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Sampling from a distribution

¥ Problem 8 on homework:
b Generate N samples from a distribution.

P 1) Generate N samples from Uniform Dist.
b 2) Map through inv CDF of desired dist.



Sampling From a Distribution

¥ 1D, inv CDF Method



Other ways to Sample

¥ Discrete PMFs:

b Make sure # of samples for each bin
matches PMF, then shuffle

¥ Continuous PDFs?



Rejection Method

¥ 1) determine max prob/density d

¥ 2) determine min-max domain m,M
¥ 3) Draw sample from Uniform: x

¥ 4) Scale & Bias x to [m,M]

¥ 5) Draw sample from Uniform: t

¥ 6) Scale t by d: t=t*d

¥ 7) Keep x If t>p(x)



Monte Carlo Markov Chain

¥ |dea: set up an algorithm to generate a
chain of samples from desired dist.
b Samples should be random from dist.
P Next sample should be dependent on last
b Jump samples!
b Similar to rejection method.



MCMC Example

¥ Generate N samples from: .
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MCMC

¥ Choose an initial x;
P According to some @andidateCdist

¥ Choose extOx,, ,
P x, jJumps to x,,, according to:

éxtﬂ I:)(Xt+1) > P(Xt)
Xt+1 = #Xt+1 P(Xt+1)/P(Xt) > rand)

%Draw new Xx.,, & startover



MCMC

¥ Jump If P(X,) > P(x,)
¥ Jump anyway with probabillity:
Pump) = P(X.1)/P(X,)
¥ Could say: Accept x,,, with probabillity
P>ump) =min(P(X..,)/P(x,).1)
¥ Always generate a jJump,
b May have to draw new x.,, till successful



MCMC

¥ Samples form a markov chain
I:)(Xt+1 |Xt) ) min(P(Xt+1)/P(Xt)11)

¥ We are sampling this conditional
b But we never need the inv CDF!
P Does P(x) need to be Mormalized®
P Works for complicated PMFs and PDFs



MCMC

¥ What about the multidimensional case?
P Not so easy to come up with inv CDF!
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Gibbs Sampling

¥ Update one parameter at a time




Gibbs Sampling

¥ Conditional distribution:

P(x! [ X

¥ Update each x; independently
¥ Thisisa 1D PMF

¥ Maybe you can go back to inv CDFE



Convergence, Stopping Criteria

¥ The first many samples may not be a
good sampling of distribution.

¥ For complicated PMFs/PDFs may take
some time to QGettle downO



Markov Random Fields

¥ Markov process defined using time
P Linear chain

¥ What If we extended the markov
roperty to 2D? |
PIOPELY P(X, [ X, t" N

No =11, tg)




Markov Random Fields

¥ Remember joint to conditional:
P(x |x,tEN))

_P(x,x,teN,)

P(x,,tEN,)




Markov Random Fields

¥ |t can be difficult to manage high-
dimensional joint/conditional distributions

P(Xg [ X, 0 X0 o X o X, 0 X0 X s X s X,




Sampling a MRF

¥ Drawing a sample from an MRF

P Must consider entire lattice:
P(x,s" S
- P(Xl’XZ’L ’Xn)

D This is very difficult!



Gibbs Sampler for MRFs

¥ Made easy If we apply the Gibbs
method:

b Update one site at a time

D Pick one site (s) at random

b Draw new x, from conditional
P(x |x,tEN,)

PE and repeat, repeat, repeat




Gibbs Potential

¥ Still difficult to deal with conditional:

P (X [ X, 0 X0 o X 0 X, 0 X0 X s X s X

¥ Gibbs potential
P Compose conditional using @asierOfunctions
P Operate on subsets of neighborhood



Gibbs Potential

¥ Subsets: cliques

P2 or more neighbors, all are neighbors of
each other
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Gibbs Potential

¥ Potential function over cliques

V. (X X, t" st# C)=%In(P(x, | x,t# C))

¥ So:

P(x,|x,t" C)=gVetsX 850
S )

¥ Note: V. expressed w.r.t cliques



Gibbs Potential

¥ Conditional over neighborhood:

e_Ecec Ve (Xg 1 X ,t=StEC)
S

P(x,|x,tEN,) =

e_zcec Ve (Yo% t=SteC)
S

s EV

¥ Not so bad if V. is a simple function
¥ Question: What is the denominator?



Gibbs Potential

¥ Denominator normalizes over all
possible configurations of values at s

e_ECEC Ve (Xg 1%, t=stEC)
S

P(x,|x,tEN,) =

_Ececs Ve (Vg% t=SteEC)



Quick Recap

¥ A MRF iIs defined over a lattice
P A QiteQn the lattice (s) is a node

¥ Sites can take on values X,
¥ The set of possible values is V
¥ A site has a set of neighbor sites N,

¥ The probability of a value x, at s Is
dependent on values at neighbor sites

P(Xs Xt Ny



Recap

¥ We can sample a MRF

P Generate a new set of lattice values
according to a distribution

¥ Easler to update one site at a time
P This is the Gibbs sampler method
¥ We can simplify the high dimensional

conditional distribution using a Gibbs
Potential



Recap

¥ Gibbs potential
P Uses a function for each clique set

P Neighborhood conditional uses a product
of these functions, normalized by all
possible value configurations

DE seriously? A product?



A deeper look at Gibbs Potential

¥ Remember:
P(x,IX,t" C)=gesxst’C
S 9

¥ We could say:
P(X [ X, 1" Ng) # $ P(X,[x,t" C)

¥ Which is: € Cs

. | "&  Vo(x,ix, t#si$C)
%e Ve (x,x, ,i#5,:8C) —p 8

Cs$C,



A deeper look

¥ We are only proportional at this point

P(X, Ix,tENJ) = [ [P(x,|x.t EC)

CEC,
¥ Not guaranteed to integrate/sum to 1
P How do we enforce this?



A deeper look

¥ What is the behavior of V.?
¥ When is the Probability of an x; high?



