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Abstract. Phylogenetic reconstruction from gene-rearrangement data has attracted increasing atten-
tion from biologists and computer scientists. Methods used in reconstruction include distance-based
methods, parsimony methods using sequence-based encodings, and direct optimization. The latter,
pioneered by Sankoff and extended by us with the software suite GRAPPA, is the most accurate ap-
proach; however, its exhaustive approach means that it can be applied only to small datasets of fewer
than 15 taxa. While we have successfully scaled it up to 1,000 genomes by integrating it with a disk-
covering method (DCM-GRAPPA), the recursive decomposition may need many levels of recursion to
handle datasets with 1,000 or more genomes. We thus investigated quartet-based approaches, which
directly decompose the datasets into subsets of four taxa each; such approaches have been well stud-
ied for sequence data, but not for gene-rearrangement data. We give an optimization algorithm for
the NP-hard problem of computing optimal trees for each quartet, present a variation of the dyadic
method (using heuristics to choose suitable short quartets), and use both in simulation studies. We
find that our quartet-based method can handle more genomes than the base version of GRAPPA, thus
enabling us to reduce the number of levels of recursion in DCM-GRAPPA, but is more sensitive to the
rate of evolution, with error rates rapidly increasing when saturation is approached.

1 Intr oduction
Moderntechniquescanyield the orderingandstrandednessof genesfor genomes;eachchro-
mosomecanthenbe representedby an orderingof signedgenes,wherethe sign indicatesthe
strand.Rearrangementof genesunder inversion,transposition,and other operationssuchas
duplications,deletionsandinsertions,is animportantevolutionarymechanism[6]. Reconstruct-
ing phylogeniesfrom gene-orderdatahasbeenstudiedintenselysincethe pioneeringpapers
of Sankoff [2, 21]. Becausethey capturethe completegenome,gene-orderdatado not suffer
from thegenetreevs. speciestreeproblem;andbecauserearrangementsof genesarerarege-
nomicevents[18], gene-orderdataenablethereconstructionof evolutionaryeventsfar backin
time. In consequence,many biologistshave embracedthis new sourceof datain their phylo-
geneticwork [6, 16,17], while computerscientistsandmathematiciansareslowly solving the
dif�cult problemsposedby themanipulationsof thesegeneorders[15]. Studiesconductedby
ourgroup[14,24,26–28]con�rm thatgene-orderdatasupportveryaccuratereconstructions.

Themainsoftwarepackagefor analyzinggene-orderdatais GRAPPA, basedontheBPAnalysis
softwareof Sankoff andBlanchette[21]. GRAPPAachievedabillion-fold speed-upoverBPAnalysis
[14]; it cananalyzedatasetsof 13 genomesin 20 minuteson a laptop.Extensive testinghas
shown that thetreesreturnedby GRAPPAarebetterthanthosereturnedby othermethodsbased
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ongeneorders,suchasdistance-basedmethodsandparsimony basedonencoding[5, 28].How-
ever, sinceGRAPPAusesexhaustive searchto enumerateall possibletrees,it canonly handle
small datasets—itwill take more thana month to �nish a 17-taxonanalysison today's most
powerful computers.We integratedGRAPPAwith DCM, a divide-and-conquerapproachpio-
neeredby Tandy Warnow and her colleagues[10], to produceDCM-GRAPPA[26], which can
analyzedatasetsof up to 1,000taxawithout lossof accuracy.

DCM-GRAPPAworksin threesteps:it �rst decomposesthedatasetinto overlappingsubprob-
lems (disks), then runs GRAPPAon the subproblems,and �nally usesa specializedsupertree
method[19], thestrict consensusmerger, to build a treefor theoriginal datasetfrom the trees
returnedby GRAPPAfor thesubproblems.Becausethedecompositiontechniqueof DCM canstill
producesubproblemstoolargefor GRAPPAto handle,wehaveto call DCM recursively until each
subproblemsizefalls below a giventhreshold(currentlysetat 14). Becausethethresholdis so
small,largeproblemsrequiremany levelsof recursivedecomposition,which is time-consuming
andalsoriskspropagatingandamplifyingerrorin theassemblyof thesubtrees.

Onecanalsodecomposethesetof taxainto thesmallestpossiblesubsetsfor which mean-
ingful answersexist, namelyquartets, setsof four taxa.(Setsof two or threetaxacanproduce
only onetopology, but thereexist threepossibleunrootedtopologiesfor treesproducedfrom
quartets.) While theremany suchquartets,their very small sizeshouldmake themcomputa-
tionally easyto compute.If every quartettreeis computedcorrectlyfrom noiselessdata,then
thereis a singletreecompatiblewith all

(n
4

)

resolved quartetsandthat treeis the true tree[3];
in practice,of course,many of theresolvedquartetsarein errorandnosingletreeis compatible
with all resolved quartets.With sequencedata,biologistshave long usedthe heuristicmethod
known as quartet-puzzling[23], while computerscientistshave developedseveral theoretical
methods,suchasquartetcleaning[1,11]—see[22] for a review andexperimentalcomparison
of thesemethods.In thecaseof geneorders,however, computingthebesttreefor aquartetis an
NP-hard—itincludes�nding themedianof threegenomes,a known NP-hardproblem[4], asa
specialcase.

In this paper, we presenta seriesof algorithmicandexperimentalresultsthat leadto a re-
constructionmethodfrom gene-orderdatawhich overcomessomeof the problemsassociated
with quartetmethods.After somebackgroundreview andde�nitions, we describein Section3
our exact methodto computeoptimal quartettreesunderbreakpointdistances;in Section4.1
we presentour experimentalstudiesto �nd thebestmethodsto resolve thequartets,aswell as
ouruseof thedyadicinferencerule (see[9]) to obtainasuf�cient setof quartetsfrom aselected
subsetof shortquartets(inspiredfrom theshort-quartetmethod[7,29]); in Section5, we sum-
marizeour experimentson simulatedandbiologicaldatasets,the resultsof which suggestthat
ourmethodcanproduceaccuratetopologiesfor datasetsof upto 25taxawithin reasonabletime,
providedthatthegenomesarelargeenoughto avoid saturation.

2 De�nitions and Notation
A quartetis a quadrupleof taxa;a quartettreeis anunrootedbinary treefor sucha quadruple.
Givena quartet{a;b;c;d}, we saythata quartettreeon this setis unresolvedif it is a star(four
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Fig. 1. The four possible quartet topologies for quartet {a;b;c;d}.

edges,eachtouchinga leaf) anddenoteit by (abcd). If the quartettreehasan internaledge
separatingtwo pairsof leaveswe saythatit is resolvedand,if thepairsarea;b andc:d, denote
it by ab | cd. Thefour possiblequartettopologiesinducedby a quartetaredepictedin Figure1.
A resolvedquartetab | cd agreeswith a treeT if all four of its taxaareleavesof T andthepath
from a to b in T doesnot intersectwith thepathfrom c to d in T. Equivalently, ab | cd agrees
with a treeif thesubtreeinducedin T by the four-taxonsubset{a;b;c;d} is thequartetitself.
The(resolved)quartetab | cd is in errorwith respectto thetreeT if it doesnotagreewith T. If
QT denotesthesetof all (resolved)quartetsthatagreewith T, thenT is uniquelycharacterized
by QT ; moreover, T canbereconstructedin polynomialtime from QT [7]. In general,of course,
we constructa setQ of

(n
4

)

resolved quartetsthat is not equalto QT . In Figure2, theresolved
quartetac | bd wouldbein error, sinceit doesnotappearin QT .

e
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Fig. 2. An evolutionary tree T and its set QT of induced quartet topologies.

Quartet-basedmethodsoperatein two phases.First, they constructa set Q of resolved
quartets—inmostcases,by determiningthepreferredtopologyfor all of the

(n
4

)

quartets.Be-
causeeachdatasethassize4,any phylogeneticmethodcanbeusedto estimatethequartettopol-
ogy, includingmaximumlikelihoodandmaximumparsimony (see[25]), neighbor-joining [20],
therelaxedfour-point method[8], andtheordinalquartetmethod[12]. In thesecondphase,the
resolvedquartetsareusedto constructa singletreeon theentiresetof taxa.This secondphase
is simplewhenall quartetsarecompatible,but a seriouschallengewhensomeof theresolved
quartetcon�ict with others—somethingthat is commonlyobserved wheninsuf�cient dataare
present[22].
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3 Inferring Quartet Topologies
In themaximumparsimony method,optimalquartettreesfor gene-orderdatacanbecomputed
by a brute-forceapproach:for eachof thethreepossibleresolvedtopologies,we needto assign
geneordersto the two internalnodesso asto minimize the quartetscore,that is, the sumof
thelengthsof the� ve edgesof theresolvedquartet,andthenwe returnthetreewith thelowest
score.However, identifyingsuchgeneordersis NP-hardevenfor just oneinternalnodeandthe
simplestdistancemeasures[4].

The simplestapproachis to useGRAPPAto constructa treefor eachquartet;althoughthe
resultmay not be optimal, our experiments,aswell asearlierones[13], show that the result
returnedby GRAPPAis optimal in mostrealisticcases.If we limit ourselves to breakpointdis-
tances,we canattemptto solve the NP-hardoptimizationproblemdirectly, usingthe strategy
of reductionto TSPdevisedby Sankoff; we devisedtwo differentalgorithmsfor this purpose,
whichwe call Qtsp andQedge.

Sankoff 's reductionto TSP can be summarizedas follows. Given threegenomeswith n
genes,we build thecompletegraphK2n on the 2n verticesg1, −g1, g2, −g2, : : :, gn, −gn. For
eachedge(g;h) in this graph,we set the weight of the edgeas follows: if we have g = −h,
thenwesettheweightto a largenegative value(to ensurethatthisedgeis partof any solution),
otherwisewe setit to 3−adj(g;h), whereadj(g;h) is thenumberof timesthat−g andh are
adjacentin thegivengenomes.Denotetheresultingweightedgraphby G.

Proposition1. (Sankoff) If s= s1;−s1;s2;−s2; · · · sn;−sn is thesolutionto theTSPon G, then
themedianof thegivengenomesis g = s1;s2; · · · ;sn.

This resultconcernsa singleunknown genome,whereaswe needto identify two suchfor quar-
tets.Our �rst algorithmsimply views the two asforming a pair andremapstheprobleminto a
universewherepairsfor theunit of computationandwherea singletour de�nesbothgenomes,
whereasoursecondalgorithmretainstheoriginal formulation,but looksfor apairof tours.

3.1 The Qtsp Algorithm
Herewe look for a singlepermutationof sizen, eachentryof which consistsof a pair of genes
(gi;gj). Let the two desiredinternal genomesbe e and f , wheregenomee is connectedto
genomesa, b, and,of course, f , and genomef is connectedto genomesc, d, and e. As in
Sankoff 's construction,build a completegraph,hereon (2n)2 vertices,eacha pair of signed
genomes.For eachedge{(gi1;gi2); (gj1;gj2)} in this graph,we set the weight of the edgeas
follows: if we have gi1 = gj1 andgi1 = gj1, thenwe settheweight to a large negative valueto
ensurethatthisedgeis partof any solution,otherwise,wesetit to 4−u1(gi1;gj1)−u2(gi2;gj2),
whereu1(gi1;gj1) is thenumberof times−gi1 andgj1 areadjacentin thegenomesa andb and
u2(gi2;gj2) is thenumberof times−gi2 andgj2 areadjacentin thegenomesc andd. Denotethe
resultingweightedgraphby G.

Proposition2. If s = (s11;s12); (−s11;−s12); · · · ; (sn1;sn2); (−sn1;−sn2) is the solution to the
TSPonG, thentheoptimalinternalgenomesaree= s11;s21; · · · ;sn1 and f = s12;s22; · · · ;sn2.
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After transformingtheproblem,wecanusetheef�cient TSProutineof GRAPPAto searchfor the
optimalsolution(aftermodifying it to introduceonemorebucket of costs,sincenow theedge
costsof interestare1, 2, and3, not just 1 and2). Theproblemis that the instancethuscreated
is of sizequadraticin thenumberof genes;combinedwith theextra bucket of costs,the large
instancesizemakesit dif�cult to obtainsolutionsto sizeableinstances.

3.2 QedgeMethod
This methodusestheoriginalTSPformulation,of sizelinearin thenumberof genes,but seeks
simultaneouslyto optimizetoursin two separategraphs.Let a, b, c, d, e, and f be asbefore.
We setup two completegraphson 2n verticeseach—onefor e andonefor f . For eachedge
{g;h}, we set its weight asfollows: if we have g = −h, we setthe weight to a large negative
valueto forceits inclusion;otherwise,wesetit to 2−u(gh), whereu(gh) is thenumberof times
−g andh areadjacentin thegenomesa andb (for anedgein the�rst graph)or in thegenomes
c andd (for an edgein the secondgraph).Now, whenaddingan edgeto the two toursunder
construction,we caneitherpick differentedgesfrom the two graphs,eachwith the minimum
weight in its own graph,andaddonebreakpointbetweene and f to the total cost;or pick the
sameedgein both graphs,even if not locally optimal, therebysaving a breakpointbetweene
and f ; ouralgorithmcomputesthecostof eachchoiceandpicksthechoiceof lowercost.

3.3 Experimental Resultsfor Qtsp and Qedge
Werantestsfor thesetwo methodsandGRAPPAonquartetsof 10,20,30,40,and50genesunder
evolutionaryrates(the expectednumberof evolutionaryeventsper edgeof the modeltree)of
r = 1, 2, 3, 4, and5. Therunningtimesof Qtsp andQedge areshown in Figure3. As expected,
Qedge runsmuchfasterthanQtsp ; however, its runningtime is alsoheavily dependenton the
quartetscore,which bodesill for its usein the reconstructionof large trees,wheremany of
thequartetswill have very large scores.Both Qtsp andQedge reconstructedthesameoptimal
quartettrees(except for ties), which were the sameas the model tree in 97% of cases(even
thoughtheir scoresweretypically lower thanthemodeltreescores);moreover, mostof the3%
camefrom the 10-genecase,which getsquickly saturatedfor evolutionaryratesabove r = 3.
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GRAPPAdid almostaswell: 96%of thequartetsit returnedmatchedthemodeltree—andit re-
turnedanswersin a few microseconds,with fairly slow growth in runningtime astheexpected
evolutionaryratesincreased.Sincereconstructingphylogeniesfrom quartetsrequiresthecom-
putationof a largesetof complex quartets,therunningtime is verycritical. Therefore,basedon
our results,we choseGRAPPAasthemethodto resolve thetopologiesof quartets.

4 PhylogeneticReconstructionfr om Quartets
Thecomputationalchallengeof quartetrecombination(building asingletreefrom thecollection
of quartets)is how to dealwith quarteterrors.Mostoptimizationproblemsrelatedto treerecon-
structionfrom quartetsareNP-hard,suchastheMaximumQuartetCompatibilityproblem[11],
which seeksa treeT for a given setof quartetQ of quartetssuchthat |QT ∩Q| is maximized.
Variousmethodshave beendesignedto handlequarteterrors.Thedyadic-closuremethodsim-
ply issuesanerrormessageandquits [9]. TheQ∗ methodseeksthemaximumresolved treeT ′

thatobeys Q(T ′) ⊆ Q, a methodsoconservative that it generallyproducestreeswith many un-
resolvededges[3]. Quartet-cleaningmethodsestablisha boundon thenumberof quarteterrors
aroundeachreconstructedtreeedge[1, 11].Noneof thesemethodsproducessatisfactoryresults
on sequencedata[22]. In theory, it is possibleto selecta subsetof shortquartetsandaddto
thesefurtherquartettopologiesderivedaccordingto aninferencerule,andfrom thatsetproduce
a singletreethathasno error [7]. Unfortunately, this resultassumesperfectdataandgivesno
simplemethodby which to selectthesubsetof quartets.We thussetout to designa selection
ruleandinvestigateits performance,usingthedyadicinferencerules[9]:

1. If ab | cd is avalid resolvedquartet,thensoareba | cd andcd | ab.
2. If ab | cd andac | dearevalid resolvedquartets,thensoareab | ce, ab | de, andbc | de.
3. If ab | cd andab | cearevalid resolvedquartets,thensois ab | de.

4.1 Selectinga Subsetof Quartets
Figure 4 shows two possibletopologiesfor quartet{a;b;c;d}. In the �rst topology, the two
pairsof genomes{a;b} and{c;d} arefar apartfrom eachother, but in thesecondtopologythe
two pairs{a;c} and{b;d} arequite close:the �rst topology is more likely to be correct,an
observationsupportedby therelaxedfour-point method[8]:

Computeall pairwisedistancesamonga, b, c, andd; returnab| cd if wehavedab + dcd <
min(dac + dbd ;dad + dbc), but returnthestartopologyif all threesummationsareequal.

a c

ab | cd

b d

c

ac | bd

a

db

Fig. 4. Two quartet topologies; the left has a higher probability of correctness
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Sincecomputingall
(n

4

)

quartetstakestoo long, we canusethis relaxed four-point methodto
choosequartetsandreducetheoverall runningtime.After resolvingthequartets,wecanassign
aweightto eachresolvedquartetto measureourcon�dencein thatquartet:for example,wecan
usetheinversiondistancebetweenthetwo internalnodes.

4.2 Fixing Quartet Err ors
Although GRAPPAis very reliable and althoughwe can pick only resolved quartetsof larger
weight,wemaystill suffer from quarteterrors.Theproblembecomesworsewhenweareforced
to selectsomequartetsof low weight in order to resolve every internal tree edge.We must
thusattemptto eliminatequarteterrors.We do so in quitea differentmannerfrom thequartet-
cleaningmethods.Sincetheresolvedquartetsareweightedandsinceweplacemoretrustin the
quartetsof higherweight,we examinethe sourceof quarteterrorsand,whenever two quartet
topologiesareincompatible,we remove theonewith lower weight.We canattemptto do this
from a suf�ciently large initial setof resolved quartets,but thenwe fall backinto a versionof
theNP-hardproblemMaximumQuartetCompatibility.

Instead,we do it incrementally:we selecta high weight thresholdandonly retainresolved
quartets(computedonthe�y with GRAPPA) with weightsabove thatthreshold;if we�nd quartet
errors,weremovetheincompatiblequartetsof lowerweight;wethenapplythedyadicinference
rulesto augmentour collectionof compatiblequartets;�nally , if theresultingsetof compatible
quartetsfully resolves the tree,we are done(we can apply a methodlike Q∗ to recover the
tree),otherwisewe lower thethresholdandaddto our setthenewly eligible resolved quartets.
By controllingthedecreasein theweightthreshold,wecancontrolthetradeoff betweenrunning
timeandquality(big decreasescausetheinclusionof many resolvedquartetsandtheappearance
of many quarteterrors,but give morechoiceandthuspotentiallybetterresults).

Sincewe do not know theweight of a resolved quartetuntil we resolve it andyet want to
avoid resolvingquartetsthatwill not beselected,we needa fastcomputationto decidewhich
quartetsto resolve.

De�nition 1. Givena quartetq = {a;b;c;d} and all six pairwisedistances,the width of q is
qw = max(dab + dcd ;dac + dbd ;dad + dbc)−min(dab + dcd ;dac + dbd;dad + dbc).

As qw increases,the two pairsof genomesmove further apartand thus the weight increases:
hencewe candecidewhich quartetsto resolve basedon their width, simply by comparingtheir
width with theweightthreshold.

It maywell occurthat,even if the thresholdis loweredto zero,thesetof compatiblequar-
tetsremainsinsuf�cient to resolve thetree—inwhichcasewehave no choicebut to leave these
unresolvedpolytomiesin theoutput.

5 Experimental Results
If thetruetreehasanedgede�ning abipartitionthathasnoequivalentin thereconstructedtree,
that edgeis a falsenegative(FN); conversely, if the reconstructedtreehasan edgede�ning a
bipartition thathasno equivalentin the true tree,thatedgeis a falsepositive(FP). Falseposi-
tivesaremoreproblematicthanfalsepositives;a rate(thenumberof falseedgesof oneor the
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Fig. 5. Performance of our method on genomes of 80 genes.

otherkind dividedby thenumberof internaledgesof thetruetree)of morethan5%is generally
consideredtoohigh.

Werandomlygeneratedmodeltreetopologiesfrom theuniformdistributiononbinarytrees,
eachwith 12,16and20leavesrespectively. Oneachtree,weevolvedsignedpermutationsof 40,
60 and80 genes,usingevolutionaryrate(the expectednumberof evolutionaryeventsalonga
treeedge)of 2, 4,6.For eachcombinationof parameters,wegenerated10trees,andthe�nal re-
sultsareaveragedonthe10datasets.WecomputedquartetsusingGRAPPAandbuilt theresulting
treeusingour algorithmsfor selectingquartetsof high weight,eliminatingcon�icting quartets,
andexpandingthesetwith thedyadicrules.Figure5 shows FPandFN ratesfor datasetswith
80 genes.Our methoddid very well, but it canbeseenthatsaturation(high evolutionaryrates
leadingto ill-de�ned estimatesof distances)causesa small increasein theerror rate.This ob-
servation is con�rmed in a dramaticfashionby our resultson datasetswith 40 genes,where
saturationoccursmuchsoonerandtheresultsareunacceptable,asseenin Figure6. At theother
extreme,it canalsobe seenin Figure5 that,with very low evolutionaryrates,many quartets
cannotbesatisfactorily resolved(wegetequalitiesandthusstartopologies),whichleadsto poor
resolutionandmany falsenegatives.

Ourtestsveri�ed averysmallsubsetof quartetssuf�ces to infer thecompletesetof quartets.
For datasetswith 12genomes,only 75quartets(15%of thetotal)areneeded;with 20genomes,
only 270quartets(6% of the total) areneeded.Our selectionrule workedwell: of thequartets
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selected,fewer than2%overallwerefoundto beincompatible.Interestingly, thesetof resolved
quartetsproducedby ourmethod(computedby GRAPPAthenre�ned asdescribed)producedvery
accuratereconstructions,while thesetproduceddirectlyby therelaxedfour-point methodgave
verypoorresults.

6 Conclusions
We have presenteda new, quartet-based,phylogeny reconstructionmethodfor gene-orderdata
andreportedits performanceonsimulateddatasets.Ourmethodcanproduceaccuratetopologies
for treeswith up to 25 leaves(well beyond the reachof GRAPPA) in reasonabletime whenthe
datasetsdo not exhibit signi�cant saturation.Theresultswe have obtainedpromisewell, espe-
cially becausewe have many possibleavenuesof improvement.For instance,we have recently
developeda linear-programmingmethodthatcanaccuratelyestimatetheedgelengthsof fairly
smalltrees;by usingthismethodto estimatethelengthof quartetedges,wecanfurtherimprove
ourquartetselection,in termsof bothspeedandaccuracy. Suchimprovementshouldalsoenable
usto handledatasetswith largerpairwisedistances.Wedesignedthismethodto extendtherange
of basemethodsthatcanbeusedin conjunctionwith adisk-coveringmethod:thusthelimitation
to setsof 20–30taxais not anissue,but in facta potentiallysigni�cant gainover thedirectuse
of GRAPPAasabasemethod,sincethis lastis limited to 12–15taxa.
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