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Abstract

Microarray analyses assume that gene expressions are measured from synchronous, homoge-
neous cell populations. In reality, the measured gene expression is produced by a mixture of
populations in different stages of the cellular life cycle. Hence, it is important to estimate the
proportions of cells in different stages and to incorporate this information in the analysis of
gene expression, clusters, or function. In this paper we propose a novel unsupervised learning
approach that models biological processes, such as the cell-cycle, as a hidden state-space model
and uses a particle-filter based approach for estimating model parameters. Our approach finds
a maximum a posteriori (MAP) estimate of the cell proportions given the gene expression and
an estimate of the stage dependant gene expression. Evaluation of statistical validity of our
approach using randomized data tests reveals that our model captures true temporal dynamics
of the data. We have applied our approach to model the yeast cell-cycle and extracted profiles
of the population dynamics for different stages of the cell-cycle. Our results are in agreement
with biological knowledge and reproducible in multiple runs of our algorithm, suggesting that
our approach is capable of extracting biologically meaningful and statistically significant infor-
mation. Finally, the stage dependant gene expression can be used to determine clusters of active
genes on a per-stage basis.

1 Introduction

Gene-expression analysis of linear or cyclic biological processes is generally carried out with what are
assumed to be synchronous populations of cells. That is, it is assumed that the observed gene expressions
are drawn from a homogeneous population of cells, all in the same stage of the cellular life cycle at any given
time point. A variety of synchronizing techniques have been used to arrest populations in a particular stage
of the cell cycle [7], including conditional mutants and nutrient starvation. In practice, however, natural
populations of cells at any point in time are heterogeneous. This is because, firstly, it is nearly impossible
to achieveperfectsynchronization — there are almost always some cells in the population that fail to arrest

in the synchronizing stage; and secondly, even if all cells do arrest in the same stage, they typically re-enter
and proceed through the cell cycle at different rates, resulting in the rapid loss of synchronization [3]. As
a result, for most microarray experiments, measured gene expression is actually a mixture of expressions
from multiple populations of cells. The ability to determine the relative abundance of each cell population
in a sample would simplify the analyses of mixed populations of cells not only by providing a reliability
measure for each dataset and a description of the population dynamics over time but also for determining
population distributions for cultures under a variety of other conditions [13]. The problem of studying the
cell population dynamics by estimating the proportion of cells in different stages during the course of a
microarray experiment is called Cell Population Deconvolution (CPD).



In this paper, we propose a new, data-driven, probabilistic approach to the CPD problem by formulating
the biological process as a temporal hidden state identification problem. The challenge here is that, unlike
in well-understood systems such as discrete hidden Markov models (DHMMs) [19, 20], the CPD hidden
state at each time point ismaultinomial vectorepresenting the fraction of cells in each stage at that time.
This crucial difference allows us to recover the dynamics of evolving populations of cells over time, but
yields difficult inference and parameter estimation (learning) problems. To render these problems tractable
we (a) assume a Dirichlet posterior distribution over the hidden state at each time point [16]; (b) assume
that individual gene expressions are independent and Gaussianly distributed, given the hidden state; (c)
assume first-order Markov transition dynamics for the hidden state; and (d) employ a particle filtering-based
algorithm for hidden state distribution inference[1, 12, 5] and the Expectation Maximization (EM) algorithm
for parameter estimation [4]. With this approach we are able to estimate cell population distributions over
time (hidden state), uncertainty over the hidden state (hidden state posterior distribution), the dynamics of
the biological process (process or transition model), and the expected gene expression values for each stage
of the cell cyle (observation or output model) purely from observed gene expression data.

Using yeast cell cycle microarray data [21], we demonstrate that our approach recovers high-quality
estimates of the temporal evolution of cell population distributions. Although our algorithms are purely
data-driven and do not rely on prior knowledge of cell cycle dynamics or gene expressions for particular cell
stages, the recovered temporal information for the different populations are in agreement with the known
ordering of cell-cycle stages and the deconvolved gene expressions correspond well with the expressions of
known stage-specific genes.

An alternate computational approach to this problem [13] attempts to deconvolve a mixed population
into the individual stages of the cell cycle. The observed gene expression vector is considered to be a
linear combination of pure gene expression vectors for stages of the cell cycle, weighted by the proportion
of cells in each stage. The pure gene expression vector for a cell-cycle stage is identified from existing
microarray data [21], on the basis of the expression level of a specific gene, called a marker gene, known
to be required for that particular stage. The timepoint at which the marker gene has the highest expression,
is considered as the “pure” expression vector for the corresponding cell-cycle stage assuming that perfect
population synchronicity is maintained at these time points. Reliance on either perfect synchronization or on
prior knowledge of gene expressions, however, is quite limiting in practice. A purely data-driven approach
that does not assume perfect synchronization at any time point is more flexible and biologically realistic.

Non-computational methods have also been used to provide measures of population synchranicity.
orescent activated cell sortingrACS) allows qualitative analysis of population synchrony by measuring the
genetic content of the cells in the population [18]. Another method uses image analysis of budding yeast
images [17]. However, these approaches are expensive and time consuming and need to be carried out at the
time when cells are harvested. A probabilistic approach is more robust, scalable and general.

Overall, our model has several advantages: it provides a probabilistic framework which handles noisy
data efficiently, incorporates temporal dependencies that are inherent to time-series data, directly estimates
the population fractions at every time-point, estimates the stage specific gene expression, provides a clus-
tering technique for genes with similar expression and finally does not make any assumptions of linearity in
the process dynamics.

2 A hidden state space model for CPD

2.1 Model overview

Let P denote a large population of cells used in a time-series microarray experiment fiawmeg points.
Let b be the temporal biological process under study ughgb is assumed to be an ordered setnof
biological events or stages, denotedbasfor 1 < k < n. E.g. for the cell-cycle, we take the= 5 stages



from the set. = {M, M/G1,G1,S,G2/M} (described in detail in Section 4.1). We note that even though
n is predetermined, the mapping betweebsg and an element of. is not known. At any time point,
wherel <t < T, acellinP can be in one of thesestages. Thus at evety P is composed of, different
fractions of cell populations, one in eaék,. Let x; denote the hidden state vector, which defiiés
fractions att, with the component; (k) representing”’s population fraction in thés;, stage. Therefore,
x, is a multinomial vector obeying the constraifits z,(k) < 1;Vk and)_, x:(k) = 1. The behaviour of

b is observed by gene expression vectgys,Them components ofy; are the relative expression levels of
them individual genes, denoteg(j) for j = 1,..., m. The Cell Population Deconvolution problem, then,
is: given a time series of microarray observation vectfys, . .., yr}, estimate the hidden fraction of cell
stage occupancies at every time poitt,. . . , z7.

We assume that the observed gene expressiprae conditionally dependent only on the correspond-
ing hidden cell stage distribution specified By and thatz; itself is conditionally dependent only on the
preceeding cell stage distributiaf3_;. This yields a temporal process similar in statistical structure to
a hidden Markov model, with a first-order Markgwocess modelP(z;|z;—1) and anobservation model
P(y:|z;). Unfortunately, the fact that the hidden variable is a multinomial vector rather than a discrete
scalar complicates hidden state inference and parameter learning considerably. The natural choice for prior
or posterior distribution over multinomial vecto®3(z;) or P(xz¢|y1, ..., y:), is a Dirichlet distribution, but
it is not clear what form a process model for a Dirichlet should take, nor how to carry out inference on such
a model.

In this paper, we apply a sequential Monte Carlo sampling method based on particle filters to the state
inference problem. We assume the observation model to be described by a set of Gaussian patgmeters,
andai, for the gene expression of th& gene in thek!” stage. We assume the process model to be spec-
ified by a transition matrix4d. Finally, we assume that the posterior hidden state distribution for eyery
P(x¢|ly1, ..., ye) is specified by a DirichleD,. Thus our complete model féris specified by three sets of
parameters: stage dependant Gaussian parameters for the gene expression; the transition matrix; and the pos-
terior hidden state distribution. These parameters are learnt by our parameter estimation procedure based on
Expectation Maximization (EM). Our training algorithm uses a “forward step” to estiiatgly:, . . ., y:)
and a “backward step” to estimai&x;|y;+1, - - ., yr). Combining these two estimates we obtain the tran-
sition probabilities inA (refer to Sections 2.3 and 3.3). We use maximum likelihood estimates to obtain the
Gaussian parameters for the stage dependant gene expressions. The steps are described in more detail in
Section 3.

After running the EM procedure to convergence, we have a complete model of the biological process
given the observed microarray time series. The model parameters inform us about the process dyihamics (
the stage-specific gene expression profilgsgndoy), and the hidden state of cell population distributions
(D). The latter gives the solution of our original deconvolution problem: we take the desired population
distribution estimate for time to be the expected value of the hidden state posteRér,|y1,...,y:),
specified byD;. Different components of our model are detailed in the following sections.

2.2 Particle filters for state space models

Seeking a closed form for the inference equations to model systents tik@ybe intractable. Particle filters

can be used to get around this problem by estimating the hidden state probabilities using a set of weighted
samples. We use “samples” and “particles” interchangeably. Samples are drawn irapoaiance density

q, and sample weights are used to determine the likelihood of the observed data given the sample. Our model
uses é&Sample Importance Resampli(fgiR) filter [8] which simulates a temporal process in the following

way:

1. Generate a set of samples for the first time paipfrom the importance density ~ g(z1)



2. Calculate sample weights?, using the observation modeb; = P(y;|z%). w is proportional to the
likelihood of the observed daig

3. Normalize the weights and resample the particles. The resampled particles estimate the posterior
P(ajt|y17"'7yt)' )

4. Project the samples to the next time step, using the process model, yiglding P(z¢1|x;)

5. Repeat2-4fot=2---T

Our particle filtering algorithm uses a slight variant of the SIR filter as described in Section 2.7

2.3 Process model

The process model, gives the prior estimate of the next state,A(@y1|x;). This is determined by
the probability that a cell fraction ibs; att¢ transitions tobs; att + 1 i.e., P(bs;(t + 1)|bsk(t)), where

1 < (k,l) < n. These transition probabilities are specified by the transition matrixEvery element,
A(lk), specifies the probability? (bs;(t 4+ 1)|bsk(t)), wherel andk represent the rows and columns.of

respectively. Thereforé,;" , A(lk) =1,1 <k <n.

2.4 Observation model

The observation model gives the estimate of the current observatiogiven the current state;, i.e.
P(y:|z:). We make the following assumptions for the observation model:

e The measured expression of tﬁé gene,g;, in bsy, wherel < j < m, follows a Gaussian distri-
bution,N(ui, aj). Since the actual population from which mRNA is extracted is a mixture of cell-
populations in differenbs;, the observed gene expression is from a mixture of Gaussians. Hence,
P(y:(§)|ze) = Dopy xe(k)P(y ()| 1y, o7.), Wwherey(j) is the expression value gf att. z(k) is
the contribution of thé*"* Gaussian from the population fractiontisy.

e The expression value of one gene is independant of another at the same timepoint given a biological
stage. Hence, the probability of seeing an entire gene expression yectam, be written as a product
of probabilities of individual gene expressions, i.B(y;|z;) = ]_[;”:1 P(y¢(j)|x¢). Therefore, the

P(yq|z1), can be written a® (y:|z,) = 17, Yhey 2:(k) Py (5) |14],» 7,)

2.5 Importance densityq

Sincex; is a multinomial distribution, the obvious choice of the importance densityr our model is
a Dirichlet. Moreover, choosing a Dirichlet has the added advantage that its parameters can be assigned
values to reflect prior knowledge of the cell fractions in the different biological stages.

2.6 Sample weight calculation

Sample weightv}, of z}, is given by the observation model, iB(y; |z}) = [T}, >-p_, i (k)P (ye(§)| el o))
This is similar toP(y;|z;) in Section 2.4, with:; being replaced by:. The rationale for replacing; by
is thatz! represents a possible description of the underlying population, which is exactly described by

2.7 Modifications to the SIR filter

One of the problems that we encountered with the SIR filter was rapid sample degeneration. This was
because a small subset of the entire sample set had very high weights compared to the rest. The resampling
step repeatedly selected these samples, resulting in the degeneration of all or most of the samples to single



points. The true probability distribution cannot be represented by such few samples and Dirichlets cannot
be estimated from these samples due to numerical instability. Hence we propose two maodifications that
incorporate smoothing strategies to overcome the sample degeneration problem.

The first modification is in theample projectiostep. Unlike the traditional approach, wherein samples
are generated only at= 1, and projected forward for atl > 1, we generate a new set of samples at every
t. Let{z},2?,...,2} denote sample set representing the p(y;|z;_1). These samples are obtained
by projecting samples from— 1 via A. We calculate the normalized weigh{sp;, @7, ..., w} }, where

T e— —. Then we resample using the normalized weights and re-estimate a new DifiHfteim
s=1 "t

the samples chosen by the resampling sfepis then sampled to generate a new $ef, z7, ...,z }, that

represents®(z|y;). These samples are then are projecteditd via A to resultin{Z}, |, 7, ;, ...,z }.

The second modification is in thesamplingstep. LetS; denote the sample set resulting after resam-
pling at timet. To avoid samples from collapsing to a single point, we perturb eveselected by the
resampling step to result it} and addz! to S;. The perturbation is done by adding a sample from a Gaus-
sian, N(0,w), to every element of?, i.e. i (k) = 7%(k) + v, wherev ~ N(0,w),Vk, 1 < k < n.

w controls the extent of perturbation. Thuszif were selecteg times, it would be represented by the set
Si = {z{,...,20} andS} C S;. By adding a Gaussian perturbation, the constraintihgt should be a
multinomial, maybe violated. To enforce this constraint we keep iteratively pertuibiagd choose only
thosez! such thati (k) > 0,V k, 1 < k < n. The selected is then normalized such that}_, zi(k) = 1

to result in a multinomial. The value af is chosen by experimentation.

3 Model training and parameter estimation

Based upon the model description in Section 2.1, the parameters of the modelréodescribed by the
tuple® = {4, i}, o7, D,}. Parameter estimation is done using a learning procedure based on Expectation
Maximization (EM). Our learning procedure is similar to the Baum-Welch algorithm for HMM [19]. The
hidden variables in the system are the state variahleBuring the Expectation (E) step we use the model
parameters and obtain the expected values:foiDuring the Maximization (M) step we use the expected
values ofz; and estimate the model parameters.

3.1 Forward and backward variables

Before stepping into the details of the E and the M steps, we define a set of variables which are similar in
concept to those used in the Baum-Welch algorithm. The difference in our algorithm is that all the variables
are multi-dimensional.

e «y(t) is the probability of being itbsy, at timet, given observation$y, ..., y:}. ax(t) is specified
by z; (k).

e [(:(t) is the probability of being isy, at timet, given observation§y; 11, . .., yr}. Bk(t) is specified
by xbi(k). bl represents a sample from the backward step attime

e ¢ (t) represent the probability of seeing the observatipfrom bs;. This is just the product of the
probabilities of individual genes expressions frésg, due to the second assumption in the observa-
tion model (refer Section 2.4).

e 7 (t) is the probability of being irbsy, at timet, given all observations{y,...,yr}. Similar to
HMM, ~k(t) is given by~ (t) = %

e &1(t) is the probability of being s, at timet and inbsy, attimet + 1, given{yi,...,yr}. Similar

to HMM, &,(¢) is given by&;, (t) = s %@fgzl()t%((g)%iftﬁ)l;(t+1)




3.2 Fstep

The FE step is made up two partforward step ancbackwardstep. The samples for the first time-point,

t = 1, are drawn from a Dirichlet with parameters to reflect our belief of the cell population. E.g., if we
believe that the population was synchronized and majority of the cells are ki'theological stage, then

thek* parameter can be set to 0.8 and the remaining parameters to 0.2. Based upon the traditional SIR filter
and our modifications proposed in section 2.7, the forward step proceeds as follows:

1. Generate sample§z}, ...z}, from D1, whose parameters are set on prior knowledge about the
synchrony of the cell population. These samples represent the prior esitfiate

Calculate sample weights using (2). Set 1.

Normalize weights and resample using the second modification in section 2.7 to résfiltin , )V }.
EstimateDy, using{z;}, ...,z }.

Generate sample§y}, ..., zV }, from D;. These samples represent the postefior |y, . . ., y:).
Project{z},..., ]}, to the next time step to result if&},...,z"}, which estimate the prior
P(x¢|xi—1), where2 < ¢ < T, whereT is the total number of time-steps in the data.

7. Repeat steps from 2 to 6 withranging from{2, ..., T}.

o gk wn

The backward step is used to calculatét). We begin with the samples from a uniform Dirichlet, -
i.e. all parameters are equal to 1. The backward step proceeds as follows:

1. Foreveryzb,, |, zbj(j) = > abi (k) A(kj)e;(t +1),V1 < j < n.

2. After all the componentsb; are calculated, it is normalized to result in a multinomial. These samples
represent®(z¢|ys i1, - . ., yr). zbi(k) represents (t).

3. Calculate weights forb: followed by resampling and reestimation of the backward Dirichlet and
generation of a new set of samples from the newly estimated Dirichlet as described in the forward
step.

4. This process is repeated for all the timesteps.

3.3 M step: Estimation of A

Every entryA(lk) specifiesP (bs;(t + 1)|bsk(t)). For a standard HMM, this transition probability is given
T
by P(si|sx) = 21 8u® yowever, at every since we haveV samples, we add an extra summation over

T
Zt:l.%(t) - o . ST SN i) o
all samples. Thus in our case the modified the transition probability(is) = W This is
t=122i=1"Tk

followed by normalizing every columA (k) such that it is a probability vector.

3.4 M step: Estimation of i/ and o7

The Gaussian parametaté andaf are set to their maximum likelihood (ML) estimates for a mixture of
Gaussians, [11] with a modification to incorporate the samples at every time-point. In the standard ML
estimation of a mixture of, Gaussians, with/ datapoints, with thg*” datapoint represented iy, the

0L Okyd;
Sty Ok
the expectation that thg¢" datapoint,d;, is generated from thé!” Gaussian. In our case, we estimate
Gaussians for every geng in cells from everybsy, resulting inmn Gaussiansz?, i.e. theit® forward
sample at represents thé. The datapoints from which these Gaussians are estimated are the expression
vectors,y1,...,yr. A Gaussian for thg’” gene would use thg;(j) components. In our model, ML

) ) T N i .
estimates fop] after incorporatingV samples is given by/, = 2= 2i=i 2 (buel)
2t=1 2im1 (k)

a similar modification to the standard ML formula, for thesamples.

mean of thek!” Gaussian is given by, = Hered;; are the hidden variables, and represent

. o7 is calculated using



4 Experiments

4.1 Yeast cell-cycle

We used our patrticle filter based approach to model the yeast cell-cycle process which controls cell growth
and cell division. There are four primary phases in the cell-cyGlap | (G1), SynthesigsS), Gap Il (G2)
andMitosis(M). The yeast cell-cycle is an ordered set of events @ithbeing the first phase, followed by

S, thenG2 and finally the last phasé/. The number of biological stages, correspond to the important
events during the cell-cycle, which take place in a phase or during transitions between phases. We identified
five stages = 5) on the basis of [2] and [21]. These stages aké,:M/G1, G1, S, G2/M. M/G1 is the
transition betweed/ andG1 andG2/M is the transition betwee@2 and M. We finally identified lists of

genes for each of stages using existing biological knowledge of required genes for these stages [21, 2]. E.g.
CLNa3is required for early1 [15] and SIC1 is required for the transition from/ to G1 [2]. These gene

lists are used to perform biological validation of our results as described in Section 4.3.2.

4.2 Datasets

We tested our model for the cell-cycle on three datasets representing time-series microarray data from yeast
cell-cycle experiments. These datasets are represented by the-s¢f,, S, S.}. S, andS. were obtained

from the cell-cycle experiment done by Spellman al. [21]. S, hasT = 18 timepoints andn = 712

genes.S. hasT = 24 timepoints andn = 710 genes.L, was obtained from Linda Breeden'’s cell-cycle
experiment (unpublished)., hasT = 13 timepoints anch = 706 genes. For all three datasetswas set

to 5, as described in section 4.1. Of these 712 genes, 696 genes were studied by [13]. The remaining 16
genes were added on the basis of biological literature [21, 2, 14, 15]. Two geneSfand six genes from

L, because were removed since their gene expressions were entirely absent in these ddtagetswas

used as the synchronizing technique for b§trand L, andcdc15-2 was used foiS..

4.3 Results and validation

The final outputs of our model are (i) a set of profilgs,, . . ., p,} and (ii) an assignment of member genes

for every biological stagés;.. A profile, p;, indicates the manner in which the population 4t biological

stage varies over the course of the microarray experiment. fFhissa7-dimensional variable angl, ()
indicates the fraction of cells ibs; att. p(t) is equal toz.(k), wherez, is the mean ofD;. To assign

a geney; to a biological stage, we find the biological stage in whigthas the highest mean expression

ie. max(ui). This stage assignment for genes groups together similarly expressed genes thus providing a
clustering mechanism for genes based on their activity levels in different biological stages.

4.3.1 Statistical validation of results

To judge the statistical significance of our results, we tested our algorithm for consistency of the resultant
profile sets and preservation of temporal dependencies. To verify that our algorithm converges to consistent
profiles, we trained- different models for every dataset z € Z, resulting inr profile sets for every.

The average profile set and the standard deviation was then calculated fronpitbile sets. Plots of

the average profiles and standard deviations are shown in figures 1, 2, and 3. The standard deviations of
the profiles indicate that the profile sets, for a particular were reasonably close. To test whether our
approach preserves temporal dependencies, we used a randomized data confidence test similar to [6]. Let
Q represent a model trained on data with temporal dependencies,amd letR represent a model trained

on randomly shuffled data,, wherez, is obtained by reordering the observation vectors.iiio compare

@ and R, we calculated the log likelihood of the observed data € 7 for Q andR. The log likelihood,



L, of the observed data, B(y1, y2, - .., yr). Using the chain rulel = P(y;) HtT:2 P(ydyi, -+, ye—1)-

Then using an approximation described in [5], the first 1 term isP(y1) = S\~ | P(y1|x1)P(z}) and

the rest of the product is calculated Béy:|y1, - . ., y:—1) = S, P(y:|Z)wi_,. Letp, andr, denote the
average likelihood and standard deviation fr@hior a particular dataset z € Z. Letp,, andr,, denote

the average likelihood and standard deviation: dfom R. These averages are obtained by starting with
different initializations of the parameters for a model at the beginning of the EM training. We found that
was significantly smaller thap,, indicating that our model is able to learn true temporal dependencies. The
detailed results on each dataset is described in Table 1.

Dataset| True meanf.) | True stdev{,) | Shuffled meangd.,) | Shuffled sdtew.,)
Sa -738.7503 130.7760 -2612.045 286.0214
S -6392.7 132.8753 -8371.642 332.229
L, 2915.2406 23.2397 -1033.535 627.773

Table 1: Mean and standard deviations of model likelihood for the true and shuffled data

4.3.2 Biological validation of results

To show that the extracted profiles actually represent the stages of cell-cycle, we found a mapping between
the profile set resulting from our model to the §&f, M//G1,G1, S, G2/M}. This was done by comparing

the member genes assignedhtq with the list of genes known to be required for a biological stage. We
found that in most cases, the member genes associated with a profile had a maximal overlap with only
one set of known required genes. This allowed us to unambiguously associate an extracted profile with
an element from{ M, M/G1,G1,S,G2/M}. Moreover we found that each of the profiles had peaks at
specific timepoints indicating that majority of the cells were in the corresponding biological stag®,, For
Figure 2(d), and.,, Figure 3(a), there was a profile with a sharp peak-at1. The most significant GO
processes [10, 9] associated with these genes were relatethtdor response. This is important, because
a-factor arrests cells somewhereGfi, and this profile indicates cells which are recovering from the affect

of a-factor and completing the rest 6f1. We found similar behaviour i, which used:dc15-2 as the
arresting mechanismS, had profile with a peak at= 1, Figure 1(c), and the genes associated with this
profile were involved in laté/ or M /G1 phase. This was corroborated by the biological fact ¢hat5-2

arrests cells late i/ phase. In addition to this, the ordering of the peaks of the profiles were in agreement
with the stages in the cell-cycle, indicating the cyclic pattern of the cell-cycle.

5 Conclusion and future work

The primary goal of the approach described in this paper is to study the population dynamics of a temporal
biological progress by solely making use of available microarray data. Our approach attempts to solve the
CPD problem in a completely unsupervised fashion solely making use of the microarray data. The appli-
cation of our approach to the yeast cell-cycle data shows that our model succesfully recovers biologically
meaningful profiles that demonstrate the temporal dynamics of the stages of the cell-cycle and provides an
indication of the population synchrony over the microarray time course. Our method can also be employed
as a clustering technique to group genes based on their activity levels in a biological stage. Finally, the ran-
domization data confidence test proves that our approach incorporates and exploits temporal dependencies
of the time-series data.

There are several directions in which this work can be extended. One direction is to investigate the
possibility of finding a closed form solution to infer the cell fractions given the microarray data. Another
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Figure 1: Profiles forS. representing changing cell populations in each stage with time. (a) had maximal overlap
with G2/M genes, (b) with M and M/G1 genes, (c) with M/G1 genes, (d) with G1 and S genes, (e) with S genes
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direction is to find mathematical justifications for the modifications proposed in Section 2.7 and develop
more sophisticated methods to resolve this problem. Finally our approach assumes that gene expressions
at a timepoint are independent of each other given a biological stage. We hope to extend our model to
incorporate dependencies between gene expressions.
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