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A Periodic Function

!  

f (x) = sin(x) + cos(1.1x) + .2cos(2.3x) + .1sin(2.1x) + .1cos(4.4x) + .05cos(6.9x) + .02sin(6.9x)



A Periodic Function

¥ Sampled



Fourier Transform

¥ f_I

¥ F(f_i)



Fourier transform

¥ Real & Imaginary

¥ Power spectrum

!  

P(s) = Re(F(s))2 + Im(F(s))2



Symmetry

¥ Re==Even function
¥ Im==Odd function



Interpolation

¥ Pad with zeros in frequency domain
ÐFrequency

¥ ==Interpolate
ÐSpatial



Band Limiting
¥ Limit high frequencies:



Band Limiting

¥ Same as multiplying with a box



Sinc

¥ Inv Fourier of box
¥ 0 at integers
¥ Infinite extent
¥ Tau is sample spacing
¥ ÒidealÓ interpolation kernel
¥ Box in freq-domain is ÒidealÓ band limit

!  

Sinc(t) =
sin(" t /#)

" t /#



WhatÕs going on?

¥ A sampled function is the original
function multiplied by a Shah

!  

III (t) = " (t # n)
n=#$

$

%

!  

fd (t) = f (t)III (t /" ) /" = f (t) #(t $ n" )
n=$%

%

&



Fourier Transform of a Shah

¥ É  is a shah
  

!  

F(III (t))(s) = III (s)

  

!  

F(III (t /" ) /" )(s) = III ("s)



FT of Shah/Function Product

¥ Multiplication in one domain ==
Convolution in the otherÉ

  

!  

F(III (t /" ) /" ¥ f (t))(s) = F(III (t /" ) /" ) # F( f (t))(s)

!  

= III (s" ) # F(s)
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Result: Periodic Spectrum

¥ Nuke repeating high frequencies

¥ IFF:
ÐTau is smaller than
ÐIdeally:

!  

"# ("s)Fd (s) = "# ("s)
1
"

F(s$ n/" )
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= F(s)

!  
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Discrete Fourier Transform

¥ Assume function is periodic
¥ Function is sampled at N locations



Discrete Fourier Transform

¥ We need N sampled Harmonic Functions
¥ Use Integer Frequencies from [0,N-1]

!  

m= 0

!  

m=1

!  

m= 30

!  

m= 50

!  

m= 80

!  

m= 99

!  

Wm,n = ei2" mn/ N



A Normalization Term

¥ We need to normalize our harmonic
vectors so that:

¥ Where the inner product of periodic
vectors is:

!  

Wm,Wm =1

!  

u,v = ui
*vi

i=1

N

"



LetÕs look at the length

¥ Length of our disc. harmonic functions

¥ So let:
!  

Wm,Wm = e
" j 2#m

n
Ne

j 2#m
n
N

n=0

N" 1

$ = 1
n=0

N" 1

$ = N

!  

Wm = Wm,Wm = N

!  

Wm =
1
N

e
j 2" m
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N



A Harmonic Basis

¥ We can think of the sampled harmonic
functions as a basis

¥ We can think of the Discrete Fourier
Transform as a projection onto the
harmonic basis

!  

Wm,Wm =1

!  

Wm1
,Wm2

= 0



Discrete Fourier Transform

¥ Forward, analysis

¥ Inverse, synthesis

!  

Fm = Wm, f =
1
N

e
" i2#m

n
N fn

n=0

N" 1

$
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fn =
1
N

e
i2" m

n
N Fm

m=0

N#1

$



DFT as Matrix-Vector Product

¥ If we let:

¥ Then the forward fourier transform is

  

!  

W* =

W0,0
* L W0,N" 1

*

O

WN" 1,0
* WN" 1,N" 1

*
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!  

F =W* f



DFT as Matrix-Vector Product

¥ The inverse fourier transform is just:

¥ Notice:
ÐW is ortho-normal, symmetric
Ð
Ð

!  

f =WF

!  

Wm,n =W n,m

!  

W" 1 =W*T =W*



Why is that interesting?

¥ What if we want to convolve two
periodic functions

¥ We could represent this using a matrix

!  

{ f " g} k = figk#i
i=0

N#1

$

  

!  

G =

g0 gN" 1 L g1

g1 g0 L g2

M O

gN" 1 gN" 2 L g0
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!  

{ f " g} = Gf



Convolution and Diagonalizaiton

¥ So we have
¥ But we know
¥ So we could write it this way:

!  

{ f " g} = Gf

  

!  

{ f " g} = F#1[F(g)¥F( f )]

!  

{ f " g} =W ö G W* f

    

!  

ö G =

F(g)0 0 L 0

0 F(g)1 L 0
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And what does this mean?

¥ If we have:                  and
¥ Then
¥ And this looks like an Eigen-system

ÐG-hat has the eigenvalues on diagonal
ÐW is the left eignvectors
ÐW* is the right eigenvectors

¥ What does this say about circulant
matricies?

!  

{ f " g} = Gf

!  

{ f " g} =W ö G W* f

!  

G =W ö G W*




