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Homework 3
Due: Oct 14,2003

1. (Notethatthisproblemshouldhaveoriginally appearedwith i rangingfrom1 tod, not0, soI
havefollowedthat in thissolution.Addingthe0-order termdoesn't changeanythingingsig-
ni�cant, however—it onlyaddsa factorof ewhich canbeincorporatedinto thenormalizing
constant.)

Considerthefunction

g(x) = ke� (x � � 1)� (x � � 2 )2 � (x � � 3 )3 ���� � (x � � d )d

= ke�
P d

i =1 (x � � i ) i

for someevend and� d 6= 0.

(a) Show thatthereexistsa k suchthatg(x) is a valid PDF. (Hint: you do not needto �nd
that k — you merelyneedto show that it mustexist. Considerthe behavior of this
functionfor largex, ascomparedto thebehavior for otherPDFsthatyou'veseen.)
They key to this problemis to realizethat only two criteria needto be establishedto
showthatg(x) is a valid PDF:

i. g(x) � 0 8x
ii.

R1
x= �1 g(x)dx = 1

The�r st propertyis clearly true (thoughit doesneedto be statedexplicitly), but the
secondis harder to establish.Notethat,becauseI did not requireyouto �nd thek that
normalizesg(x), it suf�ces to showsimplythat

eg(x) = e� (x � � 1 )� (x � � 2)2 � (x � � 3 )3 ���� � (x � � d )d

hasa �nite integral. It' s clear thateg(x) is �nite for any�nite x, sofor any�nite range,
say, [x l ; xu ],

Rxu

x l
eg(x)dx is also �nite . Therefore, the critical behaviorof eg(x) is in

the tails: as x ! �1 , doeseg(x) remainboundedand, if so,doesit possessa �nite
integral in thetails?
Observethat for an oddp, limx!�1 e� xp

= 1 , while for an evenp, limx!�1 e� xp
=

0. Becaused is speci�ed to be evenin this case, we knowthat the �nal term of the
exponentwill go to zero at the tails. It turns out that, asymptotically, this term will
dominatetheothertermsin theexponent,andall of eg(x) will approach 0 in bothtails
(speci�cally, eg(x) 2 O(e� xd

); you can establishthis rigorouslyvia L'Hopital' s rule,
but anasymptoticargumentis suf�cient for thisproblem).
Sonowweknowthat eg(x) is �nite over its entire range andapproaches0 in thetails,
but we havenot yet establishedthat it hasa �nite integral over its entire range. We
knowthat it hasa �nite integral over an (arbitrary) �nite range, [x l ; xu], but not that
the(in�nitely long) tails havea �nite volume. You couldattack thisdirectlywith series
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argumentsfromcalculusor analysis,but it' s simplerin this caseto notethat g(x) can
bewritten as:

g(x) = ke� (x � � 2)2
�

e� (x � � 1)e�
P d

i =3 (x i � � i )
�

= ke� (x � � 2)2
f (x)

that is, as(effectively)a Gaussiancomponentmultipliedby anotherfunctionof x. We
knowthatf (x) itselfasymptoticallyapproaches0 in bothtails, sotheremustexistsome
x l andxu such that f (x) � 1 for all x � x l or � xu . Thus,in the region beyondx l

andxu, eg(x) is boundedaboveby the tails of someGaussian.BecausetheGaussian
is a PDF, its tails have�nite volume, so the tails of somefunctionboundedbelowit
mustalsohave�nite volume. Ergo,eg(x) hasa �nite integral andtheremustexistsome
constantk thatnormalizesit to 1, makingg(x) a properPDF.

(b) Find a maximumlikelihoodestimatorfor � i . You may leave your answerin the form
“the rootsof thefollowing polynomial.. . ” withoutactually�nding therootsexplicitly,
but youmustgive thecorrectpolynomial.
Begin by writing downthe likelihoodandlog-likelihoodfunctions.For a sample

�

=
f x1; x2; : : : ; xN g,

L(�;
�

) =
NY

j =1

g(x j )

= kN e
P N

j =1 (�
P d

i =1 (x j � � i ) i )

L (�;
�

) = N logk �
NX

j =1

(
dX

i =1

(x j � � i ) i )

where � denotesthe entire setof parameters � 1; : : : ; � d. TheMLE for � i is just b� i =
arg max

� i

L (�;
�

):

@
@� i

L (�;
�

) =
@

@� i
N logk �

@
@� i

NX

j =1

(
dX

i =1

(x j � � i ) i )

=
NX

j =1

i (x j � � i ) i � 1

= i
i � 1X

m=0

�
i � 1

m

�
� m

i (
NX

j =1

x i � 1� m
i )

= 0

where thesecond-to-lastline is simplythebinomialexpansionof thepreviousexpres-
sion.ThedesiredMLE, then,is oneof thezerosof thepolynomialgivenby thelast two
lines. Note, however, that this equationhasup to d uniquerootsin � i , some(or all!)
of which maybecomplex and,furthermore, a secondderivativetestwill beneededto
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establishjust which are maximaandwhich are minimaor in�ection points. Thesec-
ondderivativeof L is � i (i � 1)

P N
j =1 (x j � � i )(i � 2), aboutwhich little canbesaid in

the absenceof speci�c data. In general, this PDF is a nastyone to �nd estimators
for and estimatesfor higher-order � i will be very data dependent(e.g., the sign of a
particular point in thesecondderivativecan �uctate wildly with fairly small changes
in thedata—recall thecurve-�tting experiments—sotheMLE will beverysensitiveto
thespeci�c sample).Thesearesomeof thereasonsthat you'veneverseenthisPDF.

2. Supposethatyou'retrying to build amodelof theair speedof anunladenswallow (African).
You'rehappy usingaGaussiandistribution for yourmodel,andyouhavestrongprior belief
that the meanair speedis, itself, Gaussianlydistributedwith mean50 KPH. (That is, you
believe that themeanairspeedis probablyaround50 KPH, but it couldbehigheror lower,
but it' s unlikely to beashigh as,say, Mach2.) Your belief is sostrong,in fact, thatyou're
willing to assignastandarddeviationof no morethan10KPH to it.

(a) Let � and� be themeanandstandarddeviation of the swallow's airspeedand� and
� be theparametersof your prior belief abouttheswallow's meanairspeed.Give the
maximumlikelihood(ML) andmaxiuma posteriori(MAP) estimatesfor � , given �
and� . Youmayassumethat� is �x edandknown.
Let the observedsamplebe

�

= f x1; : : : ; xN g. You can straightforwardly showthat
theML estimatefor � is justwhatyouwouldexpect:

b� ML =
1
N

NX

i =1

x i

Finding theMAP estimate, however, is trickier. Begin with theMAP equationfor the
likelihoodof theparameter� , giventheprior on � (a Gaussianin termsof � and� ),
andneglectingthenormalizingfactorp(

�

):

LMAP / p(
�

j� )p(� )

=
NY

i =1

[p(x i j� )] p(� )

=
NY

i =1

�
1

p
2� �

e� 1
2

( x i � � ) 2

� 2

�
1

p
2� �

e� 1
2

( � � � ) 2

� 2

=
1

p
2� �

�
1

p
2� �

� N

e
� 1

2

�
( � � � ) 2

� 2 +
P N

i =1 ( x i � � ) 2

� 2

�
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For themoment,let's workpurelywith theexponent(andneglectthefactorof � 1=2):

(� � � )2

� 2
+

P N
i=1 (x i � � )2

� 2

=
1

� 2� 2

 

� 2(� � � )2 + � 2
X

i

(x i � � )2

!

=
1

� 2� 2

 

� 2� 2 � 2� 2� � + � 2� 2 + N � 2� 2 � 2� 2

 
X

i

x i

!

� + � 2

 
X

i

x2
i

!!

=
1

� 2� 2

 

(� 2 + N � 2)� 2 � 2

 

� 2� + � 2
X

i

x i

!

� +

 

� 2� 2 + � 2
X

i

x2
i

!!

Completingthesquare (recall thatax2 + by+ c = a(x � � b
2a )2 + c � b2

4a ), we�nd:

1
� 2� 2

 "

(� 2 + N � 2)
�

� �
� 2� + � 2

P
i x i

� 2 + N � 2

� 2
#

+ (� 2� 2 + � 2
X

i

x2
i ) �

(� 2� + � 2
P

i x i )2

2(� 2 + N � 2)

!

=

"
1

� 2 � 2

(� 2+ N � 2 )

�
� �

� 2� + � 2
P

i x i

� 2 + N � 2

� 2
#

+
1

� 2� 2

"

(� 2� 2 + � 2
X

i

x2
i ) �

(� 2� + � 2
P

i x i )2

2(� 2 + N � 2)

#

from which we seethat L MAP (� j
�

), regarded purely as a function of � , is itself a
Gaussianwith meanandvariance:

mean(� ) =
� 2� + � 2

P
i x i

� 2 + N � 2

var(� ) =
� 2� 2

(� 2 + N � 2)

It turns out that whenyou take the derivativeof the MAP log-likelihood,mostof the
termsin theabovedropoutandyouget:

@
@�

L MAP (� j
�

) = �
1

� 2 � 2

(� 2 + N � 2)

�
� �

� 2� + � 2
P

i x i

� 2 + N � 2

�

= 0

)

b� MAP =
� 2� + � 2

P
i x i

� 2 + N � 2

=
�

� 2

� 2 + N � 2

� X

i

x i +
�

� 2

� 2 + N � 2

�
�

, i.e., theMAPestimateof themeanof thedatais, perhapsunsurprisingly, themeanof
theposteriordistribution. Thisexpressioncanbeseenasa weightedmeanbetweenthe
ML estimate( 1

N

P
i x i ) andtheprior estimateof themean(� ). There are two special

casesworth considering:
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� � 2 � N � 2: Here the varianceof the data is much greaterthan the varianceof
your prior estimateand thecoef�cient of

P
i x i in the �r st termgoesto 0, while

thecoef�cient of thesecondtermgoesto 1. In this case, thedatahasalmostno
in�uenceandyour new estimateof themean(b� MAP ) is largely theprior estimate
� .

� N � 2 � � 2: Thisis theconverseof thepreviouscase—the�r sttermdominatesand
the secondterm is negligible and b� MAP is almostentirely formedfrom the data,
i.e., is almostexactlyb� ML .

(b) Supposethatyou take a radargun(thesearemetallicAfrican swallows) andmeasure
theairspeedof nineswallows asX = f 106; 85; 77; 81; 100; 53; 100; 62; 73g. Whatare
the respective ML and MAP estimatesof � after you seethis data,given the prior
beliefs� = 50 and� = 10? Whataboutif � = 50 and� = 1, � = 50 and� = 150,
or � = 125and� = 5? In eachcase,plot (on a singleplot) theprior belief, the ML
estimate,andtheMAP estimate.
First, �nd b� ML = 81:89and� = 17:96usingtheML estimatorfor � andthestandard
estimateof � .1 Now, usingtheresultfrompart (a), wecan�nd:

� = 50;� = 10

b� MAP =
�

� 2

� 2 + N � 2

� X

i

x i +
�

� 2

� 2 + N � 2

�
�

=
�

102

17:962 + (9)(102)

�
737+

�
17:962

17:962 + (9)(102)

�
50

� 73:5

(theplotswill beavailablewhenI'm back at a terminalthat supportsmatlab.)
� = 50;� = 1

b� MAP � 50:9

� = 50;� = 150
b� MAP � 81:8

� = 125;� = 5
b� MAP � 107:3

Clearly, thechoiceof prior canhavea large impacton your estimateof � , especially
for smallN . If you're not careful with your prior, it cantotally washout thedata. On
theotherhand,whenN is small,thevarianceof b� ML canitself bequitelarge andthe
prior is quitea stabilizingeffect. It' s a dif�cult tradeoff, somostoftenpeoplechoose
priors to in�uencethedataverylittle. I.e., they choosea nearlyuniformprior soasto
providesomeestimateof what's goingon whenthedata is verysparse(e.g., N � 1),
but sothat theprior is easilywashedoutbyanysigni�cant amountof dataat all.

1Actually, taking a separateestimateof � from � is somethingof an abuse—todo this exactly right requires
handlingthemsimultaneously—but that's tangentialto this problem,sowe'll take theeasywayout for themoment.
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(c) Whatis theeffectof theprior asN ) 1 (i.e.,astheamountof observeddatagrows)?
Referringto theresultof part (a), weseethatasN grows,thetermN � 2 will eventually
dominatethe(�xed) � 2, andtheMAP estimatewill converge to theML estimate. (This
is true in general of MAP estimates,underfairly looseconditionson theprior, but it' s
nicelyillustratedhere for thespecialcaseof theGaussian.)How quickly this happens
dependson theratio of � 2 to � 2.

(d) Perhapsa Gaussianprior belief is too strong. It does,for example,allow a negative
valuefor � or (with smallprobability)of Mach2. Maybewe shouldprefera uniform
prior. Now assumea uniform prior over the range[� l ; � h] andderive the form of the
MAP estimatefor � .
This one is algebraically simpler than the previous, but it starts in the sameway:
L(� j

�

) / p(
�

j� )p(� ). Butobservethat,sincep(� ) is uniform,it canbewritten:

p(� ) =

8
<

:

0 if � < � l

0 if � > � l
1

� h � � l
else

so,

L(� j
�

) /

8
<

:

0 if � < � l

0 if � > � l
1

� h � � l
p(

�

j� ) else

=

8
><

>:

0 if � < � l

0 if � > � l

1
� h � � l

�
1p
2� �

� N
e� 1

2� 2
P

i =1 N (x i � � )2
else

Maximizingthis, however, is not entirely plug-n'-chug. Speci�cally, the derivativeis
discontinuousat � = � l and � = � h. Observing, however, that L(� j

�

) = 0 for all �
outsidetherange[� l ; � h], andthatL > 0 insideit, tellsusthat themaximummustexist
somewhere in theinterior of this range. Insidethat range, our estimateof � is just the
standard ML estimatefrompart (a). Wecanthustreatour MAP estimatebycases:

b� MAP =

8
<

:

� l if 1
N

P
i x i < � l

� h if 1
N

P
i x i > � h

1
N

P
i x i else

Which is justwhatyou'd wantin thiscase:theMAPestimateis exactlytheML estimate
(theuniformprior doesn't affectit) within therangeof theprior, but is forcedto remain
within that rangeregardlessof whatthedatasays.

3. For eachof thefollowing Bayesiannetworks,

(i) Givethefactoredform of thejoint distributionandthenumberof parametersin theCPTs
(assumethateachvariableis discreteandcantakeonk values;anasymptotic/O() result
is acceptable).



CS591:Intro to MachineLearning,F'03 7

(ii) Give themoralizedgraph.

(iii) Givea triangulatedgraph.

(iv) Givethejunctiontree.

(v) Describethesequenceof eliminations/messages(i.e., marginalizationsandjoint proba-
bility tables)necessaryto calculatep(C) givenevidenceatA andE.

(a)

!

"#$%

This is thenä�ve Bayesmodel—possiblythesimplestpossiblelearningmodelfor cat-
egorical data. It assertsthat thefeatures(A; B ; D; andE) are conditionallyindepen-
dent,giventheclass.Speci�cally, thejoint probability is givenby

p(A; B ; C; D; E) = p(C)p(AjC)p(B jC)p(D jC)p(E jC)

which requiresO(k2) spaceto represent.
For thismodel,themoralizedandtriangulatedgraphsare thesame:

!

"#$%

while thejunctiontreetakesa particularly simpleform:

! "

#"

$ "

%"

"

"

"

or, equivalently,

! " #" $ " %"" " "
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To calculatep(CjA = a;E = e), wecalculate

p(CjA = a;E = e) =

P
B ;D p(A = a;B ; C; D; E = e)

p(A = a;E = e)

=

P
B ;D p(C)p(A = ajC)p(B jC)p(D jC)p(E = ejC)

p(A = a;E = e)

=
p(C)p(A = ajC)p(E = ejC) (

P
B p(B jC)) (

P
D p(D jC))

p(A = a;E = e)

=
p(C)p(A = ajC)p(E = ejC)

p(A = a;E = e)

The last stepoccurs because
P

B p(B jC) is just the vector of 1's (becauseB isn't
instantiated),while the term p(A = ajC) yields a vector—theprobability that the
variable A takeson the observedvaluea for each of the possiblevaluesthat C can
take on. Nodessuch asBC which contributeno informationto thesumare saidto be
barren. Thenumerator is equivalentto messagessentfromthenodeAC to thenode
EC via theseparator C, followedby thereturnmessage fromEC to AC. After both
messages,thevalueof p(A = a;C; E = e) can beevaluatedat eithernode, and the
denominatorcanbecalculatedbymarginalizingoutC. Altogether, thisrequiresO(k2)
operations.

(b)

! " # $

%

Thisis theconverseof thepreviousmodel—it'stherichestpossiblemodelof categorical
data,includingall potentialstatisticalrelationshipsbetweendifferentelements,asseen
in its joint probability:

p(A; B ; C; D; E) = p(A)p(B)p(D)p(E)p(CjA; B ; D; E)

Thelast factor is, effectively, a complete5-dimensionaltable with k5 elements.The
structure is visiblein its moralized,undirectedgraph(recall that everypair of parents
of a givennodemustbeconnectedin themoral graph):
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! " # $

%

This is clearly a clique—everynodeis connectedto everyother—sothere is no addi-
tional triangulationto do. Unsurprisingly, thecorrespondingjunction“tr ee” is simple,
albeit painful:

! " # $ %

Therearenomessagesto passin this tree(asthere is onlyonenode).p(CjA = a;E =
e) can only be obtainedthroughdirect marginalizationof the joint, requiring O(k4)
operations.

(c)

!

"

#

$

%

&

'

p(A; B ; C; D; E; F; G) = p(A)p(B)p(D)p(CjA; B ; D)p(F jD)p(E jC; F )p(GjF )

Which requiresO(k4) spaceto represent(the largest term contributedby C and its
parents).Notethat while this graph is more complex thantheprevious(andcontains
morevariables),it actuallyyieldsa morecompactrepresentation(asymptotically).The
correspondingmoralized,undirectedgraph(which alsohappensto betriangulated)is:
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!

"

#

$

%

&

'

which hasat leasttwo junctiontrees,oneof which is:

! " # $!

! # !

# %!

# %

&' # %

To calculatep(CjA = a;E = e), it turnsoutthatF G is a barrennodeandits messages
are unimportant(a vectorof 1's,asin part (a), above),sotheonly messagesare from
thenodesCEF andAB CD. Pickinganarbitrary nodecontainingC asour root (say,
CDF ), wepropagatemessagesin fromtheleavesto theroot andthenback out to the
leaves. E.g., the message from CEF is the 2-d “slice” of the table p(E = ejC; F )
correspondingto theevidenceE = e—i.e., onevaluefor theprobability of E = e for
everypair of valuesthat C andF cantake on. At theend,wemaginalizeC fromany
of thenodescontainingit andnormalize. Theentire operation requirestimebounded
by the largestrelevantclique, i.e., O(k4). Notethat if the evidencehadbeenF = f
insteadof A = a, the cliquenodeAB CD would be uninvolvedand inferencewould
requireonly O(k3) in this case.
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(d)

!

"

#

$

%

&' (

)*

p(A; B ; C; D; E; F; G; H; I ; J ) = p(A)p(B)p(C)p(D jA; B)p(E jB ; C)p(F jD)p(GjE)p(H jF )p(I jF; G)p(J jG)

which requires O(k3) space(from the termsfor D, E, and I , all of which have2
parents).
Thisgraphrequiresonly a little moralization(nonodehasmorethantwoparents):

!

"

#

$

%

&' (

)*
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but it actually requiresa coupleof new arcs to fully triangulate(this is onepossible
wayto triangulateit; othersexist):

!

"

#

$

%

&' (

)*

Finally, it yieldsa relativelysimple/symmeticjunctiontree(perhapsunsurprisingly):
! " # " $ %

" # %

# %&

%&'

&( ' )

&' *

" # " %

# %

%&

&'

& '

To do inferenceon C given A = a and E = e, we seethat, again, all messages
from the nodesF H , GJ , and F GI are just tablesof 1's (theseare barren nodes,as
they havereceivedno evidencedirectly and don't act as conduitsfor information).
We choosean arbitrary root node, say BDE, and propagate messages in from the
evidence-bearingnodes(EF G, BCE and AB D). Note that in manyintermediate
steps,E = e continuesto in�uence marginalization(becauseE appears in 4 cliques
in thetriangulatedgraphand,therefore, in 4 cliquenodesof the junction tree). After
collectingall evidencein to BDE, wepropagateoutmessagesfromBDE back to the
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leaves.After doingso,all nodesre�ect theevidencethat A = a andE = e, sowecan
obtainP(CjA = a;E = e) bymarginalizingBCE for C andnormalizing. Thewhole
processrequirestimeboundedby thelargestclique, i.e., O(k3).


