10]. A relatedclassof programs
canproducefinite modelswhenthe searchor arefutationfails. Examplesof theseare SATCHMO [2]
andMGTP [1].

At its core, MACE hasaDavis-Putnam-Leeland-Logemapropositionablecisiorproceduranamed
ANLDP. ANLDP canbe useddirectly to decidepropositional(SAT) problemsgivenin conjunctive
normalform (seeSection8). Section6 givesdifferenceshetweenMACE 2.0 and previous versions.
The MACE Websiteishtt p: / / www. nts. anl . gov/ AR/ mace.

2 A Little Motivation

Sayyou'vejustinventedgrouptheoryby writing down the following threeaxioms,
EXxT =1
glz)xz=e
(zxy)xz=1ax*(y*z)

andyouarewonderingwhetherall groupsarecommutatve. You preparehefollowing inputfile, named
group.in.



set (aut o).
list(usable).

e * X = X. % left identity
g(x) * x = e. % 1 eft inverse
(x *y) *z=x%*(y * z). %associativity
a*bl=>b* a % deni al of commutativity

end_of |ist.

Now you give theinputfile to Otterto searchor a proof (actuallya refutation).
% otter < group.in > group.out

andto MACE to look for a countermode{actuallya model)of size4, asfollows.
% mace -n4 -p -c < group.in > group4. out

Both programdail immediately But looking at the Otter outputmakesyou suspecthatnot all groups
arecommutatve, soyou goforward,looking for larger countermodelsThe command

% mace -n6 -p -c < group.in > group6. out
succeedsandthe outputfile containsthefollowing noncommutatie groupof order6.

—==—=—======—=—=—=========== |\bdel #1 at 1.13 seconds:

e: 0

a1

b: 2
* | 012345
i,
O] 012345
1] 1032514
2|1 240513
3] 351402
41 425031
51 534120
g 012345
012435

Hmmm,veryinteresting:l wonderwhathappensf weaddz x 2 — e to ourtheory

3 Howto Tell MACE What to Do

Threekindsof inputdeterminehow MACE works. First, the clause®or formulasin theinputfile specify
the theoryfor which you seeka model. Secondspecialcommandsn the input file put constraintson
themodels.Third, command-lineoptionsgive generakonstrainton the search.

2



3.1 The Formulas

MACE readstheinput (from stdin) andtakesformulasandclausedrom thelistsusabl e, sos, de-
modul at or s, andpassi ve asits basictheory! Like Otter MACE immediatelytransformsary
first-orderformulasto clauses.

MACE is abit morerestrictvethanOtterin thelanguaget acceptsandit interpretssomesymbols
differently SeeSectiord.

3.2 Constraintsin the Input

Constraintsarespecifiedin anoptionallist mace_const r ai nt s in theinputfile.? (If you give Otter
an input file containinga nace_const r ai nt s list, Otterignoresit.) Two kinds of constraintare
acceptedassignmentfor the modelsand propertiesof relationsor functions. Hereis an examplelist
thatshaws all of thetypesof constraint.

[ist(nmace_constraints).

assign(e, 0). % const ant symnbol
assign(g(2), 1). % f uncti on symnbol
assign(3*4, 2). % f uncti on symnbol
assign(P(1), T). % rel ation symnbol
assign(Q0,3), F). % rel ation symbol

property(sane(_, ), equality).
property(lt(_,_), order).
property(g(_), bijection).

property(_*_, quasigroup).
end_of |ist.

The assignmentsimply give function valuesor relationvaluesfor particularmembersof the do-
main3 Membersof the domainare alwaysnamedo, 1,...,n — 1, wheren is the domainsize. The
Booleanconstantgrelation values)are namedT and F. Note that assigningvaluesto constantscan
alsobe donewith the - ¢ command-lineoption (seethe next subsection).The following propertiesof
functionandrelationsymbolscanbespecifiedn thenace_const r ai nt s list.

equality
This appliesto binary relation symbols. It is necessarpnly if a nonstandaraquality symbol
is being used,becauseary binary relation recognizedby Otter as an equality symbolis also
recognizedby MACE asanequalitysymbol. SeeSection4.2.

or der
Thisappliesto binaryrelationsymbols.It is necessargnly if anonstandardrdersymbolis being
used.MACE (but not Otter) automaticallyrecognizedinary < asanorderrelation. The “order”

'Onecanamuethatthehotlist shouldalsobe consideredspartof the basictheory becaus®©tteruseshehot list to make
inferencesMA CEignoresthehotlist, however, becauséotlist clausesalmostalwaysoccuralsoin usableor sos,andMACE
suffersif it getsduplicateclauses! supposeMA CE could getaroundthis by doinga subsumptiorcheck.

2Previous versionsof MACE usedthe passi ve list for constraints.

3Why not placeassignmentin with the clauseghatspecifythetheory?This canbe done but suchassignmentsnight not
makesenséf theinputis alsobeingusedfor Otter



is theolbviousorderonthe memberf thedomain:0 < 1 < ... < n — 1. Seetheexampleinput
filesor der ed_seni . i n andcd. i n includedin the MACE distribution package.

bi j ection
Thisappliesto unaryfunctionsymbols.Thelist of functionvaluess a permutatiorof thedomain.

guasi group
This appliesto binaryfunctionsymbols.If you write down thetablefor afinite quasigroupeach
row andeachcolumnis a permutatiorof thedomain.

3.3 Command-Line Options

-Nn

n

This givesthe startingdomainsizefor the search.The defaultvalueis 2. If you alsogive
an- Noption,MACEwill iteratedomainsizesupthroughthe- Nvalue.Otherwise MACE
will searchonly for the- n value.For example,

Options Search
-n4 4
- N6 2,3,45,6
-n4 -N6 45,6

This givestheendingdomainsizefor thesearch.Thedefaultis thevalueof the- n option.

This saysthatconstantsn theinput shouldbe assignediniqueelementof the domain. If
thenumberof constantsn theinputis greatethanthe domainsizen, thefirst n constants
aregivenvalues,andthe restareunconstrainedThis is a usefuloption becauset elimi-
nateslots of isomorphismfrom the search.But it canblock all models,especiallywhen
usedwith otherconstraints.

(Lower case.)This optiontells MACE to print modelsin a nice takular form asthey are
found. This formatis meantfor humanconsumption.

(Uppercase.) This optiontells MACE to print modelsin an easily parsableform. This
formathasanOtterlike syntaxandcanbe readby mostPrologsystems.

This optiontells MACE to print modelsin IVY form. This formatis a Lisp S-expression
andis meantto bereadby IVY [9], our proofandmodelchecker

This tells MACE to stopafterfinding n models.Thedefaultis 1.

ThistellsMACEto stopafteraboutn secondsThedefaultis unlimited. MACEignoresany
assi gn(max_seconds, n) commandshatmightbein theinputfile. Su¢& commands
are usedby Otter only.

Thistells MACE to stopif it triesto allocatemorethann kilobytesofmemory Thedefault
is 48000(about48 megabytes).MACE ignoresanyassi gn( max_nem n) commands
thatmightbein theinputfile. Sudr commandsre usedby Otter only.

This is a special-purposeonstraintdesignedo reduceisomorphismin quasigrougprob-
lems. It appliesonly to binaryfunctionf . See[3].

This tells MACE to print asummaryof thesecommand-lineoptions.



4 LanguageAcceptedby MACE

MACE acceptsmearlythe sameinput as Otter. First we list the main differencedrom Otter; thenwe
give ashortreview of Otter’slanguage.

4.1 Differ encedrom Otter’ sLanguage

1. MACE doesnhot acceptfunction symbolswith arity greaterthanthreeor relationsymbolswith
arity greaterthanfour.

2. MACE doesnot allow symbolswith differentarities,for example,f (f, x) .
3. MACE doesnot allow a symbolto be usedasbotharelationsymbolanda functionsymbol.

4. MACE ignoresanswelliterals. In fact, MACE removesall answeliterals beforeit startslooking
for models.

5. Thenaturalnumber9, 1, 2, ... areordinaryconstantso Otter, butthey have speciaimeanings
to MACE. In particular MACE interpretsthemaselementsof the domain. If you askMACE to
look for amodelof sizen, andthereareconstants> n in theinput, MACE will getconfusedand
quit with anerrormessage.

6. Ontheotherhand,the evaluable(“dollar”) functionsandrelations,for example$SUMand$LT,
have specialmeaninggo Otter, but they aretreatedby MACE asordinarysymbols.As aresult,
aninput file containingevaluablesymbolscanproducebotha refutationwith Otteranda model
with MACE. Hereis anexample.

set (hyper_res).
list(sos).
-P(x) | P($SUM X, x)) .
P(1).
-P(2).
end_of |ist.

4.2 A Quick Review of the LanguageOtter Accepts

Seethe Ottermanual[5] for athoroughdescriptionof thelanguage.

Clausesvs. Formulas. You canuseeitherclausesor formulas. (Most peopleuseclauseslf you use
formulas,they areimmediatelytranslatedo clauses.Herearesomecorrespondingxamples.

ist(usable). % cl auses
-P(x) | -Qx) | R(x).
-P(x) | -Qx) | S(x).
f(e,x) = x.
f(g(x),x) = e.
end_of |ist.



formul a_list(usable). % f or mul as
all x (P(x) & Qx) -> R(x) & S(x)).
exists e ((all x (f(e,x) =x)) &
(all x exists 'y (f(y,x) =#8))).
end_of |ist.

Variables vs. Constantsin Clauses. Clausesdo not have explicit quantifiers,sowe needa rule to
distinguishvariablesfrom constants. The defaultrule is that symbolsstartingwith u throughz are
variables. If the commandset (pr ol og_styl e_vari abl es) is in effect, symbolsstartingwith
uppercasdettersarevariables.

Equality Symbols. How do we recognizebinary relationsas equalityrelations? The defaultrule is
that the symbol = and symbolsmatchingthe pattern[Ee][Qq].* are equality symbols. If the input
containsghecommandset (t pt p_eq) , thenequal istheoneandonly equalitysymbol.

Infix Notation. Onecandeclarebinarysymbolsto beinfix andto have a precedencandassociatiity
sothatsomeparenthesesanbeomitted. Many symbolssuchas= and* have built-in declarations.

5 How MACE Works

Themethodausedby MACE aredescribedn detailin [3]. Hereis asummary

For a givendomainsize,MACE transformshe (first-order)input into anequialentpropositional
problem. This is possiblebecausefor afixed finite domain,thefirst-orderproblemis decidable.The
propositionalproblemis thengivento a DPLL (Davis-Putnam-Leeland-Logemanprocedure.lf sat-
isfiability is detectedthe propositionalmodelis transformednto a first-ordermodel of the original
problem.

Considetthefollowing inputfile.

list(usable).
even(a).
-even(x) | even(s(s(x))).
-even(s(a)).

end_of |ist.

MACE first flattensthe clausesdnto a relationalform. This stepinvolvesreplacingeachr-ary function
with ann + 1-ary relation. MACE’s outputfor this examplecontainssomethindike

Processing clause: -a(v0) | even(v0).
Processing clause: -s(v0O,v1l) | -s(vl,v2) | -even(v0) | even(v2).
Processing clause: -a(v0) | -s(v0O,vl) | -even(vl).

If we askfor modelsof size3, MACE generatepropositionakclausesorrespondingo all instances
of thetransformedlausesover theset{0,1,2}. Theoutputalsocontainshe statements



Function s/2 well -defined and cl osed.
Function a/1 well -defined and cl osed.

which indicatethat MACE hasgenerategropositionalclausesassertinghatthe new » + 1-ary rela-
tions are functions. The DPLL procedurefinds a model of the set of propositionalclauses,andthe
propositionaimodelis transformednto thefollowing first-ordermodel.

Scalability. Unfortunately this methoddoesnot scalewell asthe domainincrease®r asthe sizeof
clausesncreasesConsideradistributivity axiom,z * (y + z) = (z + y) * (z 4+ z). Thetransformation
to relationalform produceghefollowing two clauses.

-+(vO0,vl,v2) -+(v0,v3,v4) -*(v4,v2,v5) -+(v3,vl,v6) *(vO,v6, v5)
-+(vO0,vl,v2) -+(v0O,v3,v4) *(v4,v2,v5) -+(v3,vl,v6) -*(v0, V6, v5)

For a domainof 6, eachof these(7-variable)clausesproducess” = 279,936 propositionalclauses.
MACE canusuallyhandlethis mary clauseshut it’ s hardto fight exponentialbehaior. The program
SEM11] is usuallybetterthanMACE for large clauser large domains.

6 Differencedr om Previous Versions

Major changedrom earlierversionsof MACE arelistedhere.

1. Previousversionsof MACE calledOtterto parsetheinput andto producean intermediateform
that was givento a programnamedANLDP. MACE 2.0 is self-containedmaking it easierto
installandrun.

2. Previous versionsof MACE worked for a fixed domainsize, and there was a separatescript
(mace-loop}o iteratethroughdomainsizesandcalling MACE.

3. Previousversionsof MACE usedOtter's passi ve list for constraint§assignmentandproper
ties). MACE 2.0 usesthe new list mace_const r ai nt s for thatpurposeclausesn passi ve
arenow takenaspartof thetheory

4. MACE 2.0 allows answetliterals in the clauses.(Answerliterals areremored by MACE before
thesearchfor models.)

5. Previousversionsof MACE couldhandlesortedogic (with disjointdomains) MACE 2.0cannot.
Most of the codefor sortedlogic is still in place,soit is possiblethatfutureversionswill handle
sortedlogic.

Sortedlogic cansharplycut down the searchtime. Considera domainof size 12 that canbe
partitionedinto 8 and4. A 2-variablerelationalclause with onevariablefor eachsort, produces
144 propositionalclauseswith unsortedogic and 32 clausesn the sortedcase. Let us know if
you heedsortedlogic.



6. Previous versionsof MACE had a checkpointingfeaturewherebythe stateof the searchwas

periodicallybackedupto afile, andthesearchcouldberesumedrom oneof thosestates MACE
2.0doesnot have thisfeature.

7 Calling MACE From Other Programs

MACE returnsan exit codewhenit terminates. This makesit corvenientto call MACE from other
programsHereis alist of MACE's exit codes.(Thislist changedrom timeto time; thecurrentlist can
befoundin thesourcefile Mace. h.)

11

12

13

14

15

16

17
18
19

( ABEND_EXI T) This usuallyindicatesanerrorin theinput (not all input errorsare coveredby
I NPUT_ERROR_EXI T below). Occasionallyit is causeddy a bugin MACE. Whenyou getthis
exit code,look in the outputfor anerrormessage.

( UNSATI SFI ABLE_EXI T) MACE completedits searchand determinedthat no modelsexist
within the givendomainsize(s)andotherconstraintslt doesnot meanthat theinput clausesare
unsatisfiabé.

( MAX_SECONDS_EXI T) MACE terminatedbecauseof the time limit given on commandline
(with - t).

( MAX_MEMEXI T) MACE terminatedbecausef the memorylimit given onthe commandine
(with - k).

( MAX_MODELS_EXI T) MACE terminatedbecausét foundthe numberof modelsrequestean
thecommandine (with - m.

(ALL_MODELS_EXI T) MACE completedits searchandfound all models(at leastone)within
thegivenconstraints.

(SI G NT_EXI T) MACE terminatedhecausdt recevedtheinterruptsignal.
( SEGV_EXI T) MACE crashed.

(I NPUT_ERROR.EXI T) Errorswere found in the input. The outputfile shouldpoint to the
error(s).

Saywe have alist of equationsontaininga binary functionsymbolf , andwe wish to remove the
equationghat have a noncommutatie model of size < 4. If we put the equationsn afile, with one
equationon eachline, for example,

RO (T (2, %), %)), T (Z, (Y, x)))
FOECE(x, (2, %)), %), T(z,f(y,x)))
FOECECE (Y, %), 2), %), (T (u,y), %))
FOECECT (Y, %), 2), %), F(f(y, u), %))

X X N N

we canwrite asimpleprogramto loop throughthe equationscalling MA CE for eachandprintingthose
thathave no noncommutatie modelsof size< 4. Hereis anexamplePerlprogramthatdoesthe job.



#!/usr/1ocal /bin/perl5

$mace = "/hone/ ntcune/ bi n-1i nux/ mace"; # MACE bi nary
$unsatisfiable exit = 12; # exit code of interest
$i nput = "/t np/ mace$s$"; # tenporary input file

whil e ($equation = <STDI N>) {
open(FH, ">$input") || die "Cannot open file $input”;
print FH "list(usable). $equation f(0,1)!=f(1,0). end_of _list.\n";

cl ose(FH);
$rc = systen("$mace -N4 < $input > /dev/null 2> /dev/null");
$rc = $rc /| 256; # This gets the actual exit code.

if ($rc == Sunsatisfiable_exit) { print $equation; }

}
system("/bin/rm $input");

If our datafile is namedi denti ti es andour Perlscriptis namedconmut e4_fi |l t er, thenthe
command

% commuted filter < identities > candidates

will remove two of thefour equationswithin afew seconds.

8 The ANLDP Propositional DecisionProcedure

If you have a propositional(SAT) problemin conjunctive normalform, you cancall MACE’s DPLL
proceduralirectly with the programANLDP. ANLDP is includedin the MACE distribution package.

Inputto ANLDP is a sequencef integers(no commentsareallowed). The propositionalvariables
arel, 2, 3, .... Positive integersare positive literals, negative integersare negative literals, and 0
marksthe endsof clauses. For example, hereis an (unsatisfiablejnput consistingof four 2-literal
clauses.

20

L

0
0
20

1
-1

NN

Thecommand-lineptionsof ANLDP area subsebf MACE's:

-p (Lower case.)Thistells ANLDP to print modelsasthey arefound.
-m n  Thistells ANLDP to stopafterfinding n models.Thedefaultis 1.
-t n Thistells ANLDP to stopafteraboutn secondsThedefaultis unlimited.

-k n This tells ANLDP to stopif it triesto allocatemorethann kilobytes of memory The
defaultis 48000(about48 megabytes).



-S Thistells ANLDP to performunit subsumptiorasit searches(Unit subsumptioris always
performedon theinput.) When ANLDP getsa new unit (by splitting or by unit propaga-
tion), two operationsareordinarily performed:(1) unit resolutionto remove complemen-
tary literals from all clausesand (2) unit subsumptionto mark assubsumeadll clauses
containingthe unit asa literal. Becauseof our datastructuresunit subsumptiomearly
alwayscostsmoretime thanit saves. But this optionallows you to useunit subsumptiorif
you wish.

ANLDP is animplementatiorof the Davis-Putham-Leeland-Logemarprocedure.Efficient data
structuresandalgorithmsare used,but the procedurds otherwisestandard.Whenthe time comesto
selectthe next propositionalvariablefor splitting, ANLDP simply takesthe first variable of the first
shortespositive clause.Detailsof theimplementatiorcanbefoundin [3].
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