Joe Kniss

CS 530
Probabilistic and Geometric Methods
Sampling and Fourier Transforms
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A Periodic Function

f (x) =sin(x) + cos(.1x) +.2cos@.3x) +.1sin(2.X) + .1cos@.4x) + .05c0s6.9x) +.02sin(6.9x)



A Periodic Function

¥ Sampled




Fourier Transform

. . . haad f .
. - .
1 1 1 1 1 1 - 1o 1 s I 1 | 1 1 1 1 1 1 1 X i
20 -+ 40 * e ., s ° 100
05 F AN . o,
“10F . .
Re[H )1 Im[F)]
i 0.15
0.10
0.05 “ e
! e ' . "--
Lo b Y ey oy (eeliltesepesesyeet® ) e ot oo
Sy, 40 B T g
-0.05 « '

- s
. 160
-0.10



Fourier transform

¥ Real & Imaginary I |
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¥ Power spectrum

P(9) =ReF (9)? +Im(F(9))’




Symmetry

¥ Re==Even function
¥ Im==0dd function

0251

.....................
s




Interpolation

¥ Pad with zeros in frequency domain
DFrequency =
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Band Limiting

¥ Limit high frequencies:
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Band Limiting

¥ Same as multiplying with a box
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Sinc

¥ Inv Fourier of box
¥ 0 at Integers
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¥ Infinite extent

¥ Tau Is sample spacing Sinct) = éin("t/#a
¥ GdealOinterpolation kernel t
¥ Box in freg-domain is QdealCband limit



What@® going on?

¥ A sampled function is the original
function multiplied by a Shah

¥ o
(1) = %' (t#n) y AP

n=#$

%

f ()= f@IME/") /" =1t &#Ht$n")

n=%$%



Fourier Transform of a Shah

¥ E is ashah
FII(1)(9) = 111 (9

FAIL (t/")/")() =1l ("9)



FT of Shah/Function Product

¥ Multiplication in one domain ==
Convolution in the otherk

FAIL (E/") ¥ (D)9 = FAI (t/") ") # F(f (1))(S)
=11l (s") # F(s)

=F(9" i'& H(s%n/#)

Nn=%&

1 $
= OoF(s#n/")
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Result: Periodic Spectrum

¥ Nuke repeating high frequencies
%

"H("YF, (9 ="# (S)1 &F(s$n/™)

n=%$%
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Discrete Fourier Transform

¥ Assume function iIs periodic
¥ Function is sampled at N locations




Discrete Fourier Transform

¥ We need N sampled Harmonic Functions
¥ Use Integer Frequencies from [0,N-1]
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A Normalization Term

¥ We need to normalize our harmonic
vectors so that:

(W, W) =1

¥ Where the inner product of periodic

vectors Is: N
(uv)="uv,
=1



Let@® look at the length

¥ Length of our disc. harmonic functions

N"1
<W W> $ jZ#m— 12#m— $1 N
n=0

¥ So let:



A Harmonic Basis

¥ We can think of the sampled harmonic
functions as a basis

(W, W, )=1 (W, W, )=0

¥ We can think of the Discrete Fourier
Transform as a projection onto the
harmonic basis



Discrete Fourier Transform

¥ Forward, analysis

¥ Inverse, synthesis

N#L ...,

1 i2"m"
f.=—=pe "F,
we



DFT as Matrix-Vector Product

¥ If we let: @)W(;,o L W,y Z@
A =0y O (
%/:l"l,o Wl:l"l,N"l(

¥ Then the forward fourier transform iIs
F=W"f



DFT as Matrix-Vector Product

¥ The inverse fourier transform is just:

f =WF
¥ Notice:
bW is ortho-normal, symmetric
D Wm,n :Wn,m

b wil=wT=w



Why Is that interesting?

¥ What If we want to convolve two
periodic functions
N#1

(" g=3 fig

¥ We could represent this using a matrix

#9, O, L &
%0 N"1 gl(

" — — 0/91 9 L gz(
{t" g} =Gf G %C;M o |
%N"l Owvo L go(



Convolution and Diagonalizaiton

¥ So we have {f" g} =Gf
¥ But we know  {f" g =F"[F(g)¥F(f)]
¥ So we could write it this way:

{(f" g =WEW"f #(@, 0 L

0o §
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And what does this mean?

¥ If we have: {f" g =Gf and {f" g =WEW’ f
¥ Then G=wew’
¥ And this looks like an Eigen-system

b G-hat has the eigenvalues on diagonal

bW is the left eignvectors
DbW* is the right eigenvectors

¥ What does this say about circulant
matricies?






