Joe Kniss

CS 530
Probabilistic and Geometric Methods
Harmonic Signals

/"‘ \ 7 —
y/
/' ’
NM ADVAR BIED BIRAPHIGS LA



Dirac Delta

 We know this one...

e—0

limfé(s)ds =1

o Sifting property
f(t)= [ f(9)5(t-9)ds

* This is the “identity function” for shift
invariant convolution...



Characterizing a S.l. system

e How do we understand a shift invariant
system?

* Feed it the impulse function (dirac delta)

y(t) = fx(s)h(t — 85)ds

$ $
O )h(t # s)ds = U(s)" (¢t # 5)ds = h(s)
#$ #$



Applying the sifting operator

* We know grad is linear shift invariant
- So v
0—0'
— But this must simply be grad itself
 Differentiation as a convolution:

F'@)= [ f(5)8'(t - s)ds



Harmonic Signal

* A complex function of a real var t

12 715t

* It has a familiar decomposition

12 75t

e " =cos(2mst) + isin(25tst)



The transfer function

* Consider a lin-S.1. operator H
“#
x,(x) =y (x)
 \We can define the Transfer Function as

Hist = 2%

X(X)
e So that: )
X(X)—=H(st)X(X)



The Transfer Function

* Now let’s try it with the harmonic signal
H

ei2n’st %H(S, l_)eiZJtst
» Let’s shift the input

. " ﬁ * [}
e’ S(’#$)%H(S,t#$)e’2 s(1#3)
 Notice:

H(S,t n #)ei2$ste" 12 $stt



The Transfer Function

Because H is linear

“#
kx,(X) — Ky, (X)
Then:

. . H . .
e I2#S$eI2#St%e I2#S$H(S,t n $)el2#5t
But ’
elZJts(t—A) %H(S,t . A)elZJts(t—A)

S0; H(s.t - A) = H(s.t)



The Transfer Function

* So H(s,t)=H(s) which is a scalar value

 This means:

ei2n’st iH(S)eiant



Eigen Functions

« W.R.T harmonic signals we have
H(S)ei2nst — H{ei2nst}

%
H(s)e” " = &"” "h(t$ #)dt

-%
* This looks a lot like an eigen system

"x. = Ax.

1 1 l



Where are we headed?

e Fourier Transforms

()= jeizm F(s)ds



What is an inner product?

* We will use this notation:
(&b
 If a and b are vectors this is a dot product
(a,b) = Eaibi

 How do we compute éngle and length?



Inner product

* This is a scalar value...
 How can we generalize this to functions?
 Summations become...

<a,b> = &(s)b(s)ds



Orthogonality

* When are two vectors perpendicular?
<a,b> =0
 \When is a vector normal?
1/2
<a,a> =1

* When do a set of vectors form an
orthonormal basis?



Rotation and Change of Basis



Complex Inner Product

* We need to use the complex conjugate

<a,b>=2afbI (ab)= [a(s)'b(s)ds



Shah Function

* A “train” of impulse functions

$
II(r) = UG'(t #n)

n=#$

« 2-pi periodic

iln(i) _ L D 5(i -n
27 2w) 2~ \2rw



A Shah Basis

» Consider 2-pi periodic shah functions:
0
L ?#

2"  &2" )

* What's the inner product for 2 taus?



A Shah Basis

 How do we represent a vector in a new
basis?



