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Spectral Factorization

• Any nxn matrix can be factored as:

– With a single eigen value per Ai
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Spectral Factorization

• What does the Ai do?
– For symmetric matrices:
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Spectral Factorization

• What does the Ai do?
– Non Symmetric Matrices
– Trickier: could have imaginary eigens
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Stochastic Matrices

• Definition:
– Columns sum to 1 (i=row,j=column)
– A is positive
– Aij is probability of transition from state i to j

• We know one (left) eigenvector…
– What’s the eigenvalue?
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Markov Chain

• We have a sequence of random variables:

• Each realization is drawn from 1 set (states)

• Probability of state transitions only depends
on current state
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States & Transitions Example

• Nodes are “states”
– j=from i=to
– All transitions equally likely
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States & Transitions Example

• Our current state is a vector:

– …starting at node 1
• After one step, where are we?

– 25% chance of:
    1, 2, 3, or 4
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States & Transitions Example

• After two steps…
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States & Transitions Example

• After 10 steps…
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States & Transitions

• How can we skip steps?
– How many matrix multiplies to get x25?
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Eigenvalues

• Where do we ultimately end up?
– Really asking about “steady state”
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Properties of Stochastic Mat.s

• At least one real, positive eigenvalue
• At least one eigenvalue=1
• No eigenvalue > 1



Google PageRank

• Nodes are pages, arrows are links
– Model page quality by probability that a

random user can get there.
– What about that sink?

1 2

3 4

5

6



Google PageRank

• Nodes are pages, arrows are links
– Model page quality by probability that a

random user can get there.
– What about that sink?
– Make every page a “little bit”

connected
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Google PageRank

• What’s the result:
– Steady state at:
– PageRank == probability of arrival
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More Properties

• “a little bit” connected -> Irreducible
• Irreducible

– Can get to any state from any other state
– … in finite steps

• Reducible • irreducible! 
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More Properties

• Aperiodic if we can get back to state i

• If A is irreducible, then all states are
either periodic or aperiodic

• Aperiodic • Periodic
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Yet more properties

• If A is irreducible and aperiodic then AN

is positive

–    Irreducible:

–    Aperiodic

– Then let:
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Yet More Properties

• If AN is irreducible and aperiodic
– It has a real positive eigen value = 1

• The converse is not true:
– If AN is NOT( irreducible and aperiodic) it

might still have a real
    positive eigen value
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