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Abstract.  Automatically proving properties of tail-recursiv e function

de nitions by induction is known to be challenging. The ditcult y arises
due to a property of a tail-recursive function de nition typically ex-
pressedby instantiating the accumulator argument to be a constant only
on one side of the property. The application of the induction hypothesis
gets blocked in a proof attempt. Following an approach developed by
Kapur and Subramaniam, a transformation heuristic is proposedwhich
hypothesizesthe other side of property to also have an occurrence of the
same constant. Constraints on the transformation are identied which
enable a generalization of the constant on both sideswith the hope that
the generalized conjecture is easierto prove. Conditions are generated
from which intermediate lemmas necessaryto make a proof attempt to
succeedcan be speculated. By considering structural properties of re-
cursive de nitions, it is possible to identify properties of the functions
usedin recursive de nitions for the conjecture to be valid. The heuristic
is demonstrated on well-known tail-recursiv e de nitions on numbers as
well as other recursive data structures, including Tnite lists, nite se-
guences, nite trees, where a de nition is expressedusing one recursive
call or multiple recursive calls. In case,a given conjecture is not valid be-
causeof a possible bug in an implementation (a tail-recursiv e de nition)

or a speci cation (a recursive de nition), the heuristic can be often used
to generate a counter-example. Conditions under which the heuristic is
applicable can be cheded easily. The proposed heuristic is likely to be
helpful for automatically generating loop invariants aswell asin proofs of
correctnessof properties of programs with respect to their speci cations.

1 Intro duction.

While attempting proofs of properties of recursive de nitions by induction, it
is often necessaryto use intermediate lemmas which are not easyto generate
automatically. This problem becomesespecially acute with tail-recursive de ni-
tions for which conjecturesare typically expressedoy xing oneof its argumernts
(accumulator) to be a "xed value, whereasin the recursive de nition, there is
no corresponding argumert [3,11,6, 2]. Such asymmetry makesmedanization of
proofs of inductiv e properties of tail-recursive de nitions quite challenging as (i)
the induction hypothesesgeneratedusing the recursive de nition (e.g.in Boyer
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and Moore's approad [3], in the cover set method [12] as well as other meth-
ods basedon recursion analysis [11,2]) are not applicable and (ii) intermediate
lemmas generalizing the accurnrulator position are often neededto successfully
complete proof attempts.*

By analyzing the recursive structure of tail-recursive and nontail-recursive
de nitions, structural conditions areidenti ed in this paper, relating other help er
functions usedin the de nitions such that for a given conjecture to be valid,
these helper functions must have certain properties. This is donein an abstract
genericsetting. Recursive and tail recursive de nitions are given generically us-
ing helper functions, on a recursively de ned data structure generatedby a nite
set of basicconstructors and a nite setof \recursive" constructors. A conjecture
expressingthe equivalenceof a function de ned tail-recursively to a function de-
“ned nontail-recursively is formulated and a generic proof is attempted. Since
one side of the conjecture has a constart value in its accunulator position, the
other side of the conjectureis transformed to hypothesizean occurrenceof the
sameconstart value so that the transformed conjecture can be generalizedby
abstracting the constart valueto a variable. Following the approac proposedby
Kapur and Subramaniamin [8], constraints on the transformation are identi ed
in order to make a proof attempt of the generalizedconjectureto succeedMany
of these constraints are dictated by the desireto make the induction hypothesis
applicable. Theseconstraints are then usedto speculate about the nature of the
transformation, namely whether the transformation can be replacedby a term
expressedusing already known functions.?

The proposedapproadc producestwo types of constraints { necessary and
suzcient constraints, on the helper functions usedin expressingthe de nitions.
Each necessanconstraint must be satis ed for the original conjectureto bevalid.
Evenif all the necessanconstraints are satis ed, the original conjecture may not
bevalid. Howewer, if any necessaryconstraint is not satis ed, then the conjecture
can be declared false. Such constraints are thus a good source for generating
counter-examplesfrom false conjectures.If all sutcient constraints are satis ed,
then the original conjecture is valid. However, nothing can be said about the
validity of the original conjecture if a suzcient constraint is not satis ed. Each
of thesenecessaryand suzcient constraints can thus sere as a lemma useful to
carry out a proof of the original conjecture.

The proposedapproad is basedon using (generic) schematic de nitions. The
proofs of related conjecturesdo not have to be repeated, sincethe de nitions in-
volved are instancesof the schemesconsidered.Instead, proofs of the constraints

! Since tail-recursiv e de nitions are essetially iterativ e de nitions, the problem of
intermediate lemma generation is closely related to the problem of discovering in-
variants of loops. Results discussedin this paper should be useful in automatically
synthesizing inductiv e invariants of loops.

2 In this paper, we have focussedon the use of rewriting techniques, narrowing, and
related heuristics; high-order uni cation could also be used for searding for a func-
tion satisfying the constraints to serve as the hypothesized transformation; see|[6]
where such an approach based on proof planning and higher-order uni cation has
beeninvestigated.



constitute an attempt of a proof of the conjecture. This is in sharp contrast to
other approadces proposedin the literature where for eac speci ¢ conjecture
being attempted, it becomesnecessaryto carry out all the proofs separately so
asto identify intermediate lemmasfor eact speci ¢ conjecture.

In the next subsection, the ditcult y in establishing the equivalence of a
tail-recursive de nition with a primitiv e-recursiwe de nition is illustrated using
the example of the factorial function de ned both tail-recursively as well asin
primitiv e-recursiwe style. Section 2 discussegelated work. Section 3 starts with
another example of a function de ning wsum which is used to illustrate the
proposedapproac of transforming the right side of a given conjecture so as to
generalizeit. The proposedapproac is then discussedin detail for an arbitrary
tail-recursive de nition scheme and an arbitrary primitiv e-recursive de nition
with the restriction that there is exactly one recursive call. In a later section,
the proposedapproad is discussedfor de nitions with two recursive calls.

1.1 Tail-recursiv e Function De nitions

De nition 1. A recursive de nition of a function on nonnegative numbers is
called tail-recursive if it has the following form:

9(0; xa; X y) boha(Xa; i Xes y);

g(s(x); X131 Xiks Y) g0 Xasm X ha (% X i Xk Y)) -
In this case,the last argumert is called accumulator sinceit is usedto compute
the result. A tail-recursive de nition of a function can be given on any recursive
data structure in a similar way.

As seenabove, a tail-recursive function de nition returns the result of the
helper function (h;) in the basisstep of the de nition, on the result returned by
the last recursive call.? Tail-recursive de nitions are preferred over generalrecur-
sive de nitions becauseof the exciency in computing them. Many compilershave
optimizations and heuristics to recognizerecursive de nitions to tail-recursive
de nitions. See[9] for a formal de nition of tail recursive function de nitions
and spaceezxciency analysis.

Consider the factorial function fact written in the usual recursive style and
its tail-recursive represernation tr_fact:

fact(0) ! s(0); tr_fact(0;y) ! y;
fact(s(n)) ! s(n) afact(n); tr_fact(s(n);y) ! tr_fact(n; s(n) ay):
In order to prove the equivalenceof a recursive de nition with atail-recursive
de nition, a conjecture relating the recursive de nition to the tail-recursive def-

inition with the accurrulator taking a xed value must be formulated. For fact
and tr_fact de ned above, such a conjecture is:

tr fact(n; 1) = fact(n): Q)

3 without any lossof generality, in the above denition, the function denition is given
by recursing on the "rst argument and accumulator is made the last argument. Any
argument positions (including multiple arguments), insofar asthey are disjoint, could
have been used for these purp oses.



1.2 Failure of Pro of due to Inapplicabilit y of Induction Hyp othesis

During an inductive proof of (1), the basis step goes through; however, the
induction step tr _fact(s(n); 1) = fact(s(n)); cannot be established.Simpli cation of
the conclusiongivestr fact(n; s(n) ©1) = s(n) afact(n): Term s(n) =1 (or its normal
form s(n) assumingthat the denition of o simplies it) from the conclusion
does not match the constart 1 in the hypothesis, implying that the induction
hypothesisdoesnot apply and consequetly, the proof attempt fails.*

One possibleway to attempt proving (1) is to generalizethe conjecture by
replacing 1 in the accunulator position of tr fact by a variable. Such a generaliza-
tion is likely to be uselesssince 1 appearsonly on one side of the conjecture. To
"X this problem, the conjecture can be transformed to an equivalent conjecture
with 1 on both sidesthat can be generalized.Using the property

loy=y
of o; a new conjecture
tr_fact(n; 1) = 1afact(n)

is generatedwhich is equivalert to (1). Now both sidesof the new conjecture
have a common subterm 1 and a generalization is attempted to obtain

tr fact(n; y) = y afact(n):

Using the properties of 8, such as commutativit y and assciativit y, a proof of
this generalizedconjecture can be automatically carried out (e.g., using RRL).

1.3 Overview of the Prop osed Approac h

The method starts with a tail-recursive de nition and a nontail-recursive de ni-
tion, and a conjecture relating them. Typically such a conjecture has a constart
term in the accunulator position only on one side of the conjecture. To abstract
that constart, the other side of the conjecture is transformed by hypothesiz-
ing a term to include this constart aswell. The goal is to generateconstraints
on the hypothesizedterm assumingthe original conjecture to be valid. These
constraints are then usedto speculate the hypothesizedterm. To generatecon-
straints, the transformed conjectureis generalizedby abstracting the constart to
be a variable. A proof is attempted and constraints are generatedon the trans-
formation to facilitate the applicability of the induction hypothesisin various
proof steps. From these constraints, the hypothesizedterm is then speculated.
The proposedmethod often outputs whether the conjecture is valid or not;
in some cases,it may output dort know. If not valid, the method can often
exhibit an example on which the conjecture is not valid. Otherwise, it attempts
to generateconstraints on helper functions usedin the de nitions whoseproofs
can establish the original conjecture. If any of theseintermediate conjecturesis
not valid, the original conjecture may not be valid depending upon whether the
validity of someof the intermediate conjecturesis a necessarycondition for the
original conjecture to hold.
4 For this simple example, a generalization could have been performed by abstracting

s(n) to y; in fact, this is what our theorem prover Rewrite Rule Laboratory (RRL)
will do [7]. However, such a generalization is not obvious in most cases.



2 Related work

The idea of transforming a conjecture in order to obtain a constart subterm on
both sideswas proposedin Aubin's papers[1]. He called the tactic indir ect gen-
eralization which heillustrated usinglots of examples;little attempt wasmadeto
formalize the idea which consistedof (i) transforming the original conjecture us-
ing given properties of helper functions soasto have the sameconstart value on
both sidesof the conjecture, and (ii) generalizingthe conjecture by abstracting
the constart to be a variable. The major di®erencebetween Aubin's approac
and the proposedapproad is in how the transformation function and its as-
scciated property are obtained. For the factorial example, Aubin assumedthe
property 1oy = y asgiven; the useris supposedto provide this property before
trying to prove conjecture (1). In contrast, we are interested in automatically
deriving such a property.

Inspired by Aubin's approad, Castaing [4] proposed a heuristic in which
all subterms responsible for the failure in matching of an induction hypothesis
with the conclusionare analyzed. The useris expectedto provide properties of
helper functions which might be useful in processingsubterms responsible for
this failure, with the view that these subterms can be replaced by equivalent
subterms to make the induction hypothesis applicable. As in Aubin's method,
Castaing did not discusswhether these properties can be automatically gener-
ated as constraints from an unsuccessfulproof attempt or how these properties
are usedwhen available.

In his thesis[5], Giesl proposedan approach to transform a conjecture about
a tail-recursive function to an equivalent conjecture from which the tail-recursive
function is eliminated, so as to avoid the need for generalization. In a tail-
recursive de nition, the context refers to the term structure around the accu-
mulator position. Giesl de ned three transformations: context-moving, context-
splitting, and preprocessingso asto enablethe rst two transformations. Giesl's
method works based on the structure of function de nitions, without taking
into consideration conjecturesbeing attempted. In this sense Giesl's method is
radically di®erent from the other approades.

Ireland and Bundy [6] proposedthe use of proof planning and rippling for
generalizinga xed value in the accunmulator position in a conjecture. Using rip-
pling, the rewriting of the conclusionis restricted soasto presene the matching
between an induction hypothesis and conclusion. Also the strategy of the so-
called eager instantiation in the second-orderuni cation used by Ireland and
Bundy may give rise to an over-generalization; the courter example cheder is
usedto Tter candidate instantiations. Their method seemsto be more complex
than the proposedmethod.

The proposedapproad is inspired by Vadera'spaper [10] but usestechniques
proposedin Kapur and Subramaniam's paper [8]. We rst discussthe saliert
featuresin Vadera'spaper and then discussaspectsof Kapur and Subramaniam's
paper most related to the proposedapproad.

Vadera consideredgenericde nition schemesand identi ed properties which
will have to be establishedto shaw their equivalence.Someof these properties



are existertial in nature, i.e., formulas involving existertial quanti ers where
Vadera hypothesizedthe existenceof constarts and functions satisfying certain
constraints. Vadera did not explain how sud functions could be discovered.
Similar to Vadera's approadc, generic recursive and tail-recursive stchemesare
analyzedin this paper leading to identifying conditions/constraints on function
de nitions to establish equivalenceof such schemes.Depending on the validity
of these conditions, the original conjecture can be transformed to an equivalent
one, which is easyto prove.

Kapur and Subramaniam'sapproadc [8] is basedon the assumptionthat for
an induction proof attempt to succeed,it must be possibleto use the induc-
tion hypothesisin every induction case.In order to force the application of the
induction hypothesis (in caseit is not applicable on a conclusion subgoal), an
intermediate conjectureis hypothesizedby formulating one of its sidesasa term
schemewith the desired characteristics. Using the intermediate conjecture, the
induction hypothesis becomesapplicable (particularly, if a constart or a new
variable is desiredin the right side of an intermediate conjecture, then the one
side of the intermediate conjecture should include it). From this proof attempt,
constraints on the hypothesizedterm scdhemein the intermediate conjecture are
generated.Using these constraints along with the de nitions of helper functions
and their properties, the hypothesizedterm schemeis speculated.

In the proposedapproad, a more general conjecture is hypothesizedas in
[8]. Since conjecturesrelating a tail-recursive de nition to a nontail-recursive
de nition are considered, the goal is to come up with general conditions on
the function de nitions and the properties of helper functions appearing in the
de nitions under which the equivalence can be established. This restricts the
seard spacefor speculation about term schemesasillustrated below.

3 Prop osed Approac h

Before discussingthe proposedapproad, we illustrate it using an example. We
provide lots of details so asto make every step in the proposedapproac clear
and thus corvince the reader about its medanization. We rst consider def-
initions in which recursive rules have a single recursive call. This example is
arti cially designedin such a way that one cannot apply direct generalization
to it. Nonetheless,our method works for such an example where other general-
ization methods fail.
Given a recursive de nition of the function wsun?

wsum(0) ! O;

wsum(s(x)) ! s(s(x)) + wsum(x); @
and a tail-recursive de nition of wsigma
wsigma0;y) ! y; 3)

wsigma(s(x);y) ! wsigmax; y + (S(s(0)) + x));

5 The function + on natural numbersis assumedto be dened as the terminating
rewrite rules x + 0! x; x+ s(y) ! s(x + y): For illustrativ e purposes,no other
property of + is assumed.



the goalis to chedk whether

wsigmgx; 0) = wsum(x): 4)
(The function wsum does not compute the sum of rst n numbers;that is why
the namewsum is usedto suggestthat the function is weird.)

Much like the factorial examplediscussedabove, a proof of the above conjec-
ture getsstuck becauseof the inapplicabilit y of the induction hypothesis. Using
the ideasproposedin [8], our goal is to transform the right side of the conjecture
to obtain a term which involvesoccurrenceof 0:

wsigmax; 0) = T (wsum(x); 0); (5)
where T is an unknown term in which wsum(x) and 0 occur. Constraints on T

are generatedmaking its speculation feasible using the heuristics developed in
[8]. To make the above conjecture equivalert to the original conjecture,

T (wsum(x); 0) = wsum(x): (6)
The conjecture (5) is generalizedby replacing 0 by a variable.
wsigme(x; y) = T (wsum(x);y): (7)

To generateadditional constraints on T; its proof is attempted using the cover-set
induction method [12]; if there is a choice in selecting the cover set for gener-
ating an induction scheme,the cover set assaiated with the accunulator-based
denition is preferred® If the generalization (7) is valid, the initial conjecture
being its instanceis also valid.

Proving (7) by the cover-setinduction method the basisstep yields
wsigmg0;y) = T(wsum(0);y); which simpli"es further to

y = T(wsum(0);y): (8)
The induction step giveswsigmas(x);y) = T(wsum(s(x));y) assuminghypothesis
wsigmax; y+ (s(s(0)) + x)) = T (wsum(x); y+ (s(s(0)) + x)): Simplifying the conclusion
and applying the induction hypothesis, we get

T(wsum(s(x));y) = T(wsum(x);y + ((s(0)) + x)): 9)

Equations (8) and (9) can be instantiated for y = 0 and simpli ed using
(6). This gives a constraint that for the original conjecture (8) to be valid,
0 = T(wsum(0); 0) = wsum(0) should be valid. For this example, this constraint
is trivial, but in general, this property could be nontrivial; ewven in the general
case,it doesnot depend on T:

Similarly, if T(wsum(s(x));0) = T (wsum(x); 0+ (5(s(0)) + x)), the instance of (9)
with y being 0, is not valid, then (9) is not valid either. Using (6), this instance
of (9) simpli es to: s(s(x)) + wsum(x) = T(wsum(x);0+ (s(s(0)) + x)): If

s(s(x)) = 0+ (s(s(0)) + x))

% Inspired by Boyer and Moore's work, the cover set induction method implements
well-founded induction using a well-founded ordering employed to show termination
of a function de nition givenasa nite setof terminating rewrite rules. Each rewrite
rule in the de nition contributes a subgoal constructed using the substitution from
its left side; the substitutions for induction hypothesesgenerated by the induction
scheme are constructed from the recursive calls to the function in the right side of
the rule. For more details, the reader can consult [12].



can be proved to be valid,’ then from,

s(s(x)) + wsum(x) = T (wsum(x); s(s(x))) ; (10)
T can be speculated to be + but with switched argumerts. The property (6)
becomesd + wsum(x) = wsum(x), which can be easily proved.

This leadsto a successfulproof of the conjecture
wsigmax; 0) = 0+ wsum(x) (12)

containing Oon both sides.Its generalization,wsigmax; y) = y+ wsum(x); is proved
using the assaiativity of + and 0+ x = x asthe intermediate lemmas.

3.1 Identifying Constrain ts on a Generic Transformation Function
Consider the following two recursive de nition schemes{ nontail-recursive and
tail-recursive, each de ned on a generic recursive data structure. The values of
the recursive data structure are constructed by a nite set of basisconstructors

8, \recursive" constructors G (v; x;; x;): These constructors are assumedto be
free in the sensethat for any i 6 j,

Ci(¢¢cg 6 Cj(¢¢h; and
Ci(vi;Uz;Uz) = G (Vi5ufiug) ) [va= Vi un= ui”uz = U3l

For simplicity, the recursive de nition (12) below exhibits only one argumert
and the tail-recursive de nition (13) hastwo argumerts with the last argumert
being the accunulator. Recursive de nitions with more than one argumert can

be handled easily; in that casealso, the de nitions are assumedto be given by
recursingon the rst argumert and the accurrulator beingin the last argumert.

f(G)! mi(C); 1- i- k w2
FG(vixiixe ) bomy (F(xa) 4 (vixisxe))s k+ 10 j -

and "
g(C;y) ! ni(Ciiy); 1 i- k; (13)
g(G (vixi;xe)sy) bogxin (vixxey)); k+1- j -

The function g has a tail-recursive de nition with an accunulator in its
secondargumert position. The functions mi; m;;t;;ni;n; in the above de nitions
are helper functions and are assumedto be de ned elsewhere.As the reader
can see,the above generic schemescan consider recursive de nitions on most
recursive data structures including nhumbers (with 0 asthe basisconstructor and
s(x) as the recursive constructor), lists (with nil and conga;x) as constructors)
and binary trees (with empty(val); mktree(val; lef t; right) as constructors).

The objective is to ched whether for someconstart d,

g(x; d) = f(x): (14)
The reader can verify that a straightforward induction proof of this conjecture
fails becauseof the samereasonwe discussedabove: inability to apply the in-
duction hypothesison the conclusion. Further, the constart d in the accumulator

" If the commutativit y property of + is already established, then this equation is valid.
We admit that this example is somewhat arti cial and easy but it is being usedto
illustrate the key ideas of the proposed approach. The properties needed for the
successfulproof attempts can be discovered during the procedure.

8 which could also have arguments, but for simplicity, we have assumedthem to be
constants without any arguments.



position in the conjecture cannot be abstracted asa new variable in a useful way
primarily becauseits right side doesnot have this constart.

Following [8], we hypothesizethat the right side of (14) can be made equiva-
lent to aterm cortaining d sothat the transformed conjecture can be generalized.
Let g(x;d) = T(f(x);d); where the transformation function T is unknown; how-
ever, in order for it to be usefulto prove the original conjecture, T must satisfy
the rst constraint:

T(f(x);d) = f(x): (15)

The transformed conjecture g(x; d) = T(f(x); d); is generalizedby replacing d with
a new variable y:

a(x;y) = T(f(x);y): (16)

Following [8], we now try to nd additional constraints on T by attempting to
prove the above generalizedconjecture (16).
There are seeral basis steps:

ni(C;y)=T({C)y); 1-i- k 17)
In the jth induction step, the conclusionis
9(G (vixiixr);y) = TG (vixiixr));y);
with the induction hypothesis g(x;;nj (v;xi;xr;y)) = TExi);n (v;xi;x,;y)); for

eahh k+ 1- j - n: After simpli cation of the left hand side of the conclusion,
the induction hypothesisis applied to produce:
TG (vixiixe))sy) = TE); 0 (vixisXe;y)): (18)

If T canbefound sud that (15), (17) and (18) canbe proved, then the conjecture
(16) is proved. Howeer, to prove (14), it suxcesto shaw (17) and (18) fory = d:

Using the property (15) in which the secondargumert of T is instantiated
to d; we get from (17): ni(Ci;d) = T(f(Ci); d)); resulting in:

ni(Ci;d)=mi(Ci) 1-i- k (19)
Theorem 2. Given the altovede nition schemaf and g, the conjecture g(x; d) =

f(x) doesnot hold if the constraint n; (Ci;d) = m;(C) is not satis ed by n;;m;;C;;d
for at leastonei; 1- i- k:

Theorem 2 is particularly useful in invalidating inductiv e conjecturesand most
often, in debuggingde nitions.

Example 3. As an example, consider de nitions of the exponertiation function
2"; wheren is a natural number. The conjecture under considerationis:

two_t(x; s(0)) = two(x); (20)
where functions two_t and two are de ned as follows
two_t(0;y) ! y; two(0) ! (5(0));
two t(s(x);y) ! twot(x; s(s(0)) =y); two(s(x)) ! s(s(0)) =two(x):

Using Theorem 2, the property (20) is not valid becausethe constraint
n1(Ci;d) = my(Cy); which in this caseis s(0) = s(s(0)), is not valid. From this
analysis, we can concludethat there is a mistake perhapsin the basisde nition
of two: two(0) should be s(0) instead of s(s(0)): &



Sofar we have analyzedthe constraints arising from the basisstepsof an induc-
tive proof attempt. Considering the induction steps,recall (18):

TE(G (vixixe))sy) = TEXD)ng (vixisXe;y)):
Instantiating y in the above to d gives:
TG (v; x5 X)) d) = TE(X); mj (vixi; xe;d)):
Using (15) and the de nition of f; this simpli es to:
m (FOa)s 4 (v xas xe)) = TCEGa);m (vixiixe; d)); (21)

foreah k+1- j - n

This set of conjectures (21) provides constraints on T: Along with other
properties of T, these conjecturesare particularly helpful for speculating T: By
making additional assumptionson subterms appearing in (21), we attempt to
speculate about T.

Case 1: nj(v;xi;Xr;d) = tj (V;Xi;Xr)

Theorem 4. Given the alovede nition schemaf and g, if nj;d;t; are suchthat
ni (v;x;;xr;d) = t(v;xi;x.) is valid for eachk+ 1 - j - n; then T behavesthe
sameas m; on the subsetfhf(x,);t; (v;x;;x,)ig of the domain of m;:

This requiremert on n;;d;t; allows the subterm t; (v;x;;x,) on both sidesof (21)

to be generalizedto:
m; (f(x1);z) = T(f(xi); 2): (22)

Typically, a data structure under consideration has only one recursive con-
structor, thus implying that n = k+ 1: In that case(and alsoin the casewhen
mp = mg; k+ 1. p;q- n), it canbe speculatedthat T = m, from the conjecture
(22); especially, if f is onto, then this speculation is even sound.

In that case,the following property of m, must be established:

m, (f(x); d) = f(x):
Conjectures (17) and (18) on T become(after using the de nition of f) as:
ni(Ciiy) = ma(mi(G);y); 1- i- k and
M (F(Cn (Vi X5 %0))5Y) = mn (F(X1)5 M (V; X15 %05 )5
which further simpli"es using the de nition of f to:
M (M (FO4) 585 (ViXis Xe))1y) = M (FO)5 0 (ViXis X s y)):

If theseproperties of m, can be established,the initial conjecture (14) is proved.
The examplediscussedabove and the example6 in Section4 illustrate this case.

Case 2: nj(v;xi;Xr;d) 8 tj (Vi Xi; Xr)

The proposedmethodology relies on simplifying (21) to get a nonvariable com-
mon subterm on both sidesand abstract it. In the casewhen n; (v; x; x;d) and
tj (v; xi;x, ) are not equal, if they canbe simpli ed to subtermssharinga common
nonvariable subterm, say ®; a generalization of ® can be attempted.®

° It is also possible that nj (v;x;x,;d) (respectively, t; (v;xi;X;)) can be shown to
be equivalent to a proper subterm of tj (v; X;; X, ) (respectively, a proper subterm of
n (v; xi; Xr; d)). And, there are perhaps other possibilities as well which can arise
after using known properties of functions appearing in (21).

10



Supposen; (v; xi; X ; d) simpli'es to n’(¢¢e®eed); and similarly, tj (v; xi;x,) sim-
plies to tP(¢¢¢®¢¢q: The simplired conjecture (21) is:

m; (F(x1); 1 (600@¢eg) = T (F(x)); n(¢Eo®¢Cq): (23)

If ® is generalizedto a variable, yielding

m; (f(x1); t (¢¢6z €6 = T (f(x); n)(¢¢¢z ¢¢Q):

A proof of the generalizedconjecture can be attempted. If the proof succeeds,
the original conjectureis valid; otherwise, nothing can be said. Theseconstraints
along with other constraints on T are useful in speculating T.
Example 5. This examplefrom [10]is challenging. De ne a function tail prod to
compute: _ Yon i

tail_prod(n; 1) = oy :
For n = 0; tail_prod(n; 1) is assumedto return 0; andij j = 0if i < j: In addition,
the following usual de nitions of @ and x¥ are assumed

xe0! 0 x* 1 §(0);
xasgy)! x+ (xoy); X1 xa(xY):
A tail-recursivg de nition of tail_prod is:
tail_prod(0O;y) ! 0;
8 tail_prod(s(0):y) ! y:
tail_prod(s(s(x));y) ! tail_prod(s(x); s(s(x)) = (y 2y)):

To verify that tail_prod computesthe above product, it must be proved that

prod(n) = tail _prod(n; s(0));
where the function prod has the following de nition:

prod(0) ! 0;
8 prod(s(0)) ! 5(0);
prod(s(s(x))) ! S(s(x))*" = prod(s(x));

In this case,n; (v;x;x,;d) is s(s(x)) as(0)2 and tj (v;x;;x;) is s(s(x))?": It is easy
to seethat thesetwo terms are not equal.

There is however a common subterm s(s(x)) on both sides: s(s(x)) = s(0)?
(after simplication, it becomess(s(x))) and s(s(x))? : The subterm s(s(x)) can
be generalizedto y to give:

T (prod(s(x));y) = y* @ prod(s(x)):
The rest of the proof goes through medanically using the assaiativity and
commutativit y propertiesof o and 1* = 1. ©

3.2 Pro cedure

The above methodology leadsto the following procedure.

Input. Conjecture g(x; d) = f(x) with functions f and g de ned by (12) and (13),
respectively.

Output. Intermediate conjecture(s), if any, and the answer, yes no, or dorit
know.

Metho d.

1. Ched the basis constraints n; (Ci;d) = mi(C) for eah 1 - i - k: If any of
them is not valid, then return no to the conjecture. Useit to generatea courter-
exampleto the conjecture as well.

11



2. Ched if the condition nj (v;x;;xr;d) = tj(v;x;x,) is valid. If so, then specu-
late T to be m; and prove the property (15) assumingT is m;. If the proof goes
through, then return yes Generatethe neededintermediate lemmas. Otherwise,
return dorit know.

3. If the condition n; (v; xi; X, ;d) = tj (v;x;x;) doesnot hold, then consider con-
jecture (23) for speculation. Seewhether T can be speculatedto be m; ; especially
if n’(¢¢¢®¢¢g = ®: In that case,do asin Step 2. Otherwise, return dorit know.

Example 6. To prove whether rev(x) = rev2gx; nil) with the following function
de nitions on lists: |
rev(nil) I nil;
rev(conga;x)) ! app(rev(x);conga,; nil));
and "
rev2gnil;y) ! y;
rev2gconda; x);y) ! rev2gx; conga;y)):

We have: C; = nil;C; = conga; x);m1(x) = x;mz = app; tz(a;x; y) = conga; nil);
ni(nily) = y;n2(a;x;y) = conga;y):

The constraint in Theorem 2, nil = nil; is trivially valid. The condition in
Theorem 4 corresponds to trivial conjecture conga; nil) = conga;nil): The con-
straint app(rev(x); nil) = rev2gx; nil) is the intermediate lemma. This lemma can
be generalizedto app(rev(x);y) = rev24x; y); which can be proved to be valid.
Similarly, the property app(rev(x); nil) = rev(x) can be proved to be valid.

Basedon these, the original conjecture can be declaredto be valid. @

4 De nitions with More than One Recursiv e Calls

The approad proposedin the above section generalizes,i.e., de nitions with
more than one recursive calls can be handled as discussedbelowv®:
fCi! iCi;l-'-k;
(C)! mi(C); 1 i | 24
FG (vixisxe ) bomy (5 (FOa);v)in (F(xe);v))5 k+ 1+ j - n
and "
g(C;y) ! ni(Gy); 1- i k
9(G (vixiixe)sy) bog(xisgxeimi (Vixisxesy)))s k+ 1. j - n:
The above de nition of g is given using an accunulator; notice also that it has
nested recursion. (As before, to keepthe presenation simple, f is assumedto
have a single argumert; in the casewhen f has more than one argumerts, it is
assumedthat f recurseson the rst argumert, keepingthe remaining argumerts
invariant; further, the accumulator in an accunulator-based de nition always
appearsasthe last argumert of the function.) The objective is to ched whether
g(x; d) = f(x): (26)
A straightforward proof of the above conjecture has the same problem of the
inapplicability of the induction hypotheses.

(29)

10 Theses de nition schemeswith multiple recursive calls are a representativ e; other
de nition schemescan be handled as well.
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Example 7. The following de nitions satisfy the above schema'?:
count(empty) ! O; @7)
count(mktree(val; lef t; right)) ! count(left) + (s(0) + count(right));
tc(empty;y) ! y:

28
tc(mktree(val; left; right);y) ! tc(left; tc(right; s(y)): (28)

a

In the above example,k = 1;n = 2;C; = empty; C; = mktree(val; left; right) and

M1 (C1) = O (Ca;y) = y; mz(u;v) = U+ v;l2(u;v) = u;rz(u; v) = s(0) + u;

nz(val;left; right; y) = s(y): We wish to chedk whether count(tr ee) = tc(tr ee;0):12
As before, a transformation T is hypothesizedsuch that

g(x;y) = T(f(x);y) (29)
asstming T(F(x): ) = f(x): (30)
In a proof attempt of the conjecture (29) by induction, we get:
ni(Giiy) = T(f(GC)y); 1-1- Kk (31)
and
TED)TEX) i (vixiixey) = TEG (vixiixe))sy); k+1-j - ni (32)
When vy is instantiated to d; we get: ni(Ci;d) = mi(C); 1- i- k; and

TEC) TE )y (vixsxe;d) = my (I (FOa); V)i (F(xe)iv)); k+ 1 j - no (33)
Analogousto Theorem 2 earlier, we have:

Theorem 8. Given recursive de nition schemaf and g as de ned alove, the

conjecture g(x; d) = f(x) is not valid if the constraints n;(Ci;d) = m;i(Ci) is not

satised byn, m;, C,dforany1- i k

If I, is such that
. I (F(xi);v) = f(xi); (34)

there are at least two subcases,both leading to the speculation that T = m;:

Case 1: rj(f(xr);v) = f(x¢) and n; (v; xi; x;d) = d:

Using (34) and the above constraints, (33) simpli es to:

TEC); F(xe)) = my (FCx); F(xr)):
Theorem 9. Given recursive de nition schemaf and g as formulated atove, if
i, rj, nj, daresuchthat I (f(xi);v) = f(xi); r; (f(xr);v) = f(x,) and nj (v; x;; Xr; d) =
d are valid for k+ 1- j - n; then the transformation function T is equivalentto
m; on the subsetfhf(x,); f(x,)ig of the domain of m;:

11 |f the right side of the secondrule de nhing count below is expressedas s(count(lef t)+
count(right)), then our method gets stuck. In that case,the example can be nicely
handled if our method is extended to use higher-order uni cation to searc for T.

12 Depending upon what is known about the properties of +; in the above denitions,
there are many possiblesolutions for my;lz;r2 (which can be found using uni cation,
narrowing and rewriting). We have discussedone solution; another possible solution
is ma(u;v) = s(u+ v);la(u; v) = u;ra(u; v) = u:
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The transformation function T can thus be speculated by using Theorem 9
(especially if f is onto). Note that if any of the above properties of |;;rj;nj;d is
not valid, that doesnot meanthat the original conjecture is false.

Case 2: Oneof rj (f(xr);v) = f(x,) and nj (v; xi; xr;d) = d is not valid.

If it is assumedthat
TEX); i (vixi; X5 d)) = 1 (F(Xe ) v);

then (33) simplies to:  T(f(xi);r (F(x:);v)) = m; (FOxi);r (F(Xe )5 v)):

Theorem 10. Given recursive de nition schemaf and g as formulated alove,
if I; (f(xi);v) = f(xi) is valid for k+ 1- j - n; then under the condition

m; (F(xr); 0y (v x5 %5 d)) = 1 (F(x,); v); the transformation function T is equivalent
to m; on the subsetfhf(x);r; (f(x:);v)ig of the domain of m;

The above conjecture can be generalizedon the secondargumert, yielding:
T(E(xi);2) = m (f(xi1);2):

In this casealso, speculating T to be m; seemsplausible.

Assuming T = m;; we have the following constraint on m;:

m; (F(xe sy (vixis xe s d)) = 1 (F(x); v):

There are additional constraints on m; .

Heuristics similar to the onesdiscussedfor the one recursive call casecan
also be attempted; we do not discussthem here becauseof lack of space.

4.1 Pro cedure
As in the previous section, we give a procedurebasedon the above methodology.

Input. The conjecture g(x;d) = f(x) with f and g de'ned by (24) and (25)
respectively.

Output. Lemmasabout helper functions, with yes no, or dort know.

Metho d.

1. Ched the basis constraints ni(Ci;d) = m(C); 1 - i - k: If any of the
constraints is not valid, then return no. Again, a disproof of a basis constraint
can be usedto generatea counter-example to the original conjecture.

2. Ched if ead of the conditions I (f(xi);v) = f(xi); r (f(x);v) = f(x;) and
nj (v;x;xr;d) = dis valid. If so,then speculateT to be m;, verify (31) and (32)
in which T is replacedby m;: If theseconstraints can be proved, then return yes
to the conjecture. Otherwise, return dort know.

3. If any of | (f(xi);v) = f(xi); r(f(xr);v) = f(x,) and n;(v;x;;x,;d) = d does
not hold, then chedk whether I; (f(x;);v) = f(x;) and m;j (f(x;);nj (v;x;xr;d)) =
r (f(xq);v): If ead of theseis valid, then again speculate T to be m;, and do as
in the previous step. Otherwise, return dorit know.

Example 11 (Coun t).
The goal is to decidetc(x; 0) = count(x) with (27) and (28) as the function
de nitions. In this case,d = 0.
1. The basisconstraint, 0= 0, is trivially true.
2. Condition 1 (f(xi); v) = f(x;) correspondsto count(left) = count(left); which is
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trivially valid.

3. Condition r; (f(xr);v) = f(x,) is not satis ed sinces(0) + count(x;) 6 count(x,):

SoT cannot be speculatedto be + basedon Theorem 9.

4. mj (F(xe);mj (v x5 %5 d)) = 1 (f(x/);v) correspondsto count(x) + s(0) =

s(0) + count(x, ). This property of + can be easily proved. Hence,T can be spec-

ulated to be +:

5. The property (30) corresponds to the lemma count(x) + 0 = count(x); which

immediately follows from the de nition of +:

6. The basiscase(31) becomesy = 0+ y; which can be easily proved. The induc-

tion step (32) becomescount(left) + (count(right) + s(y)) = (count(left) + (s(0) +

count(right))) + y; which follows from the assaiativit y and commutativit y of +.
The procedurereturns yeswhich indicates that the original conjectureis true

using properties of + sud as assaiativit y and commutativit y. The generalized

intermediate lemma s tc(tr ee;y) = count(tr ee) + y: @

5 Conclusion

A methodology for shawing the equivalenceof accunulator-basedde nitions (in-
cluding tail-recursive de nitions) to their recursive counter-parts is presered,
basedon deweloping generalizationsguided by the properties of the helper func-
tions in the de nitions. By analyzing the structural properties of the de nitions,
it can be medanically determined whether a given conjecture is valid or not.
Suzcient conditions are identi ed on helper functions, which can be formulated
as intermediate conjectures, suc that if these properties are proved, then the
original conjecture is valid. The proposedapproad is particularly amenableto
medanization of proving properties of tail-recursive de nitions. Proofs of such
properties are automatically reducedto simpler conditions which are easierto
establish.

The proposed methodology can also be helpful in debugging speci cations
(written in recursive style) and implementations (written in accurrulator-based
recursive style which can be translated to excient implementations). Counter-
examplescan be generatedfrom necessaryconditions on helper functions which
must be satis ed for the implementation to meetthe corresponding speci cation.

The proposed approac for automatically generating intermediate lemmas
is useful in proving properties of an accunulator-based implemertation. Since
accunulator-based de nitions are related to loops, the proposedapproach may
aid automatic generation of loop invariants as well.

Searding for functions which satisfy the constraints on the transformation T
identied by the proposedmethodology was done using rewriting in this paper.
One possibleway to make it more systematic is to use higher-order uni cation
incorporating the sematriics of helper functions usedin de nitions. This direction
is worth exploring. Another direction for further resear is identifying a collec-
tion of heuristics and caseanalysesthat canleadto more intelligent speculation
about the transformation T: The implementation of the proposedapproacd will
enablemore experimentation to test their e®ectieness.

In the paper, we have consideredsimple conjecturesrelating an accunulator-
basedfunction de nition to an arbitrary recursive de nition. It appearsthat the
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proposedapproad alsoworks for more generalconjecturesinvolving accunulator-
basedfunction de nitions, e.g., rev2ax; rev2&x; nil)) = x. This is worth investi-
gating.

The proposed approach is quite sensitive to the way de nitions of helper
functions are formulated. For instance, if de nitions of +; &, etc, are given by
recursing on the rst argumert instead of the secondargumert (or de nitions
of fact; tr fact; wsunt wsigma are given slightly di®ererily), the procedure can get
stuck unlessproperties of +; @ such as assaiativit y and commutativit y are as-
sumed. This relationship betweenthe structure of de nitions and properties of
helper functions needsfurther analysis.
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