
Joe Kniss

CS 530
Probabilistic and Geometric Methods

Markov Random Fields part 2



Markov Random Fields

¥ Markov process defined using time
ÐLinear chain

¥ What if we extended the markov
property to 2D?
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Markov Random Fields

¥ Remember joint to conditional:
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Markov Random Fields

¥ It can be difficult to manage high-
dimensional joint/conditional distributions
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Sampling a MRF

¥ Drawing a sample from an MRF
ÐMust consider entire lattice:

ÐThis is very difficult!!  
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Gibbs Sampler for MRFs

¥ Made easy if we apply the Gibbs
method:
ÐUpdate one site at a time
ÐPick one site (s) at random
ÐDraw new xs from conditional

ÐÉ  and repeat, repeat, repeat
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Gibbs Potential

¥ Still difficult to deal with conditional:

¥ Gibbs potential
ÐCompose conditional using ÒeasierÓ functions
ÐOperate on subsets of neighborhood
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Gibbs Potential

¥ Subsets: cliques
Ð2 or more neighbors, all are neighbors of

each other

!  

s

! 

t1

!  

t2

!  

t
3

! 

t4

!  

t5

!  

t6

! 

t7

!  

t
8

! 

r,s" C# r " N
s
,s" N

r
$r,s" C,r % s



Gibbs Potential

¥ Potential function over cliques

¥ So:

¥ Note: VC expressed w.r.t cliques
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Gibbs Potential

¥ Conditional over neighborhood:

¥ Not so bad if VC is a simple function
¥ Question: What is the denominator?!  
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Gibbs Potential

¥ Denominator normalizes over all
possible configurations of values at s
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Quick Recap

¥ A MRF is defined over a lattice
ÐA ÒsiteÓ in the lattice (s) is a node

¥ Sites can take on values xs

¥ The set of possible values is V
¥ A site has a set of neighbor sites Ns

¥ The probability of a value xs at s is
dependent on values at neighbor sites
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Recap

¥ We can sample a MRF
ÐGenerate a new set of lattice values

according to a distribution

¥ Easier to update one site at a time
ÐThis is the Gibbs sampler method

¥ We can simplify the high dimensional
conditional distribution using a Gibbs
Potential



Recap

¥ Gibbs potential
ÐUses a function for each clique set
ÐNeighborhood conditional uses a product

of these functions, normalized by all
possible value configurations

ÐÉ seriously?  A product?



A deeper look at Gibbs Potential

¥ Remember:

¥ We could say:

¥ Which is:!  
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A deeper look

¥ We are only proportional at this point

¥ Not guaranteed to integrate/sum to 1
ÐHow do we enforce this?
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A deeper look

¥ What is the behavior of VC?
¥ When is the Probability of an xs high?



GRF v.s. MRF

¥ Any Gibbs Random Field is an MRF

¥ Any MRF is a GRF
ÐA little harder to showÉ



Ising Model

¥ A model of magnetic coherency in a
planar material.

¥ Simple setup:
ÐUp and down ÒspinsÓ
ÐFour cliques
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Ising Model

¥ Very simple potential function

¥ Very simple conditional probability
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Ising Model

¥ Very simple algorithm
Ð Init: random {-1,1} at each site
Ð Choose one site at random
Ð Update that site by sampling from conditional
Ð Repeat, repeat, repeat

¥ Result:
Ð Each update produces a sample from distribution
Ð Once Òburned inÓ, samples will be representative



Complex Numbers

¥ And now for something completely
differentÉ
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Complex Numbers

¥ EulerÕs Equation:
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Complex Numbers

¥ Phase and amplitude

¥ Phase=theta, amplitude=a
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Complex Numbers

¥ EulerÕs equation:
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