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7.3 Closure properties of the regular languages

In this section we are going to show that the class of regular languages is
closed under complementation, union, and intersection.

Definition 7.3.1
Let L1 and Lo be languages over the alphabet .

e COMPLEMENTATION: Lj :=X* — [;
® UNION: L1 ULy :={x € ¥* |z € L1 or x € Lo}
e INTERSECTION: L1 N Ly :={z € ¥* | z € Ly and x € Ly}

Proposition 7.3.2 B
If L is a regular language, then so is L.

Proof. Let L be a regular language, and let A = (Q, 3, qo, d, F') be a DFA
that accepts L. Consider the DFA A = (Q, X, 0,6, Q — F).
Then
L(A) = {zeX" |0 (q.2)€Q—-F}
= {ze¥ |0 (q,z) ¢ F}
= X —{zxe¥*|d(q,x) € F}

= ¥ - L(4)
= Y- L
= L

Hence, the DFA A accepts the language L, which is thus regular. O

Proposition 7.3.3
If Ly and Lo are regular languages, then so is L1 N Ls.

Proof. Let L; be regular and accepted by the DFA A; = (Qi, %, qo4, i, F)
for i = 1,2. Consider the DFA A; x Ay = (Q, %, qo, 9, F') with

Q = Q1xQ2

o = (9,1,9,:2)
6((¢,4"),a) = (d1(g,a),02(q, a))

F = F| x F

We show by induction on z that

0*((¢:4'),2) = (61(q,2),03(¢',z)) forallz € X" and all ¢ € Q1,7 € Q2
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base case: We have

0*((¢,4"),¢) = (¢.4)
= (07(q,€),05(d; €))

step case: We assume that the property holds true for z, i.e.,

6 ((q,4),z) = (67(q,2),05(¢,x)) forall g € Q1,¢' € Q2

Now,

0*((¢,4),za) = 3(0"((¢:4), 2),a)
= 6((07(q,),05(¢', 2)), a)
(6107 (g, ), @), 62(d5(q', ), a))
= (8i(q,za),05(q, xa))

(0%(
((07

(8

Hence, in particular, 6*(qo,z) = 0*((¢0,1,90,2), ) = (67(qo,1, ), 65(qo.2, z)).
Thus,
L(A; x Ag) = {we¥ |6 (q,x) € F}

= {we X" | (6(q0,1,7),63(qo,2, %)) € F1 x F»}
= {weX | d(qga,z) € Fi}N{w e X" | 3(qo,2, %) € Fo}
= L(Al) N L(AQ)
= LiNLo

Therefore, L1 N Lo is regular as well. O

Proposition 7.3.4
If L1 and Lo are regular languages, then so is L1 U Lo.

Proof. From set theory we know that Ly U Ly = LN Lo. Using the clo-
sure of regular languages under complementation and intersection, the claim
follows.

Alternatively, we can explicitly construct an DFA for Ly N Ly from DFAs
for L1 and L9. The idea is similar to the construction of the automaton in
the proof of Proposition 7.3.3. Thus, let A; = (Qi, %, qo,i, 0i, F;) be a DFA
that accepts L;, for i = 1,2. Consider the DFA A; ® Ay = (Q, %, qo,9, F)
with

Q = Q1xQ2
q = (6]0,1, (Zo,z)
0((q,4'),a) = (91(g,a),02(¢, a))
F = (F1xQ2)U(Q1 x I?)
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Then,

L(A; ® As) = {weX*|§(q,2) € F}

{fwe X[ (61(q0,1,2),05(q0,2, %)) € (F1 x Q2) U(Q1 X F»)}
{we X" | 8 (q1,2) € Fi} U{w € £* | 65(qo2, ) € Fo}
L(A1) U L(A2)

= L1ULsy

Therefore, Ly U Lo is regular as well. O



