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ABSTRACT

A new language and inference algorithm for stochastic
modeling is presented. This work refines and generalizes
the stochastic functional language originally proposed by
[1]. The language supports object-oriented representation
and recursive functions. It provides a compact representa-
tion for a large class of stochastic models including
infinite models. It provides the ability to represent general
and abstract stochastic relationships and to decompose
large models into smaller components. Our work extends
the language of [1] by providing object encapsulation and
reuse and a new and effective strategy for caching. An
exact and complete inference algorithm is presented here
that is expected to support efficient inference over
important classes of models and queries.
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INTRODUCTION

This paper describes a new object-oriented stochastic
modeling language. The language is capable of
representing a larger class of models than those
expressible as Bayesian Networks. It supports a powerful
form of object-oriented representation, allowing general
probabilistic relationships over object classes to be
expressed and computed. The inference algorithm for this
language achieves efficiency through  modular
representation, lazy evaluation, goal-directed inference,
and compact factoring of conditional probability tables.

The limitations of flat Bayesian Networks that use
simple random variables has been noted by other
researchers [2, 3]. These limitations have motivated a
variety of recent research in hierarchical and composable
Bayesian models [4, 5, 6, 7]. Most of these new Bayesian
modeling formalisms support model decomposition, often
based on an object-oriented approach. While these
provide more expressive and succinct representational
frameworks, few of these change the class of models that
may be represented.

One important exception is the object-oriented
functional stochastic modeling language proposed by [1].
Their language provides the ability to use objects and
functions to represent genera stochastic relationships. It
provides Turing completeness by alowing the
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construction of objects representing infinite classes.
Furthermore, they define an inference algorithm
supporting effective computation over models embedding
such objects through the use of lazy evaluation.

Our work extends and refines this proposed framework in
a number of crucial ways. Their language has been
modified to enhance usability and to support a more
powerful object system. The objects defined by [1] are
limited and provide no obvious way to encapsulate model
components. On the other hand, the objects defined in our
language provide the important capability of model
encapsulation and reuse. We have also modified the
language to support a more efficient implementation of
the inference agorithm. The algorithm presented by [1]
depends for its efficiency on the use of caching to avoid
redundant computation. Unfortunately, caching in their
language is difficult if not impossible to implement
efficiently because it requires the recognition and
retrieval of similar networks. The agorithm for our
language requires only that identical networks be
recognized and retrieved from the cache.

As just noted, our language is Turing complete. It
supports construction of objects that represent infinite
classes. This can be useful for pattern recognition and
language processing. An example in the next section
shows how this feature can be used to produce and
recognize classes of expressions generated by stochastic
context free grammars.

The next section presents the language with its
component features and two examples. The following
section describes the inference algorithm. It is presented
incrementally in terms of inference agorithms for three
languages of increasing complexity. The first language is
equivalent in power to standard Bayesian Networks while
the last is a Turing complete stochastic modeling
language. Finaly, implementation and efficiency issues
are discussed., These include effective implementation of
caching and lazy evaluation.

DESCRIPTION OF THE LANGUAGE

The elements of the outer language include variables,
compound structures called objects, attribute chains, and
functions. Statements in the language include assignment
statements and object and function definitions. Two



constructs, dist and case, are used to define new or
dependent distributions.

A model is defined by alist of assgnments to variables
surrounced by bradkets. The following is a simple
network model with threevariables, x, y, and z:

[x = dist true: 0.6, false: 0.4
y = dist true: 0.6, false: 0.4
z=xX]

From the first assgnment, the value of x is true with a
probability of 0.6 and false with a probability of 0.4. Any
value between 0 and 1 can be used as a probability in a
dist statement as long as the distribution sums to 1 The
second assgnment does the same for y. However x andy
remain statisticaly uncorrelated despite sharing the same
probability distribution. The third assgnment gives z the
same value & X, thereby making x and z completely cor-
related in the model.

Objeds in this language ald significant expressive
power. Objed definitions assgn a model to a variable.
The objed’s model consists of a series of assignments to
variables. The variables on the left-hand side of these
assgnments comprise the dtributes of the objed.

[x = dist true: 0.3, false: 0.7
y = dist true: 0.4, false: 0.6
o0 =[head =x tail =y]

z = 0.head]

Here the variable 0 is an olged with two attributes:
head and tail. The head and tail attributes in the objed o
are boundto values x andy respedively. The dtributes of
0 can be accesd with an attribute dhain as gown in the
assgnment to z. An attribute dhain is a list of symbadls
separated by periods that indicae apath througha series
of embedded oljeds.

The language includes a cae statement that is a
generdizaion d the if statement in [1]. Here is an
example using a cae statement:

[x = dist true: 0.6, false: 0.4
y = dist true: 0.6, false: 0.4
r = case x true: y, false: false]

The cae statement in the definitions of r works
similarly to case statements in other languages. When x
has value true, then r has the same value &y, and when it
isfalse, risalso false.

One can asdgn an olject to a variable, for example
z2 = 0. Sincevariables can be distributions, they can also
be distributions over any combination d symbals and ob
jeds. The language dso suppats the reuse of objed
definitions with the copy statement. z2 = copy o is an
example. Here copy copies the definition o o into the
current scope, creding anew uncorrelated instance of o.

There ae anumber of consequences deriving from the
faa that models and oljeds dare the same structural
form. It means that one cax model a pieceof the domain

of interest and then incorporate that model as an oljed
into alarger model withou modificdion.

The syntax for function definitions and cdls is
ill ustrated in the foll owing example:

[or(a, b) = case a true: true, false: b
x = dist true: 0.3, false: 0.7

y = dist true: 0.4, false: 0.6

z=or(x, y)]

The first assgnment in the list contains the definition
of the function or. Parentheses surroundng a set of
arguments indicates a function. or takes two arguments
and implements the or operation wsing a cae statement.

In the outer language, function cdls and case
statements may be nested. dist statements may be nested
within function cdls and case statements but nat vice
versa. Objeds too may be nested in function cdls and
case statements.

The inner language is identicd to the outer language
with the following restrictions. There ae no functions,
but the same capahiliti es can be obtained using ohjeds as
explained below. The rules for the nesting d elements are
aso much more limited. Finally, the inner language
suppats only arestricted form of nested case statements:

case s {rn:env rlz:elzv"'}v {I‘211621, rzz:ezzv"'}v

To trandate from the outer to the inner language, the
model isfirst “flattened” by eliminating rested structures.
This is dore by defining new variables that represent the
intermediate values from nested cdculations. Next,
functions are @mnverted into objeds that use but do nd
define their arguments. A spedal symbad is employed to
define the variable that represents the output of the
function. Finaly, function cdls are represented by
creding ohedsthat define the aguments to the function.

AN EXAMPLE

We next show objed decomposition in a simple model
of the dedricd system of an automobile. The example
contains three @mporents (Electrical, Ignition, and
Lighting) which have internal subcomporents. These
three ae modeled as objeds with fields representing the
subcomporents. There ae two comporents, Headlight,
and Engine, that are treaed as smple variables. The
Ignition system depends on the Electrical system since
Ignition.Plugs depends on Ignition.Current which is st
equal to Electrical.Current. This network demonstrates
how a stochastic model can be broken upinto interading
objeds, ead with its own internal structure:

[Electrical =
[Battery = dist charged: 0.9, weak: 0.08, dead: 0.02
Wires = dist ok: 0.99, broken: 0.01
Current = case Wires
broken: off,
ok: case Battery
charged: strong,
weak: weak,
dead: off]



Ignition =
[Current = Electrical.Current
Starter =
[Condition = dist good: 0.9, broken: 0.1
Function = case Condition
broken: doesnt_turn_over,
good: case Current,
strong: turns_over,
otherwise: doesnt_turn_over]
Plugs = case Current
strong: fires,
otherwise: doesnt_fire]

Lighting =
[Switches_good = dist true: 0.95, false: 0.05
Bulbs_good = dist true: 0.8, false: 0.2
Wires_good = dist true: 0.99, false: 0.01
System_good = Switches_good and Bulbs_good
and Wires_good]
Headlight = case Lighting.System_good
true: Electrical.Current,
false: off
Engine = case Ignition.Starter
doesnt_turn_over: dead,
turns_over: case Ignition.Plugs
fires: runs,
doesnt_fire: turns_over]

Next we show how a stochastic context free grammar
(SCFG) can be implemented. Consider a ssimple SCFG:

AOXA (p=0.9)
Ay (p=0.1)

In this example, we define afunction A returning the
proper distribution d sentences in the grammar.
Sentences are represented by obeds that are trees. These
objeds contain a field cdled val that contains a terminal
symbo at the leaves and the symbol compound
internaly. The internal nodes in this tree ontain two
other fields, left and right for the branches of the tree

The Linear function takes sich atree ad convertsit to
alinea form. The Sentence objed (not spedfied here) is
compared with this linea form in the variable
Generated. Thus if a sentence is placal into the
Sentence objed, Generated will contain a distribution
over true and false correspondng to the probability that
the grammar will generate that sentence

[A() = case (dist r1: 0.9, r2: 0.1)
rl: [val = y]
r2: [val = compound
left = [val = x]
right = A()]

Compare(sl,s2) = case sl.head

X: case s2.head
x: compare(sl.tail, s2.tail),
y: false,
z: false;

y: case s2.head
x: false,
y: compare(sl.tail, s2.tail),
z: false;

z: case s2.head
x: false,
y: false,
z: true

Linearl(t, xs) = case t.val
x: [head = x
tail = xs],
y: [head =y
tail = xs],
compound:
Linearl(t.left, Linearl(t.right, xs))
Linear(t) = Linearl(t, [val = z])
Sentence =[...]
Generated = Compare(Linear(A()), Sentence)]

THE INFERENCE ALGORITHM

Space limitations force us to present an abbreviated
description d the inference dgorithm For expasitional
purposes we first describe inference dgorithms for two
simpler languages. The first is equivalent in expressve
power to Bayesian Networks. The seoond suppats aweak
form of objeds that canna import data and isn't Turing
complete. We then provide the inference dgorithm for the
full language described above. All of these ae versions of
the inner language. Before going into the threelanguages
separately, we describe some of the commonality in
structure between them and dfine some helpful
operations that are used in the dgorithms.

The inference dgorithm is based on ore initiadly
proposed by [1]. We follow them in dviding the
algorithm into two functions, peval and pprocess. The
higher level function, peval, iscdled dredly, performing
pre- and patprocessng for the second The lower level
function, pprocess contains methods for handling eadh
construct in the language on a cae by case basis.

Both functions take three aguments: a network model
N, avariable x to be fully evaluated and a set of variables
of interest, whose mrrelations must be tradked. They
return a distribution d network models. A distribution,
denoted {<N,, p,> <N,, p,>,...}, is a set of distinct
networks, eat weighted by a probability.

Two fedures of this inference dgorithm are worth
noting. First, it represents joint probability distributions
internally as distributions over networks. By cdculating
joint and marginal distributions only as needed, the
algorithm employs a form of lazy evaluation [8, 9]. Since
networks generally provide a ompad representation d
joint distributions, this can provide significant savings in
the spacerequired for inference

Seownd, the dgorithm employs a reaursive gproach
that reduces and augments the networks passed in and ou
of reaursive cdls. Network reduction and augmentation is
dore in such a way as to ensure that the networks
evaluated in reaursive cdls contain exadly the
information reguired to reoonstruct distributions over
spedfic subsets of variables. This approach is generaly
referred to as goal-directed inference [10, 11, 12].

We now describe some functions and ogerators needed
to implement this approach. cone(x, N) is defined as the
set consisting d x and al of its ancestors in a network
model N. N|, denctes the network N reduced to the



variable set V, i.e. reduced to assignments to variables in
V and their ancestors. It is the union of the cones of all of
the variables in V. N[M] denotes the network N
augmented with the assignments in M (pruning redundant
assignmentsin N).

seenby(V, X, N) is used to maintain information
necessary to track correlations between variables. The
argument x is the variable of interest, N is a network, and
V is the set of variables whose correlations to x must be
tracked. Intuitively, this function finds the minimal set of
variablesin the cone of x that makes the cone of x cond-
itionally independent of V. This alows the inference
algorithm to focus on the single variable x while main-
taining enough information about the set of correlated
variables in the network to recover their full joint probab-
ility distribution later. In the first language this can be
described fairly simply. seenby(V, X, N) returns the
union of seenby(y, x, N) for all yOV. For a single
variabley, if y isin the cone of x, then seenby returnsy.
Otherwise it returns seenby over the parents of y.

The first language has no embedded objects or attribute
chains. It supports only dist and case statements over
simple variables. Despite these limitations, it is powerful
enough to represent any Bayesian Network model.

Thisisthe inference algorithm for the first language:

peval(N, x) = peval(N, x, {})
peval(N, x, V) = z PON[M] |t av
<M, P> [ pprocess(N|{x}, x, {x}(JSeenby(V, x, N))
pprocess(N, x, V) = case over definition of x:
x =dist a,:p,, 8,:p,,...
return {<[x=a,], p.>, <[x=a], p,>....}
X =casesr;e,re, ..
return z POpeval(M[x=¢],x,V) where s=r0M
<M, P> [ peval(N, s, V)
X=s
if SON then
return z POM[x = €] where s=eClM
<M, P> [Jpeval(N, s, V)

else
return {<N, 1>}

peval first reduces the network N to just the variables
needed to evaluate x. Using the seenby function, it
cdculates a subset of variables in the mne of x that need
to be trackked in arder to ke the proper distribution for
the original V. It passes this st to pprocess for
inference pprocess examines the type of expresson
assgned to x, determines the parents of x (if any), then
uses peval reaursively to compute the distributions over
the parents of x. The distribution for the parents are then
incorporated into a set of networks and probabiliti es,
<M,P>, that are returned by pprocess to the original
peval cdl. Finaly, peval uses this distribution o
networks (including parent information) to augment the
origind network N, extrads the pertinent information
abou x, and then sums over the resulting dstributions.

The second language alds objeds and attribute chains
to the first. However, the objedsin this language ae non
reaursive and are not permitted to use variables from an
outer context. To extend the dgorithm to hande this
richer language, a number of changes are needed.

First, a new version d pprocess is nealed to handle
the situation where x is not a variable, but an attribute
chain. peval is applied the head of the dain and
determines the distribution o objeds that are dencted.
Then peval is applied to the tail of the chain within eadh
of the objeds in the distribution. When entering an
embedded oljed, some cae must be taken to corredly
tradk the crrelations between variables within the set V.
This is dore by modifying the set V before the reaursive
cdl. Any attribute chain in that set that doesn’t have the
same hea as x is dropped. The rest are retained, deleting
their heads.

Sewnd, cases for objed expressons must be alded to
pprocess. This is smple, since an oljed canna be
evaluated further. Finaly, a function cdled translate is
added. When an attribute dhain is evaluated, peval
returns a distribution o networks. Each network contains
the value referred to by the atribute dain. translate
locaes and returns those values. We define translate:

translate(N, x) = e where x=e[N
translate(N, x,.X,...x,) = case over definition of x, in N:

X =YY
return translate(N, y,.y,...Y,.X,.X;...)
X, = [s,=e,, s,=e,,...] (referredto as O)

return translate(O, x,.X,...)

The full language ads two new fedures: reaursion and
interadion between oljeds. These two feaures provide
Turing completeness

The definition d seenby is now extended to hande
the fad that objeds can be parents of other objeds. The
result is that seenby uses delayed evaluation to avoid
infinite loopsin tradng dependencies between oljeds.

In the full languege, unlike the second, variables and
attribute chains canna always be fully evaluated to
terminal symbols and oljeds. This is becaise objeds can
use nonterminal symbols that are defined in the
enclosing context. When the dgorithm reades auch a
situation, it must drop badk to the enclosing ohed.

Case dstatement are dso extended. Since objeds can
now have variables defined in the enclosing ohed, fully
evaluating a variable may nat be possble. If this happens
to the head of a cae statement, a difficulty arises. To
handle this, the translate function copies the statement
from the inner to the outer context, modifying ojed and
variable references as appropriate.

The third algorithm requires sme new notations. The
symbol % is used for the &tribute chain set dereferencing
operation. A set V is dereferenced by a symba x (V%x)



by first removing al attribute chainsin V that don't have
x as their heal. All the rest of the chains are retained, but
withou their heals.

The variable set representation is also expanded. It is
sometimes necessary to delay part of the computation d a
variable set, particularly in the cae of infinitely long
attribute chains arising from the reaursive interadions of
objeds. Thisishanded by adelay operator that produces
a structure representing a future omputation. A statement
of the form V.delay(calculation) indicates that every
atribute dhain in V is appended with the result of
calculation. The delayed cdculation finally takes place
when an attribute dain is dereferenced to the point at
which the head dof the dhain isthe delay object.

The seenby function must be implemented in a more
sophisticated way in order to handle potentially infinite
attribute dhains. Here is an algorithmic description d the
third algorithm version o seenby:

seenby(y,.Y,.Ys..., X, N) =
if y,Ocone(x, N) then {y,.y,.y,...}
else if y,0N then {}
else case over definition of y, in N:
y, =dista;p, a,:p,... : {}
Y, = 2,.2,... : seenby(z,.z,...Y,.Y,..., X, N)
y,=casesof {r e, ..},...:
seenby({s, €,,.y,.Y, -}, X, N)
y, = [s,=e,, s,=e,,...] (referred to as O) :
U, 0.0 SEENDY(Z, X, N).delay(seenby(y,.y,..., z, 0)%z)

Likewise peval and translate are be updated for the
third algorithm as follows:

peval(N, x, V) =
if XON then
z PON[M] |pg OV

<M, P> [ pprocess (N[{x}, x, {x}(Jseenby(V, x, N))

else
{<N, 1>}
pprocess(N, X,.X,.X,..., V) = z W

<M, P> [J peval(N, x1, V)

where W = case over definition of x, in M:
X =YeYo Y
return peval(M, y.,.y,...Y, - X,-X;..., V)
X, = [s,=e,, s,=e,,...] (referred to as O)

return z POM[x,=0]

<M, P> [J peval(O, x2.x3..., V%x1)

otherwise
return {<M, 1>}

pprocess(N, X, V) = case over definition of x in N:
x = dist a,:p,, a,:p,,---
retum {<[x=a,], p,>, <[x=a], p,>,...}
X = case s
return peval(N[x=s], X, V)
X =cases {rn:en’ rlz:elz’ }- {r21:e21’ rzz:en' }'
{r.ey, r,e,,, 1.
return z W

<M, P> [J peval(N, s, V)

where W =
let h = translate(M, s) in case over definition of h
h=r,
peval(M[x=case e {r,:e,, I
{r3l:e3l’ rsz:ew }r]- X, V)
h=s
{<M, 1>}
h=[s=el, s,=e, ...]
throw error
h=cases'{r, e, r,e, ..}
{I"lee'ﬂ, ryzz:e'zz' }-
peval(M[x= case s’ {r',:.e’,, I',;;e’,,, ...},
{I"lee'ﬂ, ryzz:e'zz' }- Tty
{rey, rye, 1 (e,
rzz:ezz’ }- {r3l:e3l’ rsz:ew
}v ']v X, V)

22:622Y . '}‘

h=s
pevaI(M[x =cases' {[:en' M::€5, "'}Y{r21:e21‘
,:€5 }' {ral:ealr I3,:€4 }r]r X, V)

x=[s=e, s,e,..]
return {<N, 1>}

X = S,.5,.S,... (potentially a single symbol)
return z W

<M, P> [J peval(N, s1.s2.s3..., V)

where W =
let h = translate(M, s,.s,.s,...) in
if h=[s=e, s,=e,,...] orh =s_s,.s,... then
{<M, 15}
else
peval(M[x=h], x, V)

translate(N, X,.X,.X...X,) =
if x,00N then
return x,.X,.X,...X,
else if n =1 then
return h where x,=hCN
else
case over definition of x, in N:
X, =YY
return translate(N, y,.Y,...Y,-X,-Xs...)
X, = [s,=e,, s,=e,,...] (referred to as O)
let h = translate(O, x,.x,...) but modify:
for each attribute chain a in the definition of
h whose head is defined in O replace by x,.a
return the modified h
X1 =cases {rn:en’ rlz:elz’ }' {r21:e21' rzz:ezz' }
return case s {r:e,, €, ...} {r,:€,, ,:€,, ...}...

This completes the third inference dgorithm.

IMPLEMENTATION AND EFFICIENCY

There ae three mgor implementation feaures that
affed computational efficiency. The first is cadiing. For
this algorithm to run efficiently on sizable problems, it
must cade and reuse results of intermediate cdculations.
The simplest form of this is to cade resulting dstribu-
tions returned by pprocess, keyed by the triplet of the
network, variable, and variable set passd in to it. Thisis
slightly different from the cating proposed in [1]. There
it is necessary for cacing to identify similar networks,
which dften is difficult to doefficiently. In ou approad,
the cating reed orly recognize exad matches.

We ae dso developing more alvanced cading that
can identify for reuse dl cdls invalving a subset of the
same dtribute dhains in the variable set of interest. This



may seem at first difficult to do efficiently. However one
can cache lists of such sets keyed on the exact network
and variable to be evaluated. These lists are expected to
be small, and thus a sequential check is sufficiently fast,
given that the subsets can be matched quickly.

A second feature affecting both efficiency and
completeness of inference is lazy evauation. The
inference algorithm does not compute any distribution
until it is needed. This not only improves efficiency; it
also serves as the basis for exact inference over a larger
(Turing complete) class of models. Without lazy
evaluation, inference on models with infinite objects
would fail to terminate.

Finally, the inference algorithm obtains efficiency by
exploiting the modular domain representation supported
by objects. It evaluates one object at a time independent
of the outer context, only referencing the outer context to
acquire needed information. This type of decomposition
has been found effective for reducing computation timein
other systems [6].

There are other lesser efficiencies implicit in our
algorithm design. For example, the use of case statements
rather than explicit conditional probability tables (CPTs)
allows implicit factoring of CPTs. Because the inference
algorithm operates directly on these case statements, it
can take advantage of the computational reductions that
factored CPTs offer. Other efficiencies derive from the
implicit query optimization and goal-directed strategies
that are incorporated into the inference algorithm.

CONCLUSION

A new dtochastic modeling language has been
presented. This language supports object-oriented features
that are effective in the development of component-based
hierarchical models. Object-oriented abstraction and
recursive functions give this language significant
expressive power (e.g., Turing completeness). These
additional capabilities are paired with an exact efficient
inference algorithm that can exploit the domain decom-
position implicit in object-oriented representations.

In the future, this algorithm will be extended to include
an approximation scheme that further enhances
efficiency. In addition, parallel distributed computation
will be supported, where the cache is the only data
structure that needs to be shared between threads. Finally,
the outer language will be extended to include additional
high level constructs that simplify knowledge
representation.
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