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Higher-order Markov Chains
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What® Stochastic Matrix?

¥ |t represents a conditional distribution
D P(X|X.1) .
PRecall:  P(X)= jP(Xi Yy P(Y;)
— ("D — o)
BSo,let y;=X; " and X =X
¥ What do the states mean?

P Together the states (as a vector) are a
PMF



What® a Stochastic Matrix?

¥ So we have:
P(xi") = EjP(xl(.’) | xg."“”)P(xg."“”)

¥ Let@ look at a 2 state system:

-P(xl(t))-

POx)

-P(xl(” Xy P(x x(zt‘”)-

_P(x(z” Xy P(x | x(zt‘”)_

-P(xl(t‘l))-

POC™),



Higher order Markov Chains

¥ What If x, Is dependent on t-1 and t-27?
PWe can deal with thisE
b Generalize joint to conditional
P(X,y,2)
P(y.2)

P(xly,z) =

DSo: P(x) = EjEkP(xi 1y ;,2)P (Y ;,2,)



2"d order Markov Chains

¥ That® tough to deal with:

P(.Xi) = ' j kP(xi |yj,zk)P(yj,zk)

¥ Let@® repose it in terms of joint distributions:

P(x,y,)= Y P(xuy;1y;2)P(;2)

¥ Where: P(x)=" jP(x,-»yj)



2"d order MC as 1st order

¥ We have,
P(x(t) x(t 1)) # P(.Xft),x(t 1) |x(z‘ 1) (t 2))P(X(t 1) g‘" 2))

¥ Define new states:
Wit e (xgt),x(.t_l))

i*n+j J

**Note: we need to index from 0->n-1

¥ We now have,
| 1
Py )= Y, POw,  IwS )POWT)



2"d order MC as 1st order

¥ And finally we have:

P(x") = E]_ P(w,), ;)
¥ Our transition matrix is:

P(wi  [wh 5



2"d order MC as 1st order

¥ E which looks like a 15t order MC
') ) E P(W(t) i D)P(W(t -1)

m+] in+ j ]n+k jn+k



2"d order MC as 1st order

¥ Let® have a look at a 2 state 2" order

P((0,0)1{0,0)) P({0,0)1{0,1))

P((1,0

P(00)]  [P.(00)]
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) 0
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) 0
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2 state 2" order

¥ Original transition graph:

. 9.9

¥ Second order graph:



Entropy of Markov Chains

¥ A message generated using MCs
b Source alphabet M (states/symbols)
b Start with some initial probability
b Successive symbols have dependent probs.

{ |\/|0, M1"" Mn}
{P(m;"),P(m" Im)L ,P(m'"” Im" ")}



Entropy of Markov Chains

¥ Computing Entropy:
{PM™), P M), P 1™ )}

Hy = P(m”)log(P(m"))
Hyo =y, % POmi ™) Pon Imi =) log(P(m{ 1 m{™")

H=H,+n" )H

te" 1



Entropy of Markov Chains

¥ Let® compare to emorylessOcase
b Message from Markov Chain:
H=H,+(n" )H
b Message from memoryless:
H =nH,
PbWho has greater entropy? Remember:
H . >H,

te" 1



Memory v.s. No Memory

¥ Os and 1s (symbols/states)
b PO)=.5 P1=.5
¥ No Memory (message length=n)
H = -n(.5log(5) + .5log(5)) = n

¥ MC with alternating 0101010 or 101010

"0 19 H, _,=-.5log()-.5log(1) =0
M=5 .
08 H=1+n-10=1



2"d Order MC Entropy

¥ E or Nt order chains for that matter
P 2nd order
H=H,+H
PWe know:

T (n - 2)Ht|t—1,t—2

tr—1

H,=H

tr-1
P Reasonable to assumeE
HO Htlt#l Htlt#l,t#Z L



Mutual Information of MC

¥ Compare any initial state to steady state
P From Init to steady state:

PL|I (Xi |Xj) = (AN)ij
D Regardless of Initial state, steady Is the same

PL|I (Xi ‘Xj) = PL (Xi)
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