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Abstract

Let X = (X0, . . . , Xn) be a discrete-time martingale taking values
in any real Euclidean space such that X0 = 0 and for all n, ‖Xn −
Xn−1‖ ≤ 1. We prove the large deviation bound

Pr [‖Xn‖ ≥ a] < 2e1−(a−1)2/2n.

This upper bound is within a constant factor, e2, of the Azuma-
Hoeffding Inequality for real-valued martingales. This improves an
earlier result of O. Kallenberg and R. Sztencel (1992).

Our inequality holds even for “very-weak martingales,” namely,
discrete stochastic processes X which satisfy, for every n,

E (Xn | Xn−1) = Xn−1 (1)

In particular, this includes the class of weak martingales.
More generally, we prove that, for every very-weak martingale X

in Rd, there exists a martingale Y in Rd such that for all n, the
distribution of (Yn−1, Yn) is the same as that of (Xn−1, Xn).

As an application, we answer questions posed by L. Babai about
Fourier coefficients of random subsets of a finite abelian group.

1 Introduction

This paper is centered around extending the following well-known result to
more general classes of random series.
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Proposition 1.1 (Azuma-Hoeffding Inequality) Let X = (X0, X1, . . . , Xn)
be a real-valued martingale such that X0 = 0 and for every i, |Xi−Xi−1| ≤ 1.
Then, for every a > 0,

Pr [|Xn| ≥ a] < 2e−a2/2n. (2)

Our first objective is to replace “real-valued martingale” with “vector-
valued martingale.” Throughout this paper, E will denote any real Euclidean
space (of finite or infinite dimension), and ‖·‖ will denote the Euclidean norm.

We will use the following definition in this paper.

Definition 1.2 Let X = (Xi : Ω → E) be a sequence of random vectors
taking values in E, such that X0 = 0, and for every i ≥ 1, E (‖Xi‖) <∞ and
E (Xi | X0, X1, . . . , Xi−1) = Xi−1. Then we call X a (strong) martingale in
E.

Our second objective is to relax the conditioning on the expectation in
this definition from E (Xi | X0, X1, . . . , Xi−1) to E (Xi | Xi−1).

Definition 1.3 Let X = (Xi : Ω → E) be a sequence of random vectors
taking values in E, such that X0 = 0, and for every i ≥ 1, E (‖Xi‖) <∞ and
E (Xi | Xi−1) = Xi−1. Then we call X a very-weak martingale in E.

Note that every martingale is automatically a very-weak martingale. The
converse is false (see below). To explain the terminology, we recall the com-
mon definition of weak martingales, introduced by P. Nelson [15] (see also J.
Berman [6]).

Definition 1.4 Let X = (Xi : Ω → E) be a sequence of random vectors
taking values in E, such that X0 = 0, and for every j < i, E (‖Xi‖) <∞ and
E (Xi | Xj) = Xj. Then we call X a weak martingale in E.

Every strong martingale is a weak martingale, and every weak martingale
is a very-weak martingale. Neither of the converses is true. In Section 4, we
present a canonical example of a very-weak martingale which is not a weak
martingale, and discuss some combinatorial differences between the classes.

It has been shown that the Azuma-Hoeffding inequality holds with real-
valued very-weak martingales in place of martingales. A nice presentation
may be found in Alon, Spencer, and Erdős [2, Appendix A]; the reader
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should note that what that text calls “martingales” are actually “very-weak
martingales” in our terminology.

We prove more generally that any very-weak martingale may be replaced
by a strong martingale which has the same distributions of values and of
differences. Azuma-Hoeffding and other similar bounds thus automatically
apply equally well to very-weak martingales and to martingales. This result
applies to very-weak martingales taking values in any real Euclidean space.

Precise statements of all our results are in the following subsection.

1.1 Overview of Results

Our first tool is the discrete-time case of a theorem of Kallenberg and Szten-
cel [11, Theorem 3.1], stating that for many purposes, “local martingales”
(cf. [12, Definition 1.5.15, p. 36]) in E are equivalent to local martingales in
R2.

Proposition 1.5 (Kallenberg, Sztencel) Let X be a martingale in E. Then
there exists a martingale Y in R2 such that for every i, ‖Yi‖ has the same
distribution as ‖Xi‖ and ‖Yi−Yi−1‖ has the same distribution as ‖Xi−Xi−1‖.

We give a simple direct proof of this result for discrete martingales and
show that the result applies even to discrete very-weak martingales, in the
following strong sense:

Proposition 1.6 Let X be a very-weak martingale in E. Then there ex-
ists a (strong) martingale Y in R2 such that for every i ≥ 1, the triples
(‖Yi−1‖, ‖Yi‖, ‖Yi − Yi−1‖) and (‖Xi−1‖, ‖Xi‖, ‖Xi −Xi−1‖) share the same
distribution.

The proof is in Section 2.
Kallenberg and Sztencel were also able to prove the following generaliza-

tion of the Azuma-Hoeffding Inequality. Again, we only state the version for
discrete martingales with uniformly bounded differences. (See the remarks
preceding their continuous version, [11, Theorem 5.3].)

Proposition 1.7 (Kallenberg, Sztencel) Let X be a martingale in E, such
that for every i, ‖Xi −Xi−1‖ ≤ 1. Then

Pr [‖Xn‖ ≥ a] = O

((
1 +

a√
n

)
e−a2/2n

)
. (3)
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(The constant implicit in the big-Oh notation is absolute, perhaps approxi-
mately 2.)

By a more detailed analysis, in Section 3, we eliminate the dependence
on a and n outside the exponent. Moreover, our inequality holds not only
for martingales, but also for very-weak martingales.

Theorem 1.8 Let X be a very-weak martingale taking values in E such that
X0 = 0 and for every i, ‖Xi −Xi−1‖ ≤ 1. Then, for every a > 0,

Pr [‖Xn‖ ≥ a] < 2e1−(a−1)2/2n < 2e2e−a2/2n. (4)

Our next result shows that, for many purposes (such as Theorem 1.8),
a given very-weak martingale may be replaced by an “equivalent” strong
martingale.

Theorem 1.9 Let X be a very-weak martingale taking values in Rd. Then
there exists a (strong) martingale Y taking values in Rd such that for each
i ≥ 1, (Yi−1, Yi) has the same distribution as (Xi−1, Xi).

This theorem, combined with Proposition 1.6, allows us to automatically
extend a certain class of results about strong martingales in R2 to apply
to very-weak martingales in an arbitrary Euclidean space. The proof is in
Section 5.

The question which motivated our study of martingales in higher dimen-
sions was to find upper bounds on Fourier coefficients of random subsets of
finite abelian groups. We will assume some familiarity with basic terminol-
ogy of finite abelian groups and characters; we recommend Babai’s lecture
notes [5] for a concise introduction, but any abstract algebra textbook should
do.

Definition 1.10 Let G be a finite abelian group. A homomorphism χ :
G → C×, from G into the multiplicative group of complex units is called
a character of G. The all-ones character χ0 : G → 1 often plays a special
role, and is known as the principal character. Let f be a function on a
finite abelian group G. For a given character χ, the Fourier coefficient of f
corresponding to χ is the average 1

|G|
∑

x∈G χ(x)f(x).

Note that when fS is the characteristic function of a subset S ⊆ G, the
Fourier coefficient corresponding to the principal character is the relative size
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of the subset, χ0(f) = |S|/|G|. We are interested in proving upper bounds
on the size of non-principal Fourier coefficients, motivating the following
definition.

Definition 1.11 (see [5]) Let G be a finite abelian group, and let f : G→ C
be any function. For every character χ : G→ C×, we set

Φχ(f) :=

∣∣∣∣∣∑
x∈G

χ(x)f(x)

∣∣∣∣∣ ,
and denote Φ(f) := max

χ6=χ0

Φχ(f)

where the maximum is taken over all characters χ : G → C× except the
principal character χ0 ≡ 1. In the special case where fS : G → {0, 1} is the
characteristic function of a subset S ⊆ G, we write Φ(S) in place of Φ(fS).

László Babai suggested using Chernoff bounds to show, when S is a ran-
dom subset of G, that usually Φ(S) = O(

√
n lnn), i. e., “almost all subsets

are nice.” We prove

Proposition 1.12 Let ε > 0. Let G be a finite abelian group of order n.
For all but a O(n−ε) fraction of subsets S ⊆ G,

Φ(S) <

√
1 + ε

2
n ln(n).

Babai also posed the same question when the size of the subset is fixed.
This case is more interesting, because the Fourier coefficients can no longer
be viewed as sums of n independent random variables. Nevertheless, using
martingales, we can prove a similar upper bound on Φ(S):

Theorem 1.13 Let ε > 0. Let G be a finite abelian group of order n. Let
k ≤ n, and let m = min{k, n− k}. For all but an O(n−ε) fraction of subsets
S ⊆ G such that |S| = k,

Φ(S) < 2
√

2(1 + ε) m ln(n).

Remark 1.14 This result raises the following open question (as posed by L.
Babai): construct an explicit family of sets of size m < n1−c, for which Φ(S)
is close to the probabilistic upper bound of Theorem 1.13. A challenge case is
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to construct S with |S| = n2/3 and Φ(S) < n1/2−ε. Note that the estimate of
Proposition 1.12 can be reached (even improved on) by explicit construction;
namely, the set of quadratic residues in GF (n), for n a prime power, and
more generally, cyclotomic sets S, always satisfy Φ(S) <

√
n (cf. [5, Section

6]).

Our proofs of Proposition 1.12 and Theorem 1.13, presented in Section 6,
are a nice illustration of the convenience of having a two-dimensional version
of the Azuma-Hoeffding inequality. We must in honesty point out that one
can prove both results using only the (one-dimensional) Azuma-Hoeffding
inequality, if we allow slightly worse constants; see Section 6 for details.

2 Reduction to Two Dimensions

In this section, we present a proof of Proposition 1.6. In light of Theorem 1.9,
It will suffice for us to prove that, given a very-weak martingale X in E, there
exists a very-weak martingale Y in R2 having the desired properties. Then,
by Theorem 1.9, which will be proved in Section 5, Y may be replaced by a
strong martingale in R2 also having the desired properties.

Our proof proceeds along roughly the same lines as Kallenberg and Sz-
tencel’s proof of Proposition 1.5. However, the proof in [11, Section 3] is
complicated by technical difficulties related to continuous time, which we do
not encounter here. Kallenberg and Sztencel mention the existence of an
elementary proof for discrete time [11, p. 223, first paragraph], but we could
not find such a proof in the literature.

Proof of Proposition 1.6, modulo Theorem 1.9: Given a very-weak
martingale X in E, we define a very-weak martingale Y in R2, such that,
for all i, ‖Yi − Yi−1‖ = ‖Xi −Xi−1‖ and ‖Yi‖ = ‖Xi‖. In our construction,
we will need a countable sequence of fair coin tosses, independent of X and
each other. Without loss of generality, we assume that X is defined on a
probability space containing such a sequence.

The Yi are defined recursively, starting with Y0 = 0. Suppose i > 0 and
Yi−1 has been defined, satisfying the desired conditions. We define Yi so that
the triangle (0, Yi−1, Yi) is congruent to (0, Xi−1, Xi). Since Yi−1 has been
defined, the problem is to embed a given ordered triangle in the plane, with
the first two corners specified. There are two choices for where to place the
third corner, which are mirror images of each other over the line containing
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the first two corners. We use a fair coin flip to assign one of these two
possibilities to Yi.

Since we defined Yi to make the triangles (0, Yi−1, Yi) and (0, Xi−1, Xi)
congruent, it follows that

(‖Yi−1‖, ‖Yi‖, ‖Yi − Yi−1‖) = (‖Xi−1‖, ‖Xi‖, ‖Xi −Xi−1‖) .

All that remains is to show that Y is a very-weak martingale.
To see this, we write Yi = αY,iYi−1 +PY,i, where αY,iYi−1 is the component

of Yi in the direction of Yi−1 and PY,i is perpendicular to Yi−1. Similarly, break
Xi up as Xi = αX,iXi−1 +PX,i. Since X is a very-weak martingale, we know
that

Xi−1 = E (Xi | Xi−1)

= E (αX,i | Xi−1)Xi−1 + E (PX,i | Xi−1).

Since PX,i is perpendicular to Xi−1, it follows that E (PX,i | Xi−1) = 0, so
E (αX,i | Xi−1) = 1.

Since the triangles (0, Yi−1, Yi) and (0, Xi−1, Xi) are congruent, we have
αY,i = αX,i. Since αX,i does not depend on the coin flips,

E (αY,i | Yi−1) = E (αX,i | Yi−1) = E (αX,i | Xi−1) = 1.

Recall that when choosing Yi given Yi−1, the two possibilities are mirror
images over the line containing 0 and Yi−1. This is equivalent to saying that
the two possibilities for PYi

sum to the zero vector. Since we used a fair coin
flip to make our selection, it follows that

E (PY,i | Yi−1) = 0.

Putting these facts together, we have

E (Yi | Yi−1) = E (αY,i | Yi−1)Yi−1 + E (PY,i | Yi−1)

= Yi−1.

Thus Y is a very-weak martingale, as claimed.
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2.1 Dimension 2 is necessary

Having seen that martingales in any dimension may be reduced to martin-
gales in the plane, as far as large deviations are concerned, it is worth seeing
that we cannot immediately reduce all the way to a martingale in R.

Definition 2.1 Let PS be a martingale in R2 in which each step is of unit
length, and is perpendicular to the previous total. (We may take PS1 = ±1,
to be determined by fair coin toss, and determine the k’th step by tossing
a coin to decide between the two possible vectors perpendicular to PSk−1.)
We will call PS the perpendicular-steps martingale.

For this martingale, the square of the distance from the origin increases
by one at each step, so the deviation is always

√
n after n steps. In contrast,

any unit-step martingale in R has positive probability of remaining in [−1, 1]
for n steps.

3 A Bound on Large Deviations

In this section, we prove Theorem 1.8 for the case when X is a strong mar-
tingale. The proof for very-weak martingales will follow by Theorem 1.9
(Section 5).

Before presenting the proof, we describe the general approach and some
obstacles. The usual strategy for the proof of the Azuma-Hoeffding In-
equality, Proposition 1.1, presented in [2, pp. 83–85, 233–240], is to bound

E
(
eλ|Xn|

)
, using the equalities eλ|Xn| = max{e±λXn} and eλXn =

n∏
i=1

eλ(Xi−Xi−1).

Obviously the first equality does not generalize to higher dimensions. Nev-
ertheless, we are able to follow a similar strategy, bounding eλ‖Xn‖ using the

equality eλ‖Xn‖ =
n∏

i=1

eλ(‖Xi‖−‖Xi−1‖).

It turns out that the terms in this product have small conditional expecta-
tions when ‖Xi‖ is sufficiently large. When ‖Xi‖ is small, however, problems
arise. We would encounter similar difficulties in the proof for martingales on
the real line, if we tried to bound

∏n
i=1 e

λ(|Xi|−|Xi−1|) directly.
The problematic behavior when ‖Xi‖ is small is caused by the possibility

of substantial “free progress” away from the origin. On the real line, as long as
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|Xi−1| > 1, the conditional expectation of |Xi|−|Xi−1| is zero, conditioned on
the history. In higher dimensions, ‖Xi‖−‖Xi−1‖ may never have conditional
expectation zero, as shown by the perpendicular steps martingale (Section
2.1). However, this expectation tends to zero as ‖Xi‖ becomes large.

To handle this problem, we define a new random series X′, which has
a “similar shape” to X, but never comes close to the origin, and which
consequently never makes much free progress. On the other hand, no matter
how much free progress X makes, it cannot “catch up:” ‖Xi‖ < ‖X ′

i‖ with
probability 1. Figure 1 illustrates the situation when X is a perpendicular
steps martingale.

We will not present an explicit description of X′, as it is not needed in
the proof. However, we will study its norm, Y, which we do define. The
interested reader should be able to construct a suitable definition of X′ from
the definition of Y and from Figure 1. We now proceed to the proof.

Proof of Theorem 1.8, assuming X is a strong martingale: Let X be
a given (strong) martingale in E, such that for every i, ‖Xi −Xi−1‖ ≤ 1.

We recursively define four real-valued series, A,D,Z, and Y, which will
be useful for our analysis.

As in the proof of Proposition 1.5, we define

Xi = αX,iXi−1 + Pi,

where αX,i is a real number, and Pi is the component of Xi orthogonal to
Xi−1. Define the series A = (Ai) by Ai := (αX,i − 1)‖Xi−1‖. We observe
that

1 ≥ ‖Xi −Xi−1‖2 = Ai
2 + ‖Pi‖2.

The three random walks D,Z,Y are defined simultaneously by induction,
as follows:

Y0 = 1 + λ−1 Z0 = 0

Di = s̃gn(Zi−1)

(√
Y 2

i−1 + 2Yi−1Ai + 1− Yi−1

)
Zi = Zi−1 +Di

Yi = Y0 + |Zi|.
With foreknowledge of the proof, we define λ := (a − 1)/n. The function
s̃gn : R → {−1,+1} is defined by

s̃gn(x) =

{
1 if x ≥ 0
−1 if x < 0
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origin

origin

Figure 1: At left: the given martingale, X. At right: the induced random
walk X′, starting at (λ, 0). X′ behaves like a martingale, except when this
would cause ‖X ′

n‖ < λ. Note that while X has moved
√

5 units from the
origin, ‖X ′

5‖ is still very close to ‖X ′
0‖ = λ.
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Claim 3.1 For 1 ≤ i ≤ n,

|Zi| =
∣∣∣∣√Y 2

i−1 + 2Yi−1Ai + 1− Y0

∣∣∣∣ .
Proof: By the definitions of Zi, Di, and Yi, respectively,

s̃gn(Zi−1)Zi = s̃gn(Zi−1)Zi−1 + s̃gn(Zi−1)Di

= |Zi−1|+
√
Y 2

i−1 + 2Yi−1Ai + 1− Yi−1

=
√
Y 2

i−1 + 2Yi−1Ai + 1− Y0.

The claim follows by taking absolute values.

Claim 3.2 For all i, Yi > ‖Xi‖.

Proof: (Induction on i.) Y0 = 1+λ−1 > 0 = ‖X0‖. Suppose the claim holds
for i− 1. By Claim 3.1, we have

Yi = Y0 + |Zi| = Y0 +

∣∣∣∣√Y 2
i−1 + 2Yi−1Ai + 1− Y0

∣∣∣∣
≥

√
Y 2

i−1 + 2Yi−1Ai + 1.

This can be rewritten as

Y 2
i ≥ (Yi−1 + Ai)

2 + 1− A2
i .

By the definition of Ai, it is easy to see that

‖Xi‖2 =
(
‖Xi−1‖2 + Ai

)2
+ ‖Pi‖2.

Subtracting, we have

Y 2
i − ‖Xi‖2 ≥ (Yi−1 + Ai)

2 − (‖Xi−1‖+ Ai)
2 + (1− A2

i − ‖Pi‖2)

= (Yi−1 − ‖Xi−1‖)(Yi−1 + ‖Xi−1‖+ 2Ai) + (1− A2
i − ‖Pi‖2)

> 0.

The last inequality above follows because
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1. Yi−1 > ‖Xi−1‖ by induction.

2. Yi−1 ≥ Y0 = 1 + λ−1 ≥ 2 ≥ 2|Ai| from the definitions.

3. 1 ≥ A2
i + ‖Pi‖2 as already observed.

Claim 3.3 Fix Zi−1. Then the random variable f(Ai) := eλDi satisfies

f(Ai) ≤ coshλ+ Ai s̃gn(Zi−1) sinhλ.

Proof: By definition, when Ai = ±1, Di = s̃gn(Zi−1)Ai. Hence f(−1) =
e−λ s̃gn(Zi−1)Ai and f(1) = eλ s̃gn(Zi−1)Ai . The secant line joining (−1, f(−1))
to (1, f(1)) has equation

y = coshλ+ Ai s̃gn(Zi−1) sinhλ.

Thus, to prove the claim, it suffices to show that d2f
dA2

i
> 0 on the interval

(−1, 1).
Differentiating and simplifying, we have

d2f

dA2
i

=

((
λ
dDi

dAi

)2

+ λ
d2Di

dA2
i

)
f

=

(
λ
√
Y 2

i−1 + 2Yi−1Ai + 1− s̃gn(Zi−1)

)
λY 2

i−1f(Ai)

(Y 2
i−1 + 2Yi−1Ai + 1)3/2

Since
√
Y 2

i−1 + 2Yi−1Ai + 1 ≥ Yi−1 − 1 ≥ Y0 − 1 ≥ |λ|−1 > 1, we see that
d2f
dA2

i
> 0 as desired.

Claim 3.4 E
(
eλDn | Zn−1

)
≤ coshλ.

Proof: By Fubini’s Theorem,

E
(
eλDn | Zn−1

)
= E

(
E
(
eλDn | X0, . . . , Xn−1

)
| Zn−1

)
. (5)

By Claim 3.3, we have

E
(
eλDn | X0, . . . , Xn−1

)
≤ coshλ+ s̃gn(Zn−1) sinh(λ)E (An | X0, . . . , Xn−1) = coshλ.
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BecauseX0, . . . , Xn−1 determine Zn−1, this upper bound applies to E
(
eλDn | X0, . . . , Xn−1, Zn−1

)
as well. Applying this bound to equation (5) proves the Claim.

By Fubini’s Theorem and Claim 3.4, we deduce

E
(
eλZn

)
= E

(
eλZn−1eλDn

)
= E

(
eλZn−1E

(
eλDn | Zn−1

))
≤ E

(
eλZn−1

)
coshλ

By induction, it follows that

E
(
eλZn

)
≤ (coshλ)n. (6)

Now, by Claim 3.2 and the definition of Yn, we have:

eλ‖Xn‖ < eλYn = eλ(Y0+|Zn|) ≤ eλY0(eλZn + e−λZn). (7)

Combining (6) and (7), we find

E
(
eλ‖Xn‖

)
< eλY02(coshλ)n. (8)

Applying Markov’s Inequality and equation (8), we have

Pr [‖Xn‖ ≥ a] = Pr
[
eλ‖Xn‖ ≥ eλa

]
≤ E

(
eλ‖Xn‖−λa

)
≤ eλY0−λa2 (coshλ)n .

We will use the inequality coshλ ≤ eλ2/2 (which can easily be seen by
examining the power series for each side), and the definition Y0 = 1+λ−1, to
simplify the right hand side. Choosing λ = (a−1)/n minimizes the resulting
expression. Thus we have

Pr [‖Xn‖ ≥ a] ≤ 2eλ+1−λa+λ2n/2 = 2e1−(a−1)2/2n.

Remark 3.5 Unlike the proof of the 1-dimensional Azuma-Hoeffding in-
equality in [2], this proof technique apparently does not apply directly to
very-weak martingales; instead we must appeal to Theorem 1.9. A careful
look at the proof of Claim 3.4 shows the obstacle: we cannot replace the con-
ditioning on X0, . . . , Xn−1 here with conditioning only on Xn−1, because the
real number Zn−1 depends essentially on the entire history of Xn−1, not just
the current value Xn−1. We would be interested in a proof of Theorem 1.8
which applies directly to the very-weak martingale case.
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4 An Example of a very-weak martingale

One reason why very-weak martingales may be of interest is that they can be
realized over much smaller sample spaces than strong martingales. Indeed, if
a martingale X has all steps of positive length with probability one, then the
random variable (X1, . . . , Xn) induces a subalgebra with at least 2n atoms,
by an easy induction. However, there are very-weak martingales X for which
all steps have positive length, but (X1, . . . , Xn) has only O(n2) atoms. In this
section, we give a very simple construction of such a very-weak martingale.

Small sample spaces have been useful in a variety of contexts, notably
derandomization of algorithms using only pairwise or k-wise independent
random variables [1, 3, 13, 14]. Although it is unclear how any advantage
could be made of a weak martingale defined on a small sample space, we
would not rule it out as a possibility.

The very-weak martingale we construct has a superficial similarity to the
following familiar “coin flips” martingale, in that, if any two adjacent times
are selected, and both processes observed at only those times, the processes
are statistically indistinguishable.

Definition 4.1 Let ξ1, ξ2, . . . , be the ±1-valued indicator variables for a
sequence of fully independent coin flips. For every n ≥ 0, let CFn :=

∑n
i=1 ξi.

Then the sequence CF = (CF0, CF1, . . . ) is the “coin flips” martingale.

Construction 4.2 For each real number α in [0, 1], for every n ≥ 0, define

fn(α) = −n+ 2 min

{
k

∣∣∣∣∣
k∑

i=0

(
n

i

)
2−n ≥ α

}

The “fake coin flip” process, FCF = (FCF0,FCF1, . . . ) is defined by selecting
α uniformly at random from [0, 1], and for every n ≥ 0, setting FCFn = fn(α).

Proposition 4.3 FCF is a very-weak martingale which is not a weak mar-
tingale. Moreover, for every i ≥ 1, (FCFn−1,FCFn) has the same distribution
as (CFn−1,CFn).

Proof: Using the standard recurrence(
n

j

)
=

(
n− 1

j

)
+

(
n− 1

j − 1

)
,
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we can see that, given that FCFn−1 = x, there is a 1/2 chance that FCFn =
x + 1 and a 1/2 chance that FCFn = x − 1. This proves that FCF is
a very-weak martingale, and also, by induction, that the distribution of
(FCFn−1,FCFn) is the same as (CFn−1,CFn).

To see that FCF is not a weak martingale, observe that if FCF2(α) = 2,
then α ≥ 3/4, so, for instance, FCF6(α) ≥ 4 with probability 1. More
generally, for any integers 0 < x ≤ j, where j ≡ x (mod 2),

E (FCFn | FCFj = x) = Θ(
√
n).

Next, we describe a combinatorial difference between the class of very-
weak martingales and that of strong martingales.

Proposition 4.4 For every n, |FCFn−FCFn−1| = 1, and the random vari-
able (FCF1, . . . ,FCFn) has O(n2) atoms. Let X be a martingale satisfying
|Xn −Xn−1| = 1. Then (X1, . . . , Xn) has at least 2n atoms.

Proof: The atoms of (FCF1, . . . ,FCFn) are the intervals between consecutive
values of the form

k∑
j=0

(
i

j

)
2−i,

where 0 ≤ i ≤ n. Since there are
(

n+2
2

)
terms of this form, counting multi-

plicity, there are at most this many atoms.
Suppose X is a martingale satisfying |Xn −Xn−1| > 0 for every n. Then

every atom of (X1, . . . , Xn−1) is a disjoint union of at least two atoms of
(X1, . . . , Xn) (since the average of Xn − Xn−1 over these atoms must be
zero). By induction, it follows that (X1, . . . , Xn) has at least 2n atoms.

5 Turning very-weak martingales into strong

We now present the proof of Theorem 1.9, which for any very-weak martin-
gale in Rd, shows the existence of a strong martingale for which the terms
Xn and the steps Xn−Xn−1 have the same distribution as the original series.

We present the proof in two parts: first the proof for very-weak martin-
gales whose range is a finite set and which run for only finitely many steps,
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second the proof for arbitrary very-weak martingales in Rd. Most readers
will probably be satisfied with the finite case, which has a simple proof.

Proof of Theorem 1.9 (case of finite range and finitely many steps):
Let X be a very-weak martingale taking values in a real vector space V .
Furthermore suppose each Xn takes values in a finite set F ⊂ V . Let P be
the probability measure on which X is defined.

We construct Y and its underlying probability measure Q recursively,
starting with Y0 = 0.

Assume that Yn−1 = (Y0, . . . , Yn−1) has already been defined, with un-
derlying probability measure Qn−1. To define the distribution of Yn =
(Y0, . . . , Yn), we need to specify how the atoms of Qn−1 should be refined.

Let (y0, . . . , yn) ∈ (Rd)n be any sequence of vectors in Rd. We define

Qn [Yn = (y0, . . . , yn) | Yn−1 = (y0, . . . , yn−1)] = P [Xn = yn | Xn−1 = yn−1].

In other words, if Xn−1 has positive probability of equaling yn−1, we set

Qn [Yn = (y0, . . . , yn)] =
P [Xn−1 = yn−1, Xn = yn]Qn−1 [Yn−1 = (y0, . . . , yn−1)]

P [Xn−1 = yn−1]
,

and if not, all probabilities in the above equation are zero.
Intuitively, at the n’th step, Y “forgets” how it arrived at yn−1, then

chooses a random continuation according to X. The series Y thus defined
obviously satisfies the desired criteria.

In the general case, we “construct” Y by specifying its finite joint distribu-
tion functions. We employ standard techniques to demonstrate the existence
of a random series with the specified distributions. The basic idea of the
construction remains the same: Y is obtained by modifying X to “forget the
history” at each step.

We now present the proof for the general case.

Proof of Theorem 1.9 (general case): We define Y implicitly by spec-
ifying its distribution on finite-dimensional rectangles. The existence of a
countable series Y with the given distributions follows from the Kolmogorov
extension theorem [7, Corollary 2.19].

Let P be the probability measure on which X is defined. Denote by Q
the new probability measure being constructed, on which Y will be defined.
Note that Construction 4.2 shows that Q cannot generally be taken to be P .
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Let Y0 = 0. For all n, and all intervals A ⊆ (Rd)n−1, B ⊆ Rd, define

Qn [Yn ∈ A×B] = Ex (Qn−1 [Yn−1 ∈ A | Yn−1 = x]P [Xn ∈ B | Xn−1 = x]).
(9)

Here x is an independent random variable sampled from the same distri-
bution as Xn−1 (and as Yn−1: the distributions are the same by inductive
hypothesis). Let us briefly explain the meaning of terms on the right-hand
side of (9).

Let µ be the law of Xn−1, i. e. the probability measure on Rd defined by

µ [S] = P [Xn−1 ∈ S],

for all Borel sets S ⊆ Rd. By inductive hypothesis, µ is also the law of Yn−1.
The conditional probabilities on the right-hand side of (9) are defined in

terms of Radon-Nikodym derivatives (cf. [16]), in a manner we will now set
forth. For each interval A ⊆ (Rd)n−2, let QA be the probability measure on
Rd defined by

QA(S) = Qn−1 [Yn−1 ∈ A× S].

Then QA is absolutely continuous with respect to µ, and the Radon-Nikodym
derivative dQA/dµ is a µ-measurable function f such that, for every interval
S ⊆ Rd,

QA(S) =

∫
x∈S

f(x)dµ(x).

We define
Qn−1 [Yn−1 ∈ A× S | Yn−1 = x] = f(x)ψS(x),

where ψS : S → {0, 1} is the characteristic function of S. With this notation,
the definition of the R-N derivative f may be rewritten as

Qn−1 [Yn−1 ∈ A× S] = Ex (Qn−1 [Yn−1 ∈ A× S | Yn−1 = x]),

where x is selected according to µ.
Similarly, if PB is the probability measure on R defined by

PB(S) = P [Xn−1 ∈ S,Xn ∈ B],

then we denote the Radon-Nikodym derivative dPB/dµ by P [Xn ∈ B | Xn−1 = x].
Since the conditional probabilities on the right-hand side of (9) are now

seen to be random variables in the range [0, 1], the right-hand side is well-
defined, and is in [0, 1]. It is easy to check that this definition is finitely
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additive, and hence extends to a probability measure. Furthermore, it is
easy to check that the sequence of distributions defined by (9) meet the
regularity criteria of the Kolmogorov extension theorem [7, Corollary 2.19],
and so define a countable random series.

To verify that (Yn−1, Yn) has the same distribution as (Xn−1, Xn), we just
chase definitions:

Q [Yn−1 ∈ A, Yn ∈ B] = Q
[
Yn ∈ (Rd)n−2 × A×B

]
= E

(
Q
[
Yn−1 ∈ (Rd)n−2 × A | Yn−1 = x

]
P [Xn ∈ B | Xn−1 = x]

)
= E (ψA(x) P [Xn ∈ B | Xn−1 = x])

= E (P [Xn−1 ∈ A,Xn ∈ B | Xn−1 = x])

= P [Xn−1 ∈ A,Xn ∈ B].

The martingale condition E (Yn | Y0, . . . , Yn−1) = Yn−1 may be rewritten
in the form

E (φ(Yn) Yn) = E (φ(Yn) Yn−1), (10)

for every measurable function φ : (Rd)n → R. By standard arguments,
it suffices to prove this statement in the special case when φ = ψS is the
characteristic function of an interval S ⊆ (Rd)n.

Decompose S = A×B, where A ⊆ (Rd)n−1 and B ⊆ Rd are intervals.
To verify (10) we expand the left side using (9) (the defining recurrence

for Y). Writing everything explicitly in terms of Radon-Nikodym derivatives
yields a rather messy intermediate expression, which may in turn be rewritten
in a nice form, using Fubini’s Theorem and the Dominated Convergence
Theorem . The result is:

E (ψA×B(Yn) Yn) = Ex (Q [Yn−1 ∈ A | Yn−1 = x] E (ψB(Xn) Xn | Xn−1 = x))

where x is sampled according to the distribution µ introduced earlier. The
right side of (10) may be expanded in the same way to obtain

E (ψA×B(Yn) Yn−1) = Ex (Q [Yn−1 ∈ A | Yn−1 = x] E (ψB(Xn) Xn−1 | Xn−1 = x)).

Since X is a very-weak martingale, we have E (ψB(Xn) Xn | Xn−1 = x) =
E (ψB(Xn) Xn−1 | Xn−1 = x) a.e. µ. Substituting, we obtain

E (ψA×B(Yn) Yn) = E (ψA×B(Yn) Yn−1),

which shows that Y is a martingale.
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6 Random Subsets have all small Fourier Co-

efficients

6.1 Sets of Any Size

Our first application of Theorem 1.8 is to prove Proposition 1.12, which says
that almost all subsets of a finite abelian group G are “nice” (have all small
Fourier coefficients). The exact result follows as an easy corollary of the
following lemma.

Lemma 6.1 Let G be a finite abelian group of order n, and let χ : G→ C×

be a non-principal character. Select a subset S ⊆ G uniformly at random.
Then

Pr
[
Φχ(S) ≥ a

√
n
]
< 2e2e−2a2

.

Proof: Let G = {g1, . . . , gn}. For 0 ≤ i ≤ n, let ηi be the {0, 1}-valued indi-
cator function for the event gi ∈ S. Define Xi := 2E

(∑
x∈S χ(x) | η1, . . . , ηi

)
.

Then (X0, . . . , Xn) is a martingale taking values in C. (Martingales defined in
this manner are known as “Doob martingales.”) Note that X0 = 0 and that
|Xn| = 2Φχ(S). Moreover, it is easily verified that Xi =

∑i
j=1 χ(gj)(2ηi− 1),

which shows that |Xi −Xi−1| = 1 for every i.
Hence Theorem 1.8 implies

Pr
[
Φχ(S) ≥ a

√
n
]

= Pr
[
|Xn| ≥ 2a

√
n
]
< 2e2e−(2a)2/2.

Here is a slightly improved version of the same lemma, whose proof uses
only the (weighted) real-number version of Hoeffding’s inequality, Proposi-
tion 7.3). The proof is somewhat more involved.

Lemma 6.2 Let G be a finite abelian group of order n, and let χ : G→ C×

be a non-principal character. Select a subset S ⊆ G uniformly at random.
Then

Pr
[
Φχ(S) ≥ a

√
n
]
< 4e−2a2

.

Proof: Let G = {g1, . . . , gn}. For 0 ≤ i ≤ n, let ηi be the {0, 1}-valued indi-
cator function for the event gi ∈ S. Define Xi := 2E

(∑
x∈S χ(x) | η1, . . . , ηi

)
.

Then (X0, . . . , Xn) is a (Doob) martingale taking values in C. Note that
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X0 = 0 and that |Xn| = 2Φχ(S). Moreover, it is easily verified that
Xi =

∑i
j=1 χ(gj)(2ηi − 1), which shows that |Xi −Xi−1| = 1 for every i.

The sequences (Re(X0), . . . ,Re(Xn)) and (Im(X0), . . . , Im(Xn)) are real-
valued martingales which satisfy Re(Xn)2 + Im(Xn)2 = |Xn|2. Moreover,
|Re(Xi)−Re(Xi−1)| = |Re(χ(gj))| =: ci, and similarly |Im(Xi)−Im(Xi−1)| =
|Im(χ(gj))| =: di.

Now, since c2i + d2
i = 1 for every i, it follows that

∑n
i=1 c

2
i +
∑n

i=1 d
2
i = n.

Hence

Pr
[
Φχ(S) ≥ a

√
n
]

= Pr
[
|Xn| ≥ 2a

√
n
]

≤ Pr

|Re(Xn)| ≥ 2a

√√√√ n∑
i=1

c2i

+ Pr

|Im(Xn)| ≥ 2a

√√√√ n∑
i=1

d2
i


< 2e−(2a)2/2 + 2e−(2a)2/2,

the last inequality following from Proposition 7.3 applied to Re(Xn) and to
Im(Xn).

We note that a simpler version of this proof which uses only the non-
weighted version of Azuma-Hoeffding, achieves a worse constant in the ex-
ponent of the upper bound.

6.2 Sets of Fixed Size

The proof of Proposition 1.12 did not really take full advantage of the power
of Theorem 1.8, since the random variables being summed were independent,
which is much more than just being a martingale. The case where the set
size is fixed, requires us to analyze a much more history-dependent process.
Theorem 1.13 follows easily from the following Lemma.

Lemma 6.3 Let G be a finite abelian group of order n, and let χ : G→ C×

be a non-principal character of G. Let k ≤ n, and let m = min{k, n − k}.
Select a subset S ⊂ G uniformly at random subject to the constraint |S| = k.
Then

Pr
[
Φχ(S) ≥ a

√
m
]
< 2e2e−a2/8.

Proof: Without loss of generality, assume m = k ≤ n/2 (if not, replace S
by G \ S; this reverses the signs of the non-principal characters, but leaves
the magnitudes unchanged). Let us think of S as being chosen as follows:
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first, pick a random ordering (g1, g2, . . . , gn) of the elements of G, then let
S = {g1, . . . , gk}. We next define a (Doob) martingale Y = (Y0, . . . , Yk),
where Yi is defined in terms of the random variables g1, . . . , gi, as follows.

Yi :=
1

2
E

(
k∑

j=1

χ(gj) | g1, . . . , gi

)

Since for any g, h ∈ G, |χ(g)−χ(h)| ≤ 2, it follows easily that |Yi−Yi−1| ≤ 1.
Hence Theorem 1.8 tells us, for every a > 0,

Pr
[
Φχ(S) ≥ a

√
k
]

= Pr
[
Yk ≥ a

√
k/2
]

≤ 2e2e−a2/8.

Since we are assuming m = k, this completes the proof.
It is possible to improve the bound in Theorem 1.13 to one of the form

O(e−a2/2(1+3m/n)), by using the weighted version of Theorem 1.8 presented in
the Notes as Theorem 7.4. This yields a corresponding improvement in the
constant for Theorem 1.13. As in Section 6.1, it is also possible to deduce
these results using only the (one-dimensional) Azuma-Hoeffding inequality,
as long as one is not concerned with the constants.

7 Notes and Questions

Hoeffding’s original paper [10] actually proved the following stronger version
of the Azuma-Hoeffding inequality.

Theorem 7.1 Let X = (X0, X1, . . . , Xn) be a real-valued martingale such
that X0 = 0 and for every i, |Xi −Xi−1| ≤ 1. Then, for every a ∈ [0, n],

Pr [Xn ≥ a] ≤ 2 n(H(a+n
2n )−1) ≤ e−a2/2n, (11)

where H(x) = −x log2(x)− (1−x) log2(1−x) is the binary entropy function.

The first inequality is within a factor O(
√
n) of equality for all values of

a, and holds with equality for a = 0 and a = n. Our proof of Theorem 1.8
can easily be strengthened to the following:
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Theorem 7.2 Let X = (X0, X1, . . . , Xn) be a very-weak martingale taking
values in E such that X0 = 0 and for every i, |Xi − Xi−1| ≤ 1. Then, for
every a ∈ [0, n],

Pr [Xn ≥ a] ≤ e2 n(H(a+n−1
2n )−1) (12)

where H(x) = −x log2(x)− (1−x) log2(1−x) is the binary entropy function.

The proof is essentially the same as that of Theorem 1.8 up to the last
paragraph, at which point, instead of approximating cosh(λ) by exp(λ2/2),
we set λ := archtanh((a− 1)/n) and carefully simplify the resulting bound,
along lines similar to those of Hoeffding’s original proof [10]. It is not hard
to show that the upper bound of Theorem 7.2 is within a factor O(n) of best
possible for all values of a.

Hoeffding also proved the following weighted version of the weaker inequality:

Proposition 7.3 Let X = (X0, X1, . . . , Xn) be a real-valued martingale such
that for every i, |Xi −Xi−1| ≤ ci. Then, for every a ≥ 0,

Pr [|Xn| ≥ a] ≤ 2 exp

(
−a2

2
∑

i c
2
i

)
. (13)

Proposition 7.3 was rediscovered by Azuma [4] a few years later.
Our proof technique naturally generalizes to the following weighted ver-

sion of Theorem 1.8:

Theorem 7.4 Let X be a E-valued very-weak martingale such that for every
i, ‖Xi −Xi−1‖ ≤ ci. Then for every a > 0,

Pr [‖Xn‖ ≥ a] < 2 exp

(
−(a− Y0)

2

2
∑n

i=1 c
2
i

)
, (14)

where Y0 := max{1 + max ci, 2 max ci}.

This differs from the upper bound in Proposition 7.3 by a factor at most
eO(cmax/cavg), where cmax = max ci, and cavg =

∑
ci/n. Although this is only

a constant factor when cmax/cavg is bounded, in the general case this bound
is considerably worse than that of Kallenberg and Sztencel, cited here as
Proposition 1.7.
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It seems likely that Theorem 1.9 holds in more general contexts, such as
very-weak martingales in `2, or even in Banach spaces (using the Bochner
integral to define expectation). Although we are not sure whether we can
guarantee the existence of a process which has the desired distributions in
these contexts, we know of no obstacle to doing so, except the abstruseness
of the subject.

Regarding our upper bound for deviations of martingales in Euclidean space,
it seems likely that the upper bound from the original Azuma-Hoeffding
Inequality holds, without the additional factor of e1+(2a−1)/2n.
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