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Abstract
We present a new technique for constructing and analyzing cou-

plings to bound the convergence rate of finite Markov chains. Our
main theorem is a generalization of the path coupling theorem of Bub-
ley and Dyer, allowing the defining partial couplings to have length
determined by a random stopping time. Unlike the original path cou-
pling theorem, our version can produce multi-step (non-Markovian)
couplings. Using our variable length path coupling theorem, we im-
prove the upper bound on the mixing time of the Glauber dynamics
for randomly sampling colorings.

1 Introduction

Overview

Analysis of the convergence rate of finite Markov chains has applications in a
variety of fields, including Theoretical Computer Science, Statistical Physics,
and Probability Theory. The Coupling Method for proving upper bounds on
convergence rate dates back to the seminal work of Doeblin [6]. In computer
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science, coupling has seen many recent applications in the analysis of Markov
Chain Monte Carlo algorithms (e.g., [4, 17]).

An important new tool for simplifying and extending the coupling method
is the Path Coupling approach of Bubley and Dyer [3] (e.g., see [19]). Briefly,
they reduce the problem of proving an upper bound on coupling rate to
proving a contraction condition for one step of the evolution of a “partial
coupling,” defined on a much smaller subset of pairs of configurations. The
simple proof constructs a full coupling via iterated composition of partial
couplings.

We present a natural generalization of this technique, which constructs a
full coupling via iterated composition of partial couplings whose lengths may
themselves be random variables. (See Section 3 for a precise statement of
our theorem.) The potential usefulness of our result lies in providing a tech-
nique for simpler construction and analysis of multi-step (non-Markovian)
couplings, which are known to be more powerful than one-step (Marko-
vian) couplings [12, 16, 14]. Moreover, it enables the partial couplings to
be variable-length, which may be more natural in some settings. There are
several previous works which use a multi-step coupling, see [5, 14], or analyze
a single-step coupling over many steps, see [9, 10]. Our main theorem is a
general technique which, in many cases, will simplify and improve applica-
tions of multi-step couplings and analyses of single-step couplings over many
steps.

We use our new technique to analyze a simple Markov chain for ran-
domly sampling k-colorings of a graph on n vertices with maximum degree
∆. Roughly speaking, we can prove the chain has mixing time O(n log n)
when k ≥ 1.953∆ and the girth is at least 5. This improves a result of Dyer
et al. [9] which holds when k ≥ (2− ε)∆ where ε = 8×10−7, for triangle-free
graphs. More recently, various further improvements have been made (see
[11] for a survey).

Variable Length Path Coupling

Consider a finite ergodic Markov chain with state space Ω, transition matrix
P and stationary distribution π. By a “coupling” for this chain, we will
mean a joint stochastic process (Xt, Yt) on Ω × Ω such that each of the
processes (Xt) and (Yt) is a Markov chain on Ω with transition matrix P .
No restrictions are placed on the correlations between Xt and Yt′ , allowing
great variety among possible couplings.
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The coupling is said have “coalesced” when Xt = Yt. The time until a
coupling has coalesced with high probability can be converted to an upper
bound on the mixing time for the Markov chain. This is easy to see when
one of the initial states, say Y0, is drawn from the stationary distribution;
then the probability that Xt 6= Yt is an upper bound on the distance from
stationarity at time t.

Typically, the probability of coalescence is analyzed by defining a metric
d : Ω × Ω → {0, 1, 2, . . . , dmax}. For β < 1, suppose there exists a one-step
coupling (X0, Y0) → (X1, Y1) such that

E (d(X1, Y1) | X0, Y0) ≤ βd(X0, Y0), (1)

for all (X0, Y0) ∈ Ω × Ω. Applying this coupling iteratively results in a t-
step coupling, which is a Markov chain on Ω×Ω, and which has coalescence
probability at least 3/4 after after dln(4dmax)/(1−β)e steps, from an arbitrary
pair of initial states.

There always exists a coupling whose probability of non-coalescence equals
the distance from stationarity (c.f. [12]). However, this coupling is generally
non-Markovian, by which we mean it is not a Markov chain on Ω×Ω as in the
previous paragraph, and so can only be defined in an inherently multi-step
fashion. Kumar and Ramesh [16] gave an interesting example where one-step
couplings are insufficient, and Hayes and Vigoda [14] recently illustrated the
power of multi-step couplings.

Defining and analyzing a coupling for all pairs Xt, Yt ∈ Ω is often a diffi-
cult task. The path coupling technique simplifies the approach by restricting
attention to pairs in a subset S ⊆ Ω× Ω (assuming the graph (Ω, S) is con-
nected). It then suffices to define a one-step coupling such that (1) holds
for all (X0, Y0) ∈ S. Then the path coupling theorem constructs, via simple
compositions, a one-step coupling satisfying (1) for all X0, Y0 ∈ Ω.

In many settings, it is natural to expect improvements by considering
multiple transitions simultaneously. For a fixed length `, the path coupling
theorem still applies to the Markov chain defined by P ` (i.e., the `-step
evolution of the original chain).

However, we would often like to allow ` to be a random variable. For
example, ` may be a random stopping time (cf. [9]) which depends on the
evolution and the initial pair (Xt, Yt). Such an analysis was used by Dyer et
al. [9] to prove improved convergence rates of a Markov chain for generating
a random k-coloring.
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Our main theorem generalizes the path coupling technique by allowing
partial couplings whose length is a random variable. Thus, our main result
is a variable length path coupling theorem. This work can be viewed as an
improvement (and simplification) of a result of Dyer et al. [9, Theorem 2.2].

The proof of our theorem relies on a novel method for composing vari-
able length couplings. Our composition technique can produce multi-step
couplings, unlike the methods of Dyer et al. [9], and Bubley and Dyer [3].

For proving upper bounds on the coalescence time, one can always avoid
the use of a variable length coupling by analyzing a sufficiently large fixed
length coupling. However, our approach is often simpler and more natural.
This is illustrated in the proof of the following result on randomly sampling
graph colorings.

Applications to Graph Colorings

We apply our variable length path coupling theorem to improve convergence
results of a simple Markov chain, known as the Glauber dynamics. We analyze
the dynamics for randomly sampling proper k-colorings of an undirected
graph G = (V, E) with n vertices and maximum degree ∆. A proper k-
coloring is an assignment σ : V → [k] such that σ(v) 6= σ(w) whenever
{v, w} ∈ E.

Transitions of the Glauber dynamics randomly recolor a randomly chosen
vertex at each step (see Section 5 for a precise definition). When k ≥ ∆ + 2,
the Glauber dynamics is ergodic with unique stationary distribution uniform
over (proper) k-colorings of the input graph. We are interested in bounding
the mixing time, which is the number of transitions until the chain is close
to stationarity (see Section 2 for a formal definition).

The first significant result was by Jerrum [17], who proved the mixing
time is O(n log n) whenever k > 2∆. Vigoda [19] later proved the mixing
time is O(n2) whenever k > 11∆/6, via analysis of a different Markov chain.
Dyer et al. [9] subsequently proved O(n log n) mixing time of the Glauber
dynamics for k ≥ (2 − ε)∆ where ε = 8 × 10−7, assuming the input graph
is ∆-regular with girth g ≥ 4 and ∆ ≥ 14. Their result relied on a variable
length path coupling theorem which is significantly weaker than our theorem.

Using our new technique, we considerably improve the result of Dyer et al.
For any graph with girth g ≥ 5 and ∆ ≥ ∆0, where ∆0 is a sufficiently large
constant, we prove the mixing time of the Glauber dynamics is O(n log n)
whenever k ≥ 1.953∆.
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There are significantly stronger results known when ∆ = Ω(log n). Using
a multi-step coupling, Hayes and Vigoda [14] recently proved the following
result. For all ε > 0, all graphs with girth g ≥ 11 and ∆ = Ω(log n), all
k ≥ (1 + ε)∆, the mixing time of the Glauber dynamics is O(n log n). That
result builds upon earlier work of Dyer and Frieze [8], Molloy [18], and Hayes
[13]. Incidentally, a recent paper of Hayes and Sinclair [15] shows that the
Glauber dynamics has mixing time Ω(n log n), at least when ∆ = O(1).

2 Preliminaries

Throughout the text, for a finite ergodic Markov chain, we use Ω to denote
the set of states, P to denote the transition matrix, and π the stationary
distribution.

The total variation distance for a pair of distributions µ and ν on Ω is
defined as

dTV (µ, ν) =
1

2

∑
x∈Ω

|µ(x)− ν(x)|.

Our interest is the mixing time τmix of the chain:

τmix = max
x∈Ω

min{t : dTV (P t(x, ·), π) ≤ 1/4}

We use the coupling method to bound the mixing time. For a Markov
chain (Ω, P, π), a t-step coupling is defined as follows. For every (x0, y0) ∈ Ω2,
let (X, Y ) = ((X0, X1, . . . , Xt), (Y0, Y1, . . . , Yt)) be a random variable taking
values in Ωt×Ωt. We say (X, Y ) is a valid t-step coupling if Xt is distributed
according to P t(x0, ·) and Yt is distributed according to P t(y0, ·). Note, the
above definition requires that the distributions at time t are “faithful copies”,
but does not require that the processes (Xt) and (Yt) evolve according to the
Markov chain. This definition of coupling suffices for the following result.

A valid coupling gives the following bound, known as the Coupling In-
equality, on the convergence rate [6] (or e.g. [1]). For all x0 ∈ Ω,

dTV (P t(x0, ·), π) ≤ max
y0∈Ω

Pr(Xt 6= Yt)

Therefore, by defining a valid t-step coupling where all initial pairs have
coalesced (i.e., are at the same state) with probability at least 3/4, we have
proved the mixing time is at most t.
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An important property of couplings is that they “compose”. More pre-
cisely, given a valid t-step coupling (X, Y ) for (x0, y0) and a valid t-step
coupling (Y , Z) for (y0, z0), then (X, Z) is a valid t-step coupling for (x0, z0)
and

Pr (Xt 6= Zt) ≤ Pr (Xt 6= Yt) + Pr (Yt 6= Zt).

See [2] for a precise proof of the above elementary fact which we refer to as
the composition of couplings.

The composition of couplings is a key step in the following lemma, known
as the path coupling lemma. The lemma takes a set of couplings for some
pairs of initial states, and produces couplings for all pairs of initial states.

Definition 1. We call S ⊆
(
Ω
2

)
a path-generating set if the graph (Ω, S) is

connected. (The notation
(
Ω
2

)
is the set of unordered pairs {x, y} ⊂ Ω.) Note

that the graph (Ω, S) is an undirected graph whose edges S might have no
relation to the transitions of the Markov chain we are studying. We assume
S has an associated function d : S → N+. Extend this to a metric on Ω2

by setting d(x, y) to be the least sum of weights along any path between x
and y in the weighted graph (Ω, S). Let dmax denote the maximum over all
(x, y) ∈ Ω2 of d(x, y).

Lemma 2 (Bubley and Dyer [3]). Let S be a path-generating set. Let (X, Y )
be a valid t-step coupling for all (x0, y0) ∈ S. Let

β := max
(x0,y0)∈S

E (d(Xt, Yt) | x0, y0)

d(x0, y0)

If β < 1, then the mixing time satisfies

τmix ≤ t

⌈
ln(4dmax)

1− β

⌉
Traditionally, the path coupling lemma is stated for the case t = 1, but

it extends immediately to any fixed t by considering the Markov chain with
transition matrix P t.

Our main result will be an analogue of Lemma 2 which applies to cou-
plings of variable rather than a fixed length. In this case, the definition of
what constitutes a valid partial coupling will be less trivial, and the compo-
sition along paths will be substantially more involved.
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3 Variable-length Partial Coupling

3.1 Definition of Valid Variable-length Partial Cou-
plings

Ultimately, we want to produce a valid t-step coupling of the given Markov
chain for arbitrarily large fixed values of t. To this end, we will require that
the given partial coupling meets some basic consistency conditions. Roughly
speaking, for every t, when the variable length T of our partial coupling
exceeds t, we truncate to the first t steps, and when T is less than t, we
extend to t steps; then we require that the resulting t-step evolution has the
correct marginal distributions.

Definition 3. Let S be a path-generating set. For every (x0, y0) ∈ S, let
(X, Y ) =

(
Xx0,y0 , Y x0,y0

)
be a random variable taking values in (Ω× Ω)∗.

Let T = |X| = |Y |. Thus, X = (X1, . . . , XT ) and Y = (Y1, . . . , YT ). We say
(X, Y ) is a variable length partial coupling when the following holds:

• Faithful copies: For all t ≥ 0, for all (x0, y0) ∈ S define a new ran-
dom variable X t = X t

x0,y0
∈ Ω by the following experiment. Sample

(X, Y ) = ((X1, . . . , XT ), (Y1, . . . , YT )). If T ≥ t, then “truncate” by
setting X t = Xt. Otherwise, “extend” by choosing X t from the distri-
bution P t−T (XT , ·). We require that, for every (x0, y0) ∈ S, every t, X t

is distributed according to P t(x0, ·), and Y t is distributed according to
P t(y0, ·).

Remark 4. A. Since our proofs will only examine the distance from station-
arity at one time, we do not require that the sequence (X0, X1, . . . , Xt)
be a Markov chain with transition matrix P , only that the distribution
of Xt be correct for every t. We note however, that when a partial
coupling does possess this additional structure, then so will the full
coupling which we construct in Section 4.1.

B. Note that, in the above definition, although we do not require T to be a
stopping time (that is, measurable with respect to (X1, Y1), . . . , (Xt, Yt)),
we expect that this does not add any additional power to the approach.

C. The definition allows the partial couplings to be multi-step. Specifically,
we can allow T to be a function of the initial states (x0, y0) and the
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first T steps of only one of the chains (X1, . . . , XT ). The evolution of
the other chain (Y1, . . . , YT ) is decided upon reaching time T .

3.2 Statement of Results

We can now state our main result.

Theorem 5. For a variable length partial coupling (X, Y ), let

β := max
(x0,y0)∈S

E (d(XT , YT ) | x0, y0)

d(x0, y0)

If β < 1, then the mixing time for the Markov chain satisfies

τmix ≤ M

⌈
ln(4dmax)

1− β

⌉
,

where M denotes the maximum possible length of the partial coupling (infinity
if the length is unbounded).

Even when there is no absolute upper bound on the time T , Theorem 5
can be applied to a truncated version of the partial coupling, resulting in the
following corollary (proved in Section 4.3).

Corollary 6. With the notation in Theorem 5, let W denote the supremum
of d(Xt, Yt) over all possible evolutions (X, Y ) = ((X0, . . . , XT ), (Y0, . . . , YT ))
and all t ≤ T . If β < 1, then the mixing time for the Markov chain satisfies

τmix ≤ 2M ′
⌈

ln(4dmax)

1− β

⌉
,

where M ′ satisfies Pr (T > M ′) ≤ (1− β)/2W .

Remark 7. One can get an easy bound on M ′ by Markov’s inequality. In
particular, we have

M ′ ≤


2W max

(x0,y0)∈S
E (T | X0 = x0, Y0 = y0)

1− β


When the distribution of T decays exponentially, one can derive better
bounds on M ′; in particular, if T is stochastically dominated by a geomet-
rically distributed random variable with mean µ, then an easy calculation
shows

M ′ ≤
⌈
µ ln

(
2W

1− β

)⌉
.
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4 Proof of Theorem 5

Our proof is via the coupling method. Let

N :=

⌈
ln(4dmax)

1− β

⌉
Observe

N > logβ(1/4dmax) (2)

In Section 4.1, we construct an MN -step coupling, denoted gN , and prove
that it is valid. Then in Section 4.2 we prove that gN coalesces with high
probability. The Coupling Inequality establishes the MN upper bound on
mixing time.

4.1 Construction of full coupling

The high level idea is to successively run the variable length couplings until
coalescence. It is unclear how to do this since the variable length couplings
are only defined for pairs in S. Hence, suppose we start with (x0, y0) ∈ S and
run the variable length coupling ending at (XT , YT ). If (XT , YT ) 6∈ S then
it is not clear how to proceed further since we have not defined a coupling
for such a pair of initial states. Thus, one of our main tasks is to extend the
variable length coupling from pairs in S to a coupling for all pairs in Ω2.

For fixed length couplings it is straightforward to extend a coupling from
S to Ω2 (as in the path coupling lemma 2). Hence, a simple way to extend
variable length couplings from S to Ω2 is to first convert them into fixed
length couplings. We will do this by padding the variable length coupling
with a trivial coupling. By appending the trivial coupling after the variable
length coupling it will not affect the coupling time, and Definition 3 will
ensure that this results in a valid fixed length coupling. Consequently, we
will have a fixed length coupling (which will be of length M) for all pairs in
S. This can then be extended to all pairs in Ω2 in a straightforward manner.
Finally, proceeding in an inductive manner we can then construct couplings
of length iM for i sufficiently large.

We now formalize our construction. Denote the variable-length coupling
from the hypothesis of the theorem by µ(x0, y0), which is defined for all
(x0, y0) ∈ S. Using this variable-length coupling, we will construct a sequence
of fixed-length couplings. For all (x0, y0) ∈ Ω2, all 1 ≤ i ≤ N , we define a
(iM)-step coupling denoted by νi(x0, y0).
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A basic procedure in our construction is converting variable-length cou-
plings into fixed-length couplings by adding a trivial coupling at the end.
From (Xt, Yt) ∈ Ω2, the trivial one-step coupling (Xt, Yt) → (Xt+1, Yt+1) is
defined as follows. Evolve Xt → Xt+1 according to the Markov chain of inter-
est. If Xt = Yt, set Yt+1 = Xt+1, otherwise independently evolve Yt → Yt+1.
We call t steps of this process as the t-step trivial coupling, denoted, for
initial states (x0, y0) ∈ Ω2, as ωt(x0, y0).

By converting our variable-length couplings into fixed-length couplings,
we can compose the couplings along a path and define a coupling for all
(x0, y0) ∈ Ω2. (Recall the notion of composing couplings from Section 2.)
We construct our sequence of fixed-length couplings in an inductive manner
which keeps the trivial coupling at the end. The goal is to coalesce (with
sufficiently large probability) before we use the trivial coupling.

For i = 1, we construct ν1(x0, y0) using the variable length couplings µ
and the trivial couplings ω. For (x0, y0) ∈ S, we form ν1(x0, y0) by running
the variable-length coupling µ(x0, y0) until time T (recall T ≤ M). From the
resulting states (XT , YT ), we then run the trivial coupling ωt(XT , YT ) for the
final t = M −T steps. This defines the coupling νi(x0, y0) for all initial pairs
(x0, y0) ∈ S.

We extend the coupling from pairs in S to all pairs in Ω2 by compositions.
More precisely, for (x0, y0) ∈ Ω2 \ S, the coupling ν1(x0, y0) is constructed
by considering a shortest path between x0 and y0 in the (undirected) graph
(Ω, S) where edge (x, y) ∈ S has weight d(x, y) (recall Definition 1). Denote a
shortest path by z0, z1, . . . , z` where z0 = x0 and z` = y0. We then construct
ν1(x0, y0) by composing the couplings along the path, i.e.,

ν1(x0, y0) = µ(x0, z
1) ◦ µ(z1, z2) ◦ · · · ◦ µ(z`−1, y0)

Since the couplings on the path are of identical lengths, such a composition is
standard (see the discussion in Section 2 and, e.g., see [3, 2]). This completes
the definition of the couplings ν1(x0, y0) for all (x0, y0) ∈ Ω2.

For i > 1, we construct νi inductively, using νi−1, µ, and ω. Suppose
νi−1(x0, y0) has been defined for all pairs (x0, y0) ∈ Ω2.

For (x0, y0) ∈ S, we form νi(x0, y0) by running the variable-length cou-
pling µ(x0, y0) until time T . From the resulting states (XT , YT ), we then
run the coupling νi−1(XT , YT ) for a further (i − 1)M steps. Finally, from
(X`, Y`), where ` = T + (i − 1)M , we evolve the chains using the trivial
coupling ωt(X`, Y`) for the final t = M − T steps. This defines the cou-
pling νi(x0, y0) for all initial pairs (x0, y0) ∈ S. We then extend this to all
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(x0, y0) ∈ Ω2 by composing these fixed-length couplings along the shortest
path in the graph (Ω, S), as we did earlier in the case i = 1. This completes
the construction of the couplings νi, and it remains to prove they are valid
couplings.

We prove by induction on i that for all 1 ≤ i ≤ N , νi is a valid coupling.
First, consider ν1(x0, y0) for (x0, y0) ∈ S. Observe the random sequence
(XT , . . . , XM) which is produced by the trivial coupling ω. This sequence is
evolving according to the Markov chain of interest, thus XM has distribu-
tion PM−T (XT , ·). Note, we are extending XT as in Definition 3, thus the
distribution of XM is PM(x0, ·). Similarly for YM . Therefore, ν1(x0, y0) is a
valid coupling for all (x0, y0) ∈ S. Since the composition of couplings is a
well-defined coupling for the same Markov chain, we have that ν1(x0, y0) is a
valid coupling for all (x0, y0) ∈ Ω2.

Consider 1 < i ≤ N . Assume by induction that νi−1 is a valid coupling
for any pair of initial states in Ω2. Now, consider some (x0, y0) ∈ S. Focus
attention on the random sequence (X1, . . . , XiM). The sequence is generated
via the variable-length coupling up to time T and then is being extended via
the original Markov chain (since νi−1 is valid and so is the trivial coupling).
Therefore, again by Definition 3, the distribution of Xt is P t(x0, ·). The same
argument holds for (Y1, . . . , Yt) as well. This proves that νi is a valid coupling
for (x0, y0) ∈ S, which extends to all (x0, y0) ∈ Ω2 as before. This completes
the proof that the couplings νi are valid couplings.

4.2 Analysis of full coupling

It remains to bound the probability of coalescence by time NM . For (x0, y0) ∈ Ω2,
let pi(x0, y0) denote the probability νi(x0, y0) does not coalesce. Also, let

pi(S) = max
(x0,y0)∈S

pi(x0, y0).

Note, the maximum is over initial pairs whose partial coupling is defined.
For any (x0, y0) ∈ Ω2, we have

pi(x0, y0) ≤ d(x0, y0)pi(S), (3)

by a union bound. Our goal is to bound pN(S).
We inductively bound pi+1(S) by conditioning on the distance of (XT , YT ).

Observe p0(S) = 1. For (x0, y0) ∈ S, (x, y) ∈ Ω2 let us denote

Q(x0, y0, x, y) = Pr (XT = x, YT = y | X0 = x0, Y0 = y0)
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where the coupled evolution of Xt and Yt is according to the variable length
coupling µ.

With this notation, for (x0, y0) ∈ S, the coupling νi+1 applies the variable
length coupling, then applies νi to the resulting pair of states, and finally
uses a trivial coupling for the last M − T steps. Hence,

pi+1(x0, y0) ≤
∑

(x,y)∈Ω2

pi(x, y)Q(x0, y0, x, y),

where the inequality comes from the fact that coalescence might occur in the
final M − T steps. Continuing we have

pi+1(x0, y0) ≤
∑

(x,y)∈Ω2

pi(x, y)Q(x0, y0, x, y)

≤
∑

(x,y)∈Ω2

d(XT , YT )pi(S)Q(x0, y0, x, y), by inequality (3),

= pi(S)E (d(XT , YT ) | x0, y0)

≤ pi(S)β, by the definition of β.

Thus pi+1(S) ≤ βpi(S), and hence by induction, pN(S) ≤ βN . Applying (2),

pN(S) ≤ βN <
1

4dmax

.

Hence, by (3), for any pair (x0, y0) ∈ Ω2 and for t = NM ,

Pr (Xt 6= Yt) ≤ dmaxpN(S) ≤ 1/4.

Thus the coupling time is at most NM , and by the Coupling Inequality, this
bound also applies to the mixing time.

4.3 Proof of Corollary 6

Suppose we are given a partial coupling (X, Y ), and an integer M ′. Let

T = |X| = |Y |. We will define a “truncated” partial coupling (X
′
, Y

′
) where

|X ′| = |Y ′| = min{T,M ′}. Let

(X
′
, Y

′
) =

{
(X, Y ) when T ≤ M ′

((X1, . . . , XM ′), (Y1, . . . , YM ′)) otherwise.
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Clearly, (X
′
, Y

′
) inherits the property of being a partial coupling from (X, Y ).

Recall that by definition,

β := max
(x0,y0)∈S

E (d(XT , YT ) | x0, y0)

d(x0, y0)
, and

W := max
(x0,y0)∈S

max
t≤T

d(Xt, Yt).

Hence the corresponding quantities β′, W ′ for (X
′
, Y

′
) satisfy W ′ ≤ W and

β′ := max
(x0,y0)∈S

E (d(XT , YT ) | x0, y0)

d(x0, y0)

≤ β +
W Pr (T > M ′)

d(x0, y0)

≤ β + W Pr (T > M ′)

Assuming Pr (T > M ′) ≤ (1 − β)/2W , we have β′ ≤ (1 + β)/2. Applying

Theorem 5 for the partial coupling (X
′
, Y

′
) proves Corollary 6.

5 Sampling Colorings

For a graph G = (V, E) with maximum degree ∆, let Ω be the set of all
assignments σ : V → K where K = [k] = {1, . . . , k}. For a coloring X and
vertex v, let

A(X, v) := [k] \X(N(v)),

denote the set of available colors for v.
The Glauber dynamics (heat-bath version) has state space Ω and transi-

tions defined as follows. From Xt ∈ Ω,

• Choose vertex z uniformly at random from V .

• Choose c uniformly at random from the set A(Xt, z). That is, c is a
random color not appearing in the neighborhood of z.

• Set Xt+1(w) = Xt(w) for all w 6= z.

• Set Xt+1(z) = c.

13



When k ≥ ∆+2, it is straightforward to verify that the Glauber dynamics is
ergodic, with the uniform distribution over proper k-colorings as its unique
stationary distribution (e.g., see Jerrum [17]).

In practice, we can consider the chain defined only on proper k-colorings.
The extension to all assignments is for technical reasons, and its mixing
time is an upper bound on the mixing time of the chain restricted to proper
colorings. In the remainder of the section, we use the term colorings to refer
to assignments in Ω.

We can now state our theorem on the Glauber dynamics.

Theorem 8. There exists ∆0 such that, for every graph G = (V, E) on n
vertices having maximum degree ∆ ≥ ∆0 and girth g ≥ 5, and for every
k ≥ 1.953∆, the Glauber dynamics on k-colorings of G has mixing time
O(n log n).

We begin with a few definitions. Let S denote pairs X, Y ∈ Ω which
differ at exactly one vertex. For Xt, Yt ∈ Ω, denote their Hamming distance
by

H(Xt, Yt) = |{z : Xt(z) 6= Yt(z)}|.
We use the maximal one-step coupling, originally used by Jerrum [17].

More precisely, consider a pair of colorings (X0, Y0) ∈ S. Let v be the single
vertex of disagreement (X0(v) 6= Y0(v)).

At every step, both chains update the same vertex z. The coupling for
the update at time 1 is as follows. If A(X0, z) = A(Y0, z), then both chains
choose the same new color X1(z) = Y1(z). Note, if z is not adjacent to v then
we have A(X0, z) = A(Y0, z). For z ∈ N(v) we also have A(X0, z) = A(Y0, z)
if both of the disagreement colors X0(v), Y0(v) occur on N(z) \ {v} (thus,
X0(v) and Y0(v) are not in A(Y0, z) and A(X0, z)).

Now suppose A(X0, z) 6= A(Y0, z). This implies z is a neighbor of v.
Moreover, we also know X0(v) ∈ A(Y0, z) and/or Y0(z) ∈ A(X0, z). We
now consider two cases. If |A(X0, z)| = |A(Y0, z)|, then A(X0, z) \A(Y0, z) =
{Y0(v)} and A(Y0, z)\A(X0, z) = {X0(v)}. In this case, the coupling chooses
X1(z) uniformly at random from A(X0, z), and sets

Y1(z) =

{
X0(v) if X1(v) = Y0(v)

X1(z) otherwise.

In the second case, |A(X0, z)| 6= |A(Y0, z)|. Without loss of generality, sup-
pose |A(X0, z)| is bigger. In this case, A(X0, z) = A(Y0, z) ∪ {Y0(v)}. Here
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the coupling chooses X1(z) uniformly at random from A(X0, z), and sets

Y1(z) =

{
a uniformly random color from A(Y0, z) if X1(v) = Y0(v)

X1(z) otherwise.

The motivation behind this definition is that the probability of a second
disagreement forming is∑

z:A(X0,z) 6=A(Y0,z)

1

n max{|A(X0, z)|, |A(Y0, z)|}
, (4)

which is the minimum for any one-step coupling from (X0, Y0).
We define our variable-length partial coupling by iterating the above one-

step partial coupling until the Hamming distance changes; i. e., until the first
time T > 0 at which either of the following occurs:

• Vertex v is selected for recoloring.

• A neighbor z of v is selected and recolored differently in the two chains.

Note that this makes sense, because prior to time T , the Hamming distance
remains one, so we can repeatedly apply the partial coupling. The above
random variable T is related to the stopping rule considered by Dyer et al. [9].

It remains to prove E (H(XT , YT )) ≤ β for some β < 1.
Our proof will rely on a high-probability lower bound for the number

of available colors at a vertex w after the Glauber dynamics has run for a
certain amount of time. This idea was first exploited by Dyer and Frieze [8],
to prove that

|A(Xt, z)| > (1− δ)ke−∆/k

with high probability (i.e., probability ≥ 1 − exp(−poly(δ)∆)) when t is
sufficiently large as a function of δ. For our application, we use an extension
of this result with a more explicit (and sharper) trade-off between t and δ.

We now define a function L(α, β) which will be of use in our subsequent
analysis of the number of available colors.

Definition 9. For all real numbers α < β, define

L(α, β) = (β − α)e−(1−α)/(β−α).
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Observation 10. For any fixed β > 1, L(α, β) is a differentiable and de-
creasing function of α ∈ [0, 1], with L(0, β) = βe−1/β and L(1, β) = β − 1.
Moreover, for all α ∈ [0, 1], β > 1, we have

−1

β
≤ ∂L(α, β)

∂α
≤ 0.

Note that, for β = k/∆, we have L(0, k/∆)∆ = ke−∆/k, and L(1, k/∆)∆ =
k −∆.

Proof. The partial derivative ∂L/∂α is easily computed, equalling

∂L/∂α = − 1− α

β − α
e−(1−α)/(β−α) < 0.

All the other facts follow easily.

Lemma 11. For every δ > 0, for all sufficiently large ∆ ≥ ∆0(δ), for every
graph G = (V, E) having girth ≥ 5 and maximum degree ∆, for k > 1.01∆,
for every t > 0, w ∈ V ,

Pr

(
|A(Xt, w)|

∆
< L(e−t/n, k/∆)− δ

)
≤ exp(−poly(δ)∆).

where L is defined in Definition 9.

Lemma 11 is a generalization of an earlier result of Hayes [13, Lemmas 11,
12], which assumed ∆ = Ω(log n) and t/n sufficiently large. Although our
proof is essentially the same, we include it in Section 5.1 for completeness.

The following corollary says that the result of Lemma 11 holds with high
probability for all times t ≤ T .

Corollary 12. For every δ > 0, for all sufficiently large ∆ ≥ ∆1(δ), for every
graph G = (V, E) having girth ≥ 5 and maximum degree ∆, for k > 1.01∆,

Pr

(
(∃t ≤ T,w ∈ N(v))

|A(Xt, w)|
∆

< L(e−t/n, k/∆)− δ

)
≤ exp(−poly(δ)∆).

The quantity poly(δ) hides an exponent which is linear in ∆
k−∆

; this ex-
ponent is constant under our assumption that k > 1.01∆.
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Proof. Fix a neighbor w ∈ N(v). Let t∗ = δ2n∆/99. Note that

Pr (T > t∗) = (1− 1/n)bt
∗c ≤ e−bt

∗c/n < e−δ2∆/100,

for sufficiently large ∆. For each t ≥ 0, define the “bad” event

Bw,t :=

{
|A(Xt, w)|

∆
< L(e−t/n, k/∆)− δ

2

}
.

Note that for any positive integer j and time interval {t1 + 1, . . . , t2},
the probability that j or more neighbors of w are recolored is bounded from
above by (

t2 − t1
j

)(
∆

n

)j

<

(
e(t2 − t1)∆

jn

)j

,

since there are only
(

t2−t1
j

)
ways to choose the first j times for neighbors to

be recolored, and the probability of choosing a neighbor at a particular time
is at most ∆/n. In particular, as long as t2− t1 ≤ jn

e2∆
, the probability that j

or more neighbors of w are recolored during the time interval is at most e−j.
Note that as long as |A(Xt2 , w)|/∆ ≥ L(e−t2/n, k/∆) − δ/2 and fewer

than δ(k− e−t2/n∆)/2e neighbors of w are recolored during the interval {t1 +
1, . . . , t2}, we must have, for all t1 < t ≤ t2,

|A(Xt, w)|
∆

≥ L(e−t2/n, k/∆)− δ

2
− δ(k − e−t2/n∆)

2e
≥ L(e−t2/n, k/∆)− δ

≥ L(e−t/n, k/∆)− δ.

Thus, setting

j =

⌊
δ(k −∆)

2e

⌋
<

δ mint(k − e−t/n∆)

2e
,

and partitioning {1, . . . , t∗} into at most
⌈ ⌈

δ2n∆
100

⌉
/
⌊

jn
e2∆

⌋ ⌉
intervals of length

≤ jn/e2∆, a union bound yields the desired result. Note that for sufficiently
large ∆1(δ), the multiplicative factor from the union bound is dominated by
the inverse of the error probability, and so can be dropped.
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Proof of Theorem 8. Let δ > 0, let

Bt :=

{
∃s < min{t, T} and w ∈ N(v),

|A(Xs, w)|
∆

< L(e−s/n, k/∆)− δ

}
,

and let Bt denote its complement. Also, let B = ∪tBt and let B be the
complement of B. By Corollary 12, Pr (B) ≤ exp(−poly(δ)∆).

Recall that the time T occurs when either v is recolored, which always
reduces the Hamming distance to zero, or when a new disagreement is formed,
increasing the Hamming distance to two. It follows that

E (H(XT , YT )) = 2Pr (H(XT , YT ) = 2).

Recall (4), which applies for all t ≤ T . Hence, for all t ≥ 1, x, y ∈ Ω,

Pr (H(Xt, Yt) = 2 | Xt−1 = x, Yt−1 = y, T ≥ t)

=
∑

w∈N(v)

1

n max{|A(Xt−1, w)|, |A(Yt−1, w)|}
.

Hence,

βt := Pr
(
H(Xt, Yt) = 2 | Bt, T ≥ t

)
≤ 1

n(L(e−t/n, k/∆)− δ)
. (5)

Decomposing into the “good” and “bad” cases, we have

Pr (H(XT , YT ) = 2) ≤ Pr (B) + Pr
(
H(XT , YT ) = 2,B

)
.

We can expand

Pr
(
H(XT , YT ) = 2,B

)
=

∞∑
t=0

Pr
(
H(Xt, Yt) = 2, T ≥ t,B

)
≤

∞∑
t=0

Pr
(
H(Xt, Yt) = 2, T ≥ t,Bt

)
=

∞∑
t=0

Pr
(
H(Xt, Yt) = 2 | T ≥ t,Bt

)
Pr
(
T ≥ t,Bt

)
=

∞∑
t=0

βtPr
(
T ≥ t,Bt

)
.
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Note that T ≥ s + 1 if and only if H(Xs, Ys) = 1 and T ≥ s. By the
definition of our coupling, we have

Pr
(
H(Xs, Ys) = 1 | Bs, T ≥ s

)
= 1− Pr

(
H(Xs, Ys) ∈ {0, 2} | Bs, T ≥ s

)
= 1− 1

n
− βs.

This allows us to write

Pr
(
T ≥ t,Bt

)
= Pr

(
T ≥ 0,B0

) t−1∏
s=0

Pr
(
T ≥ s + 1,Bs+1 | T ≥ s,Bs

)
≤

t−1∏
s=0

Pr
(
T ≥ s + 1 | T ≥ s,Bs

)
=

t−1∏
s=0

Pr
(
H(Xs, Ys) = 1 | T ≥ s,Bs

)
=

t−1∏
s=0

1− 1

n
− βs.

Combining the upper bounds just derived, we have

Pr
(
H(XT , YT ) = 2,B

)
≤

∞∑
t=1

βt

t−1∏
s=0

(
1− 1

n
− βs

)
.

It is easily verified that this is an increasing function in each of the variables
βi, where 0 ≤ βi ≤ 1− 1/n. Since (5) gives the upper bound

βi ≤
1

n(L(e−i/n, k/∆)− δ)
,

this implies

Pr
(
H(XT , YT ) = 2,B

)
≤

∞∑
t=1

1

n(L(e−t/n, k/∆)− δ)

t−1∏
s=0

(
1− 1

n
− 1

n(L(e−s/n, k/∆)− δ)

)
.
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When n is large, the above expression is approximated by the following
double integral:∫ ∞

0

1

L(e−x, k/∆)− δ
exp

(
−
∫ x

0

1 +
1

L(e−y, k/∆)− δ
dy

)
dx,

When δ = 0 and k/∆ = 1.953, numerical computation (using Maple) shows
that the above integral is strictly less than 1/2. Hence, for all sufficiently
small values of δ we have for all sufficiently large values of ∆ and k ≥ 1.953∆,
E (H(XT , YT )) < 1− δ.

Applying Corollary 6 and Remark 7 to this partial coupling completes the
proof. Note that in the notation of Remark 7 we have β = 1− δ, E (T ) ≤ n,
W = 2, and dmax = n.

5.1 Proof of Lemma 11

Fix t from the statement of Lemma 11.
We begin with some notation.

Definition 13. Let V denote the sequence v1, . . . , vt of vertices selected by
the Glauber dynamics, and let c1, . . . , ct denote the colors chosen at the
corresponding times. For a subset of vertices U ⊆ V , let

H(U) := {z ∈ U : there exists 1 ≤ s ≤ t with vs = z}

denote the set of vertices in U that are recolored at least once. For every
vertex w ∈ H(U), let

tw := max{t′ : t′ ≤ t and vt′ = w}

denote the last time w is recolored before time t.
Let

R(U) := R(U, t) := {1 ≤ s ≤ t : vs ∈ U}

denote the set of times when a vertex from U is chosen for recoloring.

Following [13], we define the following experiment.

Definition 14. Consider a triangle-free graph. Fix a vertex w ∈ V . Let

F = (V , (ct : ∀u ∈ H(N(w)), tu 6= t))
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denote the outcome of an experiment which reveals the entire sequence of
selected vertices, as well as all selected colors except at times tu. For every
u ∈ H(N(w)), let r(u) denote the range of Xt−1(u), conditioned on the
outcome of F . In other words,

r(u) := [k] \
⋃

s∈[tu,t]

Xs(N(u)).

Since the graph is triangle-free, the ranges r(u), for u ∈ H(N(w)), are deter-
ministic functions of F .

We will show that, assuming w and vertices at distance 2 from w are
not recolored too often (which will hold with high probability), the variables
Xt(z), z ∈ N(w) are, conditioned on F , nearly independent and nearly uni-
formly distributed over their respective conditional ranges. Moreover, we
will show that, with high probability over those color choices revealed in F ,
the above conditional ranges are large for all neighbors of w that have been
recolored at least once.

We will need the following lemma, due to Dyer and Frieze [8, Lemma 2.1]
(the present formulation appeared in [13, Lemma 17]). We include the proof
for completeness.

Lemma 15 (Dyer and Frieze). Let c1, . . . , cs be independent random colors,
where each ci is sampled from a distribution Di over a set Q. Let q := |Q|.
Let

p := max
1≤i≤s,c∈Q

Pr (ci = c).

Let A := Q \ (c1 ∪ · · · ∪ cs) denote the set of unchosen colors. Then

E (|A|) ≥ q(1− p)s/qp ≥ q

(
1− p

e

)s/q

.

and for every a > 0,

Pr (|A| ≤ E (|A|)− a) ≤ e−a2/2q.

Proof. Let ηi,c denote the indicator random variable for the event that ci =
c. Note that |A| =

∑q
c=1

∏s
i=1(1 − ηi,c). By linearity of expectation and
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independence of c1, . . . , cs, we have

E (|A|) =

q∑
c=1

s∏
i=1

1− E (ηi,c)

≥ q

q∏
c=1

s∏
i=1

(1− E (ηi,c))
1/q

where the inequality is an application of the arithmetic mean-geometric mean
inequality. The expectations E (ηi,c) sum to ∆ and all lie in the interval [0, p];
subject to these assumptions, the product of 1 − E (ηi,c) is minimized when
as many as possible of the E (ηi,c) equal p. Hence,

E (|A|) ≥ q (1− p)s/pq

≥ q

(
1− p

e

)s/q

where the inequality (1 − p)1/p ≥ 1−p
e

holds for all 0 ≤ p ≤ 1, and can be
derived easily from the standard inequality 1 + x ≤ ex when x = p/(1− p).

The concentration inequality comes from a Chernoff bound, since A is
the sum of the q negatively associated random variables

∏s
i=1(1− ηi,c) (See

Dubhashi and Ranjan [7, Proposition 7] for a proof of Chernoff’s bound for
sums of negatively associated random variables).

Next we present a lemma establishing the conditional near-independence
and near-uniformity for the colors assigned to N(v) under suitable hypothe-
ses. Effectively, this is re-proving Lemma 21 of Hayes [13], although we have
slightly clarified the notation and proof.

Lemma 16. Let G be a graph of girth ≥ 5 and maximum degree ∆. Assume
k ≥ ∆ + 2. Let w ∈ V and let t ≥ 1. Then,

Pr

(
|A(Xt, w)|

∆
≤ (1− p)L

(
1− |H(N(w))|

∆
,

k

∆

)
− δ | F

)
≤ Ze−δ2∆/2,

where Z := exp

(
|R(w)|∆
k −∆

)
and p := max

u∈H(N(w))

exp
(
|R(N(u))|

k−∆

)
|r(u)|

.
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Proof. Conditioned on the vertex sequence V , the probability of a particular
color sequence θ = (θ1, . . . , θt), equals

Pr (θ | V) = Pr (for 1 ≤ s ≤ t, cs = θs | V) =
t∏

s=1

1

|A(zs, vs)|
, (6)

where z0, z1, . . . , zt is the sequence of colorings obtained from z0 = X0 by
recoloring zs(vs) = θs at each timestep s.

Let Θ denote the set of color sequences θ = (θ1, . . . , θt) which agree with
F . Note that, for each γ ∈ Θ,

Pr (γ | F) =
Pr (γ | V)∑

θ∈Θ Pr (θ | V)

Note that, in (6), the only terms in the product which are not identical for
all θ ∈ Θ, are those where the index s is in R(N(H(N(w)))); for all others,
the set A(zs, vs) is completely determined by F . In fact, the only times s
when A(zs, vs) is not fully determined by F , are those times s > tu, where
u ∈ H(N(w)) and vs ∈ N(u). For θ ∈ Θ, let T denote those times that we
recolor u ∈ N(w) where w ∈ N(u) and w was recolored at least once, i.e.,

T := R(N(H(N(w))))

Finally, for θ ∈ Θ, define

α(θ) :=
∏
s∈T

1

|A(zs, vs)|
. (7)

Then we have, for every γ ∈ Θ,

Pr (γ | F) =
α(γ)∑

θ∈Θ α(θ)
.

Next we show how to approximate this distribution by a product distri-
bution. By re-indexing in (7), we can write

α(θ) = Z(θ)Y (θ)
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where

Z(θ) :=

{∏
s∈R(w)

1
|A(zs,vs)| if H(N(w)) 6= ∅

1 otherwise

Y (θ) :=
∏

u∈H(N(w))

Y (θ, u)

Y (θ, u) :=
∏

s∈R(N(u)\{w})

1

|A(zs, vs)|

Now consider the distribution µ over Θ defined by

µ(γ) :=

∏
u∈H(N(w)) Y (γ, u)∑

θ∈Θ

∏
u∈H(N(w)) Y (θ, u)

Because G has girth ≥ 5, the terms Y (θ, u) are completely determined by
F together with the single color zt(u). This implies that µ is a product
distribution; and hence for γ sampled according to µ, the random variables
zt(u), u ∈ H(N(w)) are fully independent.

Again consider γ ∈ Θ with resulting colorings y0, . . . , yt, and θ ∈ Θ with
colorings z0, . . . , zt. The assumption that our graph has girth ≥ 5 ensures
that

|A(zs, vs)| − |A(ys, vs)| ∈ {−1, 0, 1},

which implies that

|A(zs, vs)|
|A(ys, vs)|

≤ 1 +
1

k −∆
≤ exp

(
1

k −∆

)
. (8)

Recall r(u) is the set of consistent colors for Xt(u), The upper bound (8)
implies that, for θ sampled according to µ, every color zt(u) in r(u) has
conditional probability at most

exp(|R(N(u) \ {w})|/(k −∆))

|r(u)|
≤ p

to be chosen. Next, we will apply Lemma 15 to the colors zt(u), u ∈ H(N(w)).
We will restrict our attention to colors which do not appear on the unrecol-
ored vertices of N(w), so we have s = |H(N(w))| and q in the statement of

24



Lemma 15 equals k − (|N(w)| − s) ≥ k − (∆ − s) in our current notation.
The conclusion is that under the distribution µ,

Eµ (|A(zt, w)|) ≥ (k − (∆− |H(N(w))|))
(

1− p

e

)|H(N(w))|/(k−(∆−|H(N(w))|))

≥ (1− p)L

(
1− |H(N(w))|

∆
,

k

∆

)
∆.

Lemma 15 also tells us the following high-probability bound under the dis-
tribution µ

Prµ

(
|A(Xt, w)|

∆
< (1− p)L

(
1− |H(N(w))|

∆
,

k

∆

)
− δ

)
≤ e−δ2∆/2.

In the end we are interested in A(Xt, w) where the sequence of color choices
are chosen according to the distribution Pr (θ | F). Let

Z := max
γ,θ∈Θ

Z(γ)

Z(θ)

The quantity Z bounds the maximum ratio of any event probability under
µ to its conditional probability given F , under the Glauber dynamics. In
particular, for the atomic events θ ∈ Θ,

Pr (θ | F) ≤ Zµ(θ)

Therefore,

Pr

(
|A(Xt, w)|

∆
< (1− p)L

(
1− |H(N(w))|

∆
,

k

∆

)
− δ

∣∣∣∣F) ≤ Ze−δ2∆/2.

Hence to complete the proof, it remains to prove the bound on Z which
is claimed in the statement of the lemma. For the product indexed over
s ∈ R(w) in the definition of Z(γ), Z(θ), we apply the trivial bounds

|A(ys, vs)|, |A(zs, vs)| ∈ [k −∆, k − 1],

to deduce

|A(zs, vs)|
|A(ys, vs)|

≤ k − 1

k −∆
= 1 +

∆− 1

k −∆
≤ exp

(
∆

k −∆

)
.

Hence,

Z ≤ exp

(
|R(w)|∆
k −∆

)
.
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Finally we present the main result of the section.

Proof of Lemma 11. Assume t ≤ t∗ := n ln(1/δ). Since, by Observation 10,
∂L(α,β)

∂α
≥ −1 for α ∈ [0, 1], β ≥ 1, it follows that, for all t > t∗,

L

(
e−t/n,

k

∆

)
≤ L

(
e−t∗/n,

k

∆

)
+ δ.

Hence this assumption can be made without loss of generality, at the price
of at most δ additional errors.

Assuming the high-probability event of Lemma 16 holds, all that is re-
quired is that |H(N(w))| not be too small and p not be too big. More
precisely, if |H(N(w))| ≥ (1− e−t/n − δ)∆ and p ≤ δ∆/k, then

(1− p)L

(
1− |H(N(w))|

∆
,

k

∆

)
≥ (1− δ∆/k)L

(
e−t/n + δ,

k

∆

)
since L(α, β) is decreasing in α

≥ (1− δ∆/k)

(
L

(
e−t/n,

k

∆

)
− δ

)
since

∂L(α, β)

∂α
≥ −1

≥ L

(
e−t/n,

k

∆

)
− 2δ since L(α, β) ≤ β.

Lower bound on |H(N(w))|. Let u ∈ N(w). Let Xu be a 0−1 random vari-
able that is 1 iff u is recolored at least once during the t steps of the Glauber
dynamics. Then |H(N(w))| =

∑
u∈N(w) Xu, and for each u, Pr (Xu = 0) =

(1 − 1/n)t ≤ exp(−t/n). Therefore, E (|H(N(w))|) ≥ (1 − exp(−t/n))∆.
The events {u ∈ H(N(w))} for u ∈ N(w) are negatively associated, hence
Chernoff’s bound applies. (see [7, Proposition 7] for this version of the
Chernoff bound). Therefore, applying Chernoff’s bound, we have

Pr (|H(N(w))| ≤ (1− exp(−t/n)− δ)∆) ≤ exp(−δ2∆/2).

Upper bound on p. Fix a vertex u ∈ N(w). Since vertices are chosen
uniformly at random, we have, for all j ≥ 1,

Pr (|R(N(u))| ≥ j) ≤
(

t

j

)
∆jn−j ≤

(
et∆

jn

)j

.
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Let j∗ := (e2t/n + δ2)∆. Note, the probability that |R(N(u))| ≥ j∗ is less
than e−δ2∆. Hence to prove the bound p ≤ k/δ∆, it suffices to prove that
with high probability,

|r(u)| ≥ k

δ∆
exp

(
j∗

k −∆

)
=

k

δ∆
exp

((
e2t

n
+ δ2

)
∆

k −∆

)
Note,

k

δ∆
exp

((
e2t

n
+ δ2

)
∆

k −∆

)
≤ poly(1/δ),

because of our assumptions that 1.01 ≤ k/∆ ≤ 3 and that t ≤ n ln(1/δ).
Consider the distribution of |r(u)|. This stochastically dominates the

distribution of the number of missing colors out of a pool of k−∆ colors, after
|R(N(u))| colors are chosen uniformly at random. This is because, whenever
i colors remain available, the conditional probability of hitting another one
on the next recoloring is at most i/(k −∆).

Since we are assuming that |R(N(u)| ≤ (e2t/n + δ2) ∆, we may apply
Lemma 15 to conclude that the number of remaining colors is at least

(k −∆)

(
1− 1

k−∆

e

)(e2t/n+δ2)∆/(k−∆)

− a = poly(δ)(k −∆)− a,

except with failure probability at most e−a2/2(k−∆). Since we only need this to
be at least poly(1/δ), we can take a = poly(δ)(k−∆), where the polynomial
is half as large as the one being subtracted from. In this case, the failure
probability is of the form e−poly(δ)(k−∆). Thus as long as ∆ > ∆0 where ∆0

is at least a suitable polynomial in 1/δ (where the degree depends on the
desired ratio k/∆) then k −∆ >> poly(1/δ), and we have shown

Pr (p ≥ δ∆/k) ≤ e−poly(δ)(k−∆).

Upper bound on Z. We also need to prove a high-probability upper bound
on the probability distortion factor Z from Lemma 16, which was defined as

Z := exp

(
|R(w)|∆
k −∆

)
Let i ≥ 1. Since the vertex order is uniformly random, the probability

that |R(w)| ≥ i is at most (
t

i

)
n−i ≤

(
et

in

)i

.
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Setting Z0 := exp
(

i∆
k−∆

)
, we have

Pr (Z ≥ Z0) ≤
(

et

in

)i

.

Finally, assuming that Z ≤ Z0, Lemma 16 tells us

Pr

(
|A(Xt, w)|

∆
≤ (1− p)L

(
1− |H(N(w))|

∆
,

k

∆

)
− δ

∣∣∣∣F) ≤ Z0e
−δ2∆/2.

Let i = δ2(k −∆)/4, so that Z0 = eδ2∆/4. Summing up the probabilities
that p is too small, that H(N(w)) is too small, that Z ≥ Z0, and that
|A(Xt, w)| is too small, we conclude by a union bound that

Pr

(
|A(Xt, w)|

∆
≤ L

(
e−t/n,

k

∆

)
− 3δ

)
≤ 2e−poly(δ)(k−∆) +

(
et

in

)i

+ e−δ2∆/4

= O
(
e−poly(δ)(k−∆)

)
When ∆0(δ) is sufficiently large, the big-oh in front can become part of
the poly in the exponent. Also, the k − ∆ can be replaced by ∆, since
k ≥ 1.01∆.
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