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Linear operator

¥ 2 Conditions to be linear:

¥ Matrix/Vector products are linear
!  

A(x + y) = A(x) + A(y)

!  

A(cx) = cA(x)



Shift Invariance

¥ Kroneker delta

¥ Shift matrix:
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Shift Invariance

¥ An operator is shift invariant if it
commutes with the shift operator

¥ For a matrix:

ÐA must have the form:
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SnA = ASn
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Aij = A(i+n)modN,( j +n)modN



Discrete Convolution

¥ If we assume vectors x & y are periodic
¥ The discrete periodic convolution is

¥ Which we could write as a matrix*vector

¥ Note: Y is shift invariant!  

zi = (x " y)i = x j y(i# j )modN
j = 0

N#1
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z=Yx Yij = y( i" j )mod N



What is an Operator?

¥ A function thatÉ
ÐTakes function(s) as argument
ÐReturns a function

¥ Example: addition operator

¥ Obviously addition is a linear operator

! 

+( f ,g) = [ f + g](x) = f (x) + g(x)



Other operators

¥ Grad

¥ Convolution

!  
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f (x)
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"( f ,g) = { f " g}( x) = g(s# x) f (s)ds
#$

$

%



Linear Operator

¥ As you might expect, an operator is
linear iff:

¥ Example, Grad is linear
! 

A{ f + g} = Af + Ag

!  

A{cf } = cAf

!  

" { f + g} = " f + " g

! 

"{cf } = c"f



Linear Operators

¥ Convolution is linear

!  

" { f + g,h} = ( f + g) " h = f " h + g " h

!  

" {cf ,h} = cf " h = c( f " h)



Linear Operators

¥ LetÕs consider this linear operator A(f)

• A(f) is linear
  

!  

A ( f )(x) = A(x,s) f (s)ds
"#
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The Shift Operator

¥ This operator moves a function to the right

¥ An operator is shift invariant if it commutes
with the shift operator!  

" ( f )(x) = f (x # " )



Shift Invariant Example

¥ If this operator is shift invariant then:
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A ( f )(x) = A(x,s) f (s)ds
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Shift Invariant Example

¥ Add delta to x and s

¥ But this is the same as

¥ So:
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A ( f )(x) = A(x + " ,s+ " ) f (s)ds
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A ( f )(x) = A(x,s) f (s)ds
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A(x,s) = A(x +",s+")



Shift Invariant Example

¥ Any function of this form:

¥ Can be represented as:

¥ So, if our operator was shift invariant!  

A(x,s) = A(x + " ,s+ " )

!  

A(x,s) = A(x + " ,s+ " ) = h(s# x)
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A ( f )(x) = h(s" x) f (s)ds
"#
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Shift Invariant Example

¥ This is just convolution!

¥ It turns out that we can represent any
linear shift invariant operator as a
convolutonÉ  just find h(x)
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A ( f )(x) = h(s" x) f (s)ds
"#

#

$


