
Intro to Linear Methods
Reading: Bishop,  3.0, 3.1, 4.0, 4.1

hip to be hyperplanar...



Administrivia

¥OfÞce hours today cancelled -- UNM presidential 
candidate interview

¥OfÞce hours tomorrow: normal time/place



Tides of history

¥Last time: Performance evaluation

¥Hold-out data, cross-validation, variance, etc.

¥This time:

¥Homework 2 assigned

¥Linear models



Homework 2
1) Replicate Example 1.1 in your text:

(a)Generate 10 training data points according to the 
model given

(b)Write unregularized and regularized polynomial 
curve Þt programs (language of your choice; 
Matlab recommended)

(c)Generate plots of Fig 1.4 type, only w/ M=0, 1, 2, 
4, 7, 9, and 12 w/ unregularized Þt

(d)Generate test set of 1000 points according to 
original model

(e)Generate Fig 1.5 for your test data



Homework 2 (contÕd)
(f) Vary the amount of training data from 

N=10...1000 (by steps of 10) and show learning 
curves for M=1, 3, and 9

(g)Repeat plots of 1(c) using the regularized learner, 
w/ ln(! )=-18, -10, -1, 0

2) Bishop 1.15

3) Bishop 3.5

4) Bishop 4.1



Linear regression prelims
¥Basic idea: assume y(x,w) is a linear function of x 

plus a parameter vector w:

¥Our job: Þnd best      to Þt y(x,w) Òas well as 
possibleÓ

wi

y(x , w ) = w0 + w1x1 + ááá+ wD xD



Linear regression prelims
¥By Òas well as possibleÓ, we mean here, minimum 

squared error:

Loss function

ED(w ) =
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(ti ! y(x i, w ))2

=
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Sum over all training data



Useful deÞnitions

¥DeÞnition : A trick is a clever mathematical hack

¥DeÞnition : A method is a trick you use more than 
once



A helpful ÒmethodÓ
¥Recall

¥Want to be able to easily write

¥ Introduce Òpseudo-featureÓ of x,

¥Now have:

¥This is called homogeneous coordinates

x0 = 1

x = [x1, x2, . . . , xD ]T

!x = [1, x1, x2, . . . , xD]T

Note: often omit the ~ for simplicity

w0 + w1x1 + ááá+ wD xD



A helpful ÒmethodÓ
¥Now have:

¥And:

¥So:

¥And our Òloss functionÓ becomes:

ED (w) =
N!

i = 1

"
t i ! wTx

#2

x = [1, x1, x2, . . . , xD ]T

w = [w0, w1, w2, . . . , wD ]T

y(x, w) = w T x



Minimizing loss

¥Finally, can write:

¥Want the ÒbestÓ set of w: the weights that minimize 
the above

¥Q: how can we minimize this?

ED (w) = (t ! X w)T (t ! X w)

label (target)
vector Data matrix



5 minutes of math...
¥Some useful linear algebra identities:

¥ If A and B are matrices,

(A + B )T = AT + B T

(AB )T = B TAT

(AB )! 1 = B ! 1A! 1 (for invertible square matrices)



5 minutes of math...
¥What about derivatives of vectors/matrices?

¥ThereÕs more than one kind...

¥For the moment, weÕll need the derivative of a 
vector function with respect to a vector

¥ If x is a vector of variables, y is a vector of 
constants, and A is a matrix of constants, then:

!
! x

xTA = A
!

! x
xT = I

!
! x

xT Ax = xT (A + AT )



Exercise
¥Derive the vector derivative expressions:

¥Find an expression for the minimum squared error 
weight vector, w, in the loss function:

!
! x

xTA = A
!

! x
xT = I

!
! x

xT Ax = xT (A + AT )

ED (w) = (t ! X w)T (t ! X w)



The LSE method

¥The quantity           is called a Gram matrix and is 
positive semideÞnite and symmetric

¥The quantity                       is the pseudoinverse of 
X

¥May not exist if Gram matrix is not invertible

¥The complete Òlearning algorithmÓ is 2 whole lines 
of Matlab code

(XT
X)! 1

X
T

X T X



Back to vector spaces
¥End of last time we were talking about vector 

spaces

¥Complete, normed vector space w/ inner 
product == Hilbert space

¥Everything weÕve done today written in terms of 
vector operations:

¥Addition (subtraction)

¥ Inner product

¥ Inverse

¥<z Can generalize this to any  Hilbert space...


