Joe Kniss

CS 530
Probabilistic and Geometric Methods
Summing Random Variables
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ERF Plot
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** There is an error in this equation, what is it?



Adding 2 Random Vars

¥ Discrete: Z = X+Y?
X :{ Xl’XZK Xn}

Y ={y11y2K ym}
Z={X+tYy, X Y, L X +Y,,
Xo + YK X + Y,
M

Xn T yl’L ’Xn T ym}



Adding Example

¥ How many ways can you get Z=107

o0 000
9 10 11 12 13

={7,8,910111213



Adding 2 Random Vars

¥ But, there Is a Probability associated
with each instance (x;y;) of X,Y

¥ So, what@ the Prob of z,?
P(Z=z)= P(xi’yj)

XiYilze=x; +y;

¥ For any z,, add up the probabilities for
all the ways x;+y,=z,



Adding Example

¥ Assume X and Y are independent
P(x;,y;) = P(x)P(y;)

25 25
1234 T 85788
P(x.)=.25 P(y,)=.25
25
125

/8 9 10 11 12 13

P(Z=10 =P, ()P,(9)+L +P,(4)P,(6) =4* .0625



Adding as Convolution

¥ Observe: 4= % + Y,
Xi=4 Y,

P(Z=2)= N P(Xi’yj)

Xi\Yjlzk=x +y;

¥ S0,

P(Z=2)= $ P(z." v,y)

y="#

Note: P(X=x)=0 if x" X



Convolution Example

¥ xi=z,-y; == flip and translate function

25 25
P (%) R ()
< v v v w > * — e v v w
1 2 3 4 6 7 8 9
P (" y) ,’/ \\\ R(Yy)
1 | z, =1
< JIII e o000 .
3 4 5 6 /7 8 9 10 11 12 13
25
125 P, (2)
« /b ® ® 0 0 0 ¢ -
/7 8 9 10 11 12 13

HP(7" Y)R.(y)



.25

Convolution Example

¥ xi=z,-y; == flip and translate function
.25

1 2 3 4 6 7 8 9

3 4 5 677 8 9 10 11 12 13

25
125

# P, (8" y)P,(y) /7 8 9 10 11 12 13
y




.25

Convolution Example

¥ xi=z,-y; == flip and translate function
.25

————




Convolution Example

¥ xi=z,-y; == flip and translate function

25 25
< v v v w > * — e v v w
1 2 3 4 6 7 8 9
| Zk:10
—0 00 - v - - 0000 >
3 4 5 6 78 9 10 11 12 13

125
47%- . . . >
#px(lo" V)P, (V) 8 9 10 11 12 13

Y
y



Discrete Convolution

¥ Given functions f(x) and g(x):
#
{f*a(x)=3 fF(yax"y)
y="#

¥ Flip and translate g(x)
¥ Multiply elements of f and gO
¥ Sum them up



Subtraction of Random Vars

¥ Z=X-Y just like additionE
X :{ Xl’XZK Xn}

Y ={ynLY.K ¥}

Z={X%" Y% " Yol %" Yo
X" Yok X" Yo,
M

Xn ) yl’L ’Xn ) ym}



Subtraction Example

=-57

¥ How many ways can you get Z

6 7 8 9

. Y={67809

<

>

o0
1 2 3 4

X ={1234 .

<

8 -7 -6 5 -4 -3 -2

X"Y=Z={"8"7"6"5"4"3"2



Subtracting 2 Random Vars

¥ But, there Is a Probability associated
with each instance (x;y;) of X,Y

¥ So, what@ the Prob of z,?
P(Z=2)= H P(X;,Y;)

Xi Yilze=Xi "y,

¥ For any z,, add up the probabillities for
all the ways Xi-y=z,



Subtract Example

¥ Assume X and Y are independent
P(x;,y;) = P(x)P(y;)
25 25

P(Z="5)= P(l)P-(6)+L +P(-4)P(9) 4* 062"



Subtraction as Convolution

¥ Observe: 4= ) Y,
Yi =X 4

P(Z=2)= #P(x.y)

Xi.Yilze=x"y,

¥ S0,

P(Z=2)= é P(x,x" z,)

X="#

Note: P(X=x)=0 if x" X



Convolution Example

¥ y=x;-z, == translate function (no flip)
.25 .25

P, (X) R (y)
< v v v wv > *
1 2 3 4 6 7 8 9
PY(X" Zk) ,'I/ \\\ PX (X) "
1 | z,="8
«—d I I «C L L OO 0O >
2 -1 0 1 2 3 4 5 6 7 8
25
125 P,(2)

" PR (x+8)" -



Convolution Example

¥ y=x;-z, == translate function (no flip)

25 25
P, (X) R, (y)
< v v w w *
1 2 3 4 6 7 8 9
{1} 2, ="7
— 0 I ) < J.t ¢ 0 06 06 O >
2 10 12 3 4 5 6 7 8
25
125 P,(z)

- /. 0 06060 .
" PX(X)PY(X+7) -8 -7 6 -5 -4 -3 -2

X



Convolution Example

¥ y=x;-z, == translate function (no flip)

.25 .25
P, (X) R (Y)
< v v w w *
1 2 3 4 6 7 8 9
’I/// \\\ Zk : 'I 6
— 00 ). . . ¢CL oo oo .
2 -1 0 1 23 4 5 6 7 8

X



Convolution Example

¥ y=x;-z, == translate function (no flip)

.25 .25
P (X) R (Y)
< v v v w *
1 2 3 4 6 7 8 9
l Zk — " 5
< . . . - v v D . . . . >
2 -1 0 1 23 4 5 6 7 8

X



Difference as Disc. Correlation

¥ Given functions f(x) and g(x)
b Convolve f(x) and g(- x)

{f*g(" ()} X) = $ f(Y)a(y" X)

Negate argument to g

¥ Translate g(x)
¥ Sum up product of elements



Meaning of Correlation

¥ How similar are P, and Py shifted by z,
.25 .25

P (X) R (Y)
< v v v w *

1 2 3 4 6 7 8 9

, 1 Zk _n 5

< . . .\\v\v v - . . . . >
2 -1 0 1 23 4 5 6 7 8
25
125 P, (2)
T e U e e e W O w >

¥ost similar when P, Is shifted -5!



Convolution Notes

¥ Convolution flips one of the arguments
P By convention, second one

¥ Correlation doesn®flip
P Use convolution by negating second arg

¥ Sum r.v. == Convolution when Independent
¥ Diff r.v == Correlation when Independent



Continuous R.V. Sum

¥ Integration instead of summation:
#
p,(2) = Py v (52" 9)ds
"#

¥ Line integral through p(Xx,y) where
y=2" X



Continuous Sum Example
p(X,y)




Sum as Convolution

¥ When X and Y are independent

p(X,y) = p(x) p(y)
¥ S0,

p,(2) = "$px (9p, (2" 9ds

¥ Which iIs a convolution of P, and Py

P2 (2) =1Px " Py} 2)



Difference of Cont. R.V.s

¥ /=X-Y: »
p,(2) = $p, ,(s2" 9ds
"H

¥ Line integral along:

y=X"2Z



Continuous Difference Example
p(X,y)




Sum as Correlation

¥ When X and Y are independent

p(X,y) = p(x) p(y)
¥ S0,

p,(2) = "$px (9P, (s" 2)ds

¥ Which is a correlation of P, and P,

p,(2) =1px " Py (#())}H2)



Central Limit Theorem

¥ Sum a large number of I.i.d. r.v.s

b Identical Independently Distributed
P X =X,=X3=X
¥ E Get a Gaussian!

. + +
im p( et X, $Nu
n" # \/%N

& a) = N[0,2](X)







