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Abstract. Phylogenetic reconstruction from gene-rearrangement data has attracted increasing atten-
tion from biologists and computer scientists. Methods used in reconstruction include distance-based
methods, parsimony methods using sequence-based encodings, and direct optimization. The latter,
pioneered by Sankoff and extended by us with the software suite GRAPPA, is the most accurate ap-
proach; however, its exhaustive approach means that it can be applied only to small datasets of fewer
than 15 taxa. While we have successfully scaled it up to 1,000 genomes by integrating it with a disk-
covering method (DCM-GRAPPR), the recursive decomposition may need many levels of recursion to
handle datasets with 1,000 or more genomes. We thus investigated quartet-based approaches, which
directly decompose the datasets into subsets of four taxa each; such approaches have been well stud-
ied for sequence data, but not for gene-rearrangement data. We give an optimization algorithm for
the NP-hard problem of computing optimal trees for each quartet, present a variation of the dyadic
method (using heuristics to choose suitable short quartets), and use both in simulation studies. We
find that our quartet-based method can handle more genomes than the base version of GRAPPA, thus
enabling us to reduce the number of levels of recursion in DCM-GRAPPA, but is more sensitive to the
rate of evolution, with error rates rapidly increasing when saturation is approached.

1 Intr oduction

Moderntechniquesanyield the orderingand strandednessf genesfor genomesgachchro-
mosomecanthenbe representedby an orderingof signedgeneswherethe signindicatesthe
strand.Rearrangemendf genesunderinversion,transpositionand other operationssuchas
duplicationsdeletionsandinsertionsjs animportantevolutionarymechanisni6]. Reconstruct-
ing phylogeniedrom gene-ordeidatahasbeenstudiedintenselysincethe pioneeringpapers
of Sanloff [2,21]. Becauseahey capturethe completegenome gene-ordedatado not suffer
from the genetreevs. speciedree problem;andbecauseearrangementsf genesarerarege-
nomic events[18], gene-ordedataenablethe reconstructiorof evolutionaryeventsfar backin
time. In consequencamary biologistshave embracedhis new sourceof datain their phylo-
geneticwork [6, 16,17], while computerscientistsand mathematiciangare slovly solving the
dif cult problemsposedby the manipulationsof thesegeneorders[15]. Studiesconductedoy
ourgroup[l14,24,26—-28]con rm thatgene-ordedatasupportvery accurateeconstructions.
Themainsoftwarepackagdor analyzinggene-ordedatais GRAPPAbasecntheBPAnalysis
softwareof Sanloff andBlanchettd21]. GRAPPAchigredabillion-fold speed-umver BPAnalysis
[14]; it cananalyzedatasetf 13 genomesn 20 minuteson a laptop. Extensve testinghas
shavn thatthe treesreturnedoy GRAPPAare betterthanthosereturnedby othermethodshased
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ongeneorders suchasdistance-baseaiethodsandparsimory basednencoding5, 28]. How-
ever, since GRAPPAusesexhaustve searchto enumeratell possibletrees,it canonly handle
small datasets—itvill take morethana monthto nish a 17-taxonanalysison todays most
powerful computers We integrated GRAPPAwith DCM, a divide-and-conqueapproachpio-
neeredby Tandy Warnav and her colleagueq10], to produceDCM-GRAPPA26], which can
analyzedataset®f upto 1,000taxawithoutlossof accurag.

DCM-GRAPPAvorksin threestepsit rst decomposethe datasetnto overlappingsubprob-
lems (disks), then runs GRAPPAoN the subproblemsand nally usesa specializedsupertree
method[19], the strict consensusnemger, to build a treefor the original datasefrom the trees
returnedoy GRAPPAor thesubproblemsBecaus¢hedecompositiotechniquenf DCM canstill
producesubproblemsoolargefor GRAPPAo handle we haveto call DCM recursvely until each
subproblernsizefalls belov a giventhreshold(currentlysetat 14). Becausehethresholdis so
small,large problemgequiremary levelsof recursive decompositionwhichis time-consuming
andalsoriskspropagatingandamplifying errorin theassemblyof the subtrees.

Onecanalsodecomposéhe setof taxainto the smallestpossiblesubsetgor which mean-
ingful answersexist, namelyquartets setsof four taxa.(Setsof two or threetaxacanproduce
only onetopology but thereexist threepossibleunrootedtopologiesfor treesproducedfrom
quartets.) While theremary suchquartetstheir very small size shouldmake themcomputa-
tionally easyto compute.lf every quartettreeis computedcorrectlyfrom noiselessiata,then
thereis a singletreecompatiblewith all (Z) resohed quartetsandthattreeis thetruetree|3];
in practiceof coursemary of theresohed quartetsarein errorandno singletreeis compatible
with all resohed quartetsWith sequencelata,biologistshave long usedthe heuristicmethod
known as quartet-puzzlind23], while computerscientistshave developedsereral theoretical
methodssuchasquartetcleaning[l, 11]—see€[22] for areview andexperimentalcomparison
of thesemethodsin the caseof geneorders however, computingthe besttreefor aquartetis an
NP-hard—itincludes nding the medianof threegenomesa knowvn NP-hardproblem[4], asa
specialcase.

In this paper we presenta seriesof algorithmicandexperimentalresultsthatleadto are-
constructionrmethodfrom gene-ordedatawhich overcomessomeof the problemsassociated
with quartetmethods After somebackgroundeview andde nitions, we describen Section3
our exact methodto computeoptimal quartettreesunderbreakpointdistancesjn Section4.1
we presenbur experimentalstudiesto nd the bestmethodgo resole the quartetsaswell as
our useof thedyadicinferencerule (seg[9]) to obtainasufcient setof quartetdrom aselected
subsebf shortquartetyinspiredfrom the short-quartemethod[7, 29]); in Section5, we sum-
marizeour experimentson simulatedandbiological datasetsthe resultsof which suggesthat
ourmethodcanproduceaccuratdopologiedor datasetsf upto 25 taxawithin reasonabléme,
providedthatthe genomesrelarge enoughto avoid saturation.

2 De nitions and Notation

A quartetis a quadrupleof taxa;a quartettreeis anunrootedbinary treefor sucha quadruple.
Givenaquartet{a; b; c;d}, we saythata quartetireeon this setis unresolvedf it is a star(four
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Fig. 1. The four possible quartet topologies for quartet {a;b;c;d}.

edgeseachtouchinga leaf) and denoteit by (abcd). If the quartettree hasan internaledge
separatingwo pairsof leaveswe saythatit is resolvedand,if the pairsarea; b andc:d, denote
it by ab| cd. Thefour possiblequartettopologiesnducedby a quartetaredepictedn Figurel.
A resoledquartetab | cd agreeswith atreeT if all four of its taxaareleavesof T andthepath
fromatobin T doesnotintersectwith the pathfrom ctod in T. Equivalently ab| cd agrees
with atreeif the subtreenducedin T by the four-taxonsubset{a; b;c;d} is the quartetitself.
The (resoled)quartetab | cd is in errorwith respecto thetreeT if it doesnotagreewith T. If
Qr denoteghesetof all (resolhed) quartetshatagreewith T, thenT is uniquelycharacterized
by Qr; morewer, T canbereconstructeth polynomialtime from Qr [7]. In general of course,
we constructa setQ of (Z) resohed quartetshatis not equalto Qr. In Figure 2, the resohed
quartetac | bd would bein error, sinceit doesnotappeain Q7.

ablcd
ablce
ab | de
ac | de
be | de

d e

Fig.2. An evolutionary tree T and its set Q1 of induced quartet topologies.

Quartet-basednethodsoperatein two phaseskFirst, they constructa set Q of resohed
quartets—inmostcaseshy determiningthe preferredtopologyfor all of the (Z) gquartetsBe-
causeeachdatasehassize4, ary phylogenetianethodcanbeusedto estimateahequartetopol-
ogy, includingmaximumlik elihoodandmaximumparsimon (se€[25]), neighbotjoining [20],
therelaxedfour-point method[8], andthe ordinalquartetmethod[12]. In the secondohasethe
resohed quartetsareusedto constructa singletreeon the entiresetof taxa. This secondpohase
is simplewhenall quartetsarecompatible but a seriouschallengewhensomeof the resohed
quartetcon ict with others—somethinghatis commonlyobsered wheninsufcient dataare
presen{22].
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3 Inferring Quartet Topologies

In the maximumparsimon method,optimal quartettreesfor gene-ordedatacanbe computed
by a brute-forceapproachfor eachof thethreepossibleresohedtopologieswe needto assign
geneordersto the two internalnodesso asto minimize the quartetscore,thatis, the sum of
thelengthsof the ve edgesf theresohed quartetandthenwe returnthetreewith the lowest
score However, identifying suchgeneordersis NP-hardevenfor just oneinternalnodeandthe
simplestdistancemeasuref].

The simplestapproachs to use GRAPPAO constructa tree for eachquartet;althoughthe
resultmay not be optimal, our experimentsaswell as earlierones[13], shav thatthe result
returnedby GRAPPAs optimal in mostrealisticcaseslf we limit ourselesto breakpointdis-
tanceswe canattemptto solve the NP-hardoptimizationproblemdirectly, usingthe stratgy
of reductionto TSP devisedby Sanloff; we devisedtwo differentalgorithmsfor this purpose,
whichwe call Qtsp andQedge.

Sanloff's reductionto TSP can be summarizedas follows. Given three genomeswith n
geneswe build the completegraphKs,, onthe 2n verticesgi, —01, 92, —02, :::, O., —0,. For
eachedge(g; h) in this graph,we setthe weight of the edgeasfollows: if we have g = —h,
thenwe settheweightto alarge negative value(to ensurehatthis edgeis partof ary solution),
otherwisewe setit to 3— adj(g; h), whereadj(g; h) is the numberof timesthat —g andh are
adjacenin the givengenomesDenotetheresultingweightedgraphby G.

Proposition 1. (Sankff) If s= s1;,—51;%; —%; - Si; —S, IS thesolutionto the TSPon G, then
themedianof thegivengenomess g = s;;%;-- - ;S,.

This resultconcernsa singleunknavn genomewhereasve needto identify two suchfor quar
tets.Our rst algorithmsimply views the two asforming a pair andremapsthe probleminto a
universewherepairsfor the unit of computatiorandwherea singletour de nesbothgenomes,
whereaour secondalgorithmretainsthe original formulation,but looksfor a pair of tours.

3.1 TheQtsp Algorithm

Herewe look for a singlepermutatiorof sizen, eachentry of which consistf a pair of genes
(9i;9;). Let the two desiredinternal genomesbe e and f, wheregenomee is connectedo

genomes, b, and, of course,f, andgenomef is connectedo genomes, d, ande. As in

Sanloff's construction puild a completegraph,hereon (2n)? vertices,eacha pair of signed
genomesFor eachedge{(9;1;09:2);(9;1;9;2) } in this graph,we setthe weight of the edgeas
follows: if we have g;1 = g;1 andg;1 = g;1, thenwe setthe weightto a large negative valueto

ensurehatthis edgeis partof ary solution,otherwisewe setit to 4 — u1(9i1;9;1) — U2(9i2;9;2),

whereus(gi1;9;1) is thenumberof times—g;; andg;; areadjacenin thegenomes andb and
U2(9i2; 9;2) is thenumberof times—g;» andg;» areadjacentn thegenomes andd. Denotethe
resultingweightedgraphby G.

Proposition2. If s= (s11;512); (—S11; —S12); -+ ;(S11: Si2); (—Su1; —Si2) is the solutionto the
TSPon G, thentheoptimalinternalgenomesree= s11;1;--- ;S and f = $12;59; -+ 1 S2.



After transforminghe problem we canusetheef cient TSProutineof GRAPPAo searcHor the

optimal solution (after modifying it to introduceone morebucket of costs,sincenow the edge
costsof interestarel, 2, and3, notjust 1 and2). The problemis thatthe instancehuscreated
is of sizequadraticin the numberof genescombinedwith the extra bucket of costs,the large

instancesizemalesit dif cult to obtainsolutionsto sizeablenstances.

3.2 QedgeMethod

This methodusesthe original TSPformulation,of sizelinearin the numberof genesput seeks
simultaneouslyto optimizetoursin two separatgraphs.Let a, b, ¢, d, e, and f be asbefore.
We setup two completegraphson 2n verticeseach—ondor e andonefor f. For eachedge
{g;h}, we setits weightasfollows: if we have g = —h, we setthe weightto a large negative
valueto forceits inclusion;otherwisewe setit to 2— u(gh), whereu(gh) is thenumberof times
—g andh areadjacenin thegenomes andb (for anedgein the rst graph)orin thegenomes
c andd (for an edgein the secondgraph).Now, whenaddingan edgeto the two toursunder
constructionwe caneitherpick differentedgesfrom the two graphs,eachwith the minimum
weightin its own graph,andaddonebreakpointetweene and f to the total cost;or pick the
sameedgein both graphs,evenif notlocally optimal, therebysaving a breakpointbetweene
and f; ouralgorithmcomputeghe costof eachchoiceandpicksthe choiceof lower cost.

3.3 Experimental Resultsfor Qtsp and Qedge

We rantestsfor thesetwo methodsandGRAPPANn quartetof 10,20, 30,40,and50 genesunder
evolutionaryrates(the expectednumberof evolutionary eventsper edgeof the modeltree) of
r=1,2,3,4,and5. Therunningtimesof Qtsp andQedge areshavn in Figure3. As expected,
Qedge runsmuchfasterthanQtsp ; however, its runningtime is alsoheavily dependenbn the
quartetscore,which bodesill for its usein the reconstructiorof large trees,wheremary of
the quartetswill have very large scoresBoth Qtsp andQedge reconstructedhe sameoptimal
quartettrees(exceptfor ties), which were the sameasthe modeltreein 97% of casegeven
thoughtheir scoresweretypically lower thanthe modeltreescores)morewer, mostof the 3%
camefrom the 10-genecase which getsquickly saturatedor evolutionaryratesabove r = 3.

Qedge Running-time Qbbtsp Running-time
0.5 T T T — 30 T T T —T—
ngenes=10, median —+— o ngenes=10, median ——+—
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Fig. 3. Running times of Qtsp (left) and Qedge (right) as a function of quartet score
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GRAPPAdid almostaswell: 96% of the quartetst returnedmatchedthe modeltree—andt re-
turnedanswersn a few microsecondsyith fairly slov growth in runningtime asthe expected
evolutionaryratesincreasedSincereconstructingphylogeniedrom quartetsequiresthe com-
putationof alarge setof complex quartetstherunningtime is very critical. Therefore pasedn
our results we choseGRAPPAasthe methodto resole thetopologiesof quartets.

4 PhylogeneticReconstructionfrom Quartets

Thecomputationathallengeof quartetrecombinatior{building asingletreefrom thecollection
of quartets)s how to dealwith quarteterrors.Mostoptimizationproblemsrelatedto treerecon-
structionfrom quartetsareNP-hard suchasthe Maximum QuartetCompatibilityproblem[11],

which seeksatreeT for a given setof quartetQ of quartetssuchthat |Q7 N Q| is maximized.
Variousmethodshave beendesignedo handlequarteterrors. The dyadic-closuranethodsim-

ply issuesanerrormessagandquits[9]. The Qx methodseekshe maximumresohedtree T’

thatobeys Q(T’) C Q, amethodso conserative thatit generallyproducegreeswith mary un-

resohed edgeqd3]. Quartet-cleaningnethodsestablisha boundon the numberof quarteterrors
aroundeachreconstructetreeedge[1, 11]. Noneof thesemethodgroducesatishctoryresults
on sequencealata[22]. In theory it is possibleto selecta subsetof shortquartetsand addto

thesdurtherquartetopologiesderivedaccordingo aninferencerule, andfrom thatsetproduce
asingletreethathasno error[7]. Unfortunately this resultassumeperfectdataand givesno

simplemethodby which to selectthe subsef quartets We thussetout to designa selection
rule andinvestigatdts performanceusingthe dyadicinferencerules[9]:

1. If ab| cdis avalid resohed quartetthensoareba| cd andcd | ab.
2. If ab| cd andac| de arevalid resohed quartetsthensoareab | ce ab | de, andbc | de.
3. If ab| cd andab| cearevalid resoled quartetsthensois ab | de.

4.1 Selectinga Subsetof Quartets

Figure 4 shawvs two possibletopologiesfor quartet{a;b;c;d}. In the rst topology the two
pairsof genomeqa;b} and{c;d} arefarapartfrom eachother but in the secondopologythe
two pairs{a;c} and{b;d} arequite close:the rst topologyis morelikely to be correct,an
obsenration supportedy therelaxed four-point method[8]:

Computeall pairwisedistanceamonga, b, ¢, andd; returnab| cd if wehaved,, + d.; <
min(d,. + dyg; dua + die), but returnthe startopologyif all threesummationsreequal.

ablcd ac |l bd

Fig. 4. Two quartet topologies; the left has a higher probability of correctness
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Sincecomputingall (Z) gquartetstakestoo long, we canusethis relaxed four-point methodto
choosequartetsandreducethe overall runningtime. After resolvingthe quartetsye canassign
aweightto eachresohed quartetto measureur con dencein thatquartetfor example,we can
usetheinversiondistancebetweerthetwo internalnodes.

4.2 Fixing Quartet Errors

Although GRAPPAis very reliable and althoughwe can pick only resohed quartetsof larger
weight,we maystill sufer from quarteterrors.The problembecomesvorsewhenwe areforced
to selectsomequartetsof low weightin orderto resole every internal tree edge.We must
thusattemptto eliminatequarteterrors.We do soin quite a differentmannerfrom the quartet-
cleaningmethodsSincetheresoled quartetsareweightedandsincewe placemoretrustin the
quartetsof higherweight, we examinethe sourceof quarteterrorsand, whene&er two quartet
topologiesareincompatible we remove the onewith lower weight. We canattemptto do this
from a sufciently large initial setof resolhed quartetsput thenwe fall backinto a versionof
the NP-hardproblemMaximum QuartetCompatibility

Insteadwe do it incrementallywe selecta high weightthresholdandonly retainresohed
quartetfcomputeconthe y with GRAPPAwith weightsabove thatthresholdjf we nd quartet
errors,we remove theincompatiblequartetof lowerweight;we thenapplythedyadicinference
rulesto augmenbur collectionof compatiblequartets;nally, if theresultingsetof compatible
quartetsfully resohesthe tree,we are done (we can apply a methodlike Qx to recover the
tree),otherwisewe lower the thresholdandaddto our setthe newly eligible resohed quartets.
By controllingthedecreas@ theweightthresholdwe cancontrolthetradeof betweerrunning
time andquality (big decreasesausdheinclusionof mary resohedquartetsandtheappearance
of mary quarteterrors,but give morechoiceandthuspotentiallybetterresults).

Sincewe do not know the weight of a resolhed quartetuntil we resole it andyetwantto
avoid resolvingquartetshatwill not be selectedwe needa fastcomputationto decidewhich
quartetdo resole.

De nition 1. Givena quartetq = {a;b;c;d} andall six pairwisedistancesthe width of q is
Qw = ma)(dah + dcd; dac + dhd;dad + dhc) - min(dah + dcd; dac + dhd;dad + dhc)-

As q,, increasesthe two pairsof genomegnove further apartandthus the weightincreases:
hencewe candecidewhich quartetgo resohe basedon their width, simply by comparingtheir
width with theweightthreshold.

It maywell occurthat,evenif thethresholdis loweredto zero,the setof compatiblequar
tetsremainsinsufcient to resohe thetree—inwhich casewe have no choicebut to leave these
unresoled polytomiesin theoutput.

5 Experimental Results

If thetruetreehasanedgede ning a bipartitionthathasno equialentin thereconstructedree,
that edgeis a false ngyative (FN); corversely if the reconstructedree hasan edgede ning a
bipartitionthathasno equialentin thetrue tree,thatedgeis a falsepositive(FP). Falseposi-
tivesaremoreproblematicthanfalsepositves; a rate (the numberof falseedgesof oneor the
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Fig. 5. Performance of our method on genomes of 80 genes.

otherkind dividedby thenumberof internaledgesof thetruetree)of morethan5%is generally
consideredoo high.

Werandomlygeneratednodeltreetopologiesrom theuniform distribution on binarytrees,
eachwith 12,16 and20leavesrespectiely. Oneachtree,we evolvedsignedpermutation®f 40,
60 and 80 genesusingevolutionaryrate (the expectednumberof evolutionary eventsalonga
treeedge)of 2, 4, 6. For eachcombinatiorof parametersye generated Otrees andthe nal re-
sultsareaveragednthe 10 datasetsWe computedjuartetusingGRAPPAndbuilt theresulting
treeusingour algorithmsfor selectingquartetsof high weight, eliminatingcon icting quartets,
andexpandingthe setwith the dyadicrules.Figure5 shavs FP andFN ratesfor datasetsvith
80 genesOur methoddid very well, but it canbe seenthat saturation(high evolutionaryrates
leadingto ill-de ned estimatef distancesrausesa smallincreasean the errorrate. This ob-
senation is con rmed in a dramaticfashionby our resultson datasetsith 40 geneswhere
saturatioroccursmuchsoonerandtheresultsareunacceptablegsseenn Figure6. At theother
extreme,it canalsobe seenin Figure5 that, with very low evolutionary rates,mary quartets
cannotbesatishctorily resolhed (we getequalitiesandthusstartopologies)which leadsto poor
resolutionandmary falsenegaties.

Ourtestsveri ed avery smallsubsetf quartetsufces to infer thecompletesetof quartets.
For datasetsvith 12 genomespnly 75 quartetg15%of thetotal) areneededwith 20 genomes,
only 270 quartety6% of thetotal) areneededOur selectionrule worked well: of the quartets

FP rate

2 3
Evolutionary rate (r)

FN rate

2 3 4
Evolutionary rate (r)

Fig. 6. Performance of our method on genomes of 40 genes (n is the number of genomes in each dataset).



selectedfewerthan2% overallwerefoundto beincompatiblelnterestingly the setof resohed
quartetproducedy our method(computedy GRAPPAhenre ned asdescribedproducedrery
accurateeconstructionsyhile the setproducedlirectly by therelaxed four-point methodgave
very poorresults.

6 Conclusions

We have presented new, quartet-basedyhylogely reconstructiormethodfor gene-ordedata
andreportedts performanc®n simulateddatasetsOur methodcanproduceaccuratd¢opologies
for treeswith up to 25 leaves (well beyond the reachof GRAPPA in reasonabléime whenthe
datasetslo not exhibit signi cant saturation.The resultswe have obtainedpromisewell, espe-
cially becauseve have mary possibleavenuesof improvement.For instancewe have recently
developedalinearprogrammingmethodthat canaccuratelyestimatethe edgelengthsof fairly
smalltrees;by usingthis methodto estimatehelengthof quartetedgeswe canfurtherimprove
ourquartetselectionjn termsof bothspeedandaccurag. Suchimprovementshouldalsoenable
usto handledatasetsvith largerpairwisedistancesWe designedhis methodo extendtherange
of basemethodghatcanbeusedin conjunctiorwith a disk-coseringmethodthusthelimitation
to setsof 20—30taxais notanissue but in facta potentiallysigni cant gainover thedirectuse
of GRAPPAasabasemethod sincethis lastis limited to 12—15taxa.
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