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Abstract

Kernel support vector (SV) regression has successfully been used for prediction of
nonlinear and complicated data. However, like other kernel methods such as support
vector machine (SVM) classification, the quality of SV regression depends on proper
choice of kernel functions and their parameters. Kernel selection for model selection
is conventionally performed through repeated cross validation over a range of kernels
and their parameters. Multiple kernel learning arises when a range of kernel parame-
ters need to be tuned within one training process, when different types of kernels are
applied simultaneously, or when data are from heterogeneous sources and are char-
acterized with different kernels. Multiple kernel learning can improve the efficiency
of kernel selection by automatically evaluate the relative importance of the candidate
kernels. Inspired by recent developments in kernel selection for SVM classification, we
investigate multiple kernel learning for SV regression. Since more slack variables and
constraints are involved in the optimization formulation of SV regression than SVM,
we can only follow the general procedures used by SVM but cannot directly use the
results derived from SVM. We transform the optimization problems of SV regressions
using both ε-insensitive loss function and automatic error control into proper forms so
that they can be formulated as semidefinite programming (SDP) problems. To avoid
the high computational cost of SDP programming, we further formulate multiple ker-
nel SV regression into quadratically constrained quadratic programming optimization
problems. Experiments on public and simulated data sets demonstrate that multi-
ple kernel SV regression improves prediction accuracy, reduces the number of support
vectors, and helps characterize the propertis of the data.
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1 Introduction

Kernel methods have been successfully applied for classification and prediction by establish-

ing a linear relationship in a transformed feature space through a nonlinear kernel mapping.

The success of the kernel trick depends on the proper choice of kernel functions. In most cases,

traditional kernel selection tunes parameters for a single kernel and is performed through

cross validation. Therefore kernel selection can be time consuming when the kernel space or

the parameter space is large. In addition to using a single kernel function for a regression

function, it is possible to use multiple kernels. In practice, we often tune kernels based on

our initial guess and gradually find the ones that best describe our data. Alternatively, we

might have a group of candidate kernel matrices and want to know the relative importance

of each kernel. Another situation of practical importance is where data are obtained from

heterogeneous sources and we compute different kernels on data from various sources. For

example, a biological data set may contain a similarity matrix generated through sequence

alignment, and a vectorial description from morphological characteristics of the species. In

this case, we can compute a string kernel from the sequence data and a Gaussian kernel upon

the vectorial data, and learn the relative significance of the two kernels via the setting of

multiple kernel learning. By multiple kernel learning, the relative importance of the kernels

can be evaluated together with the solution of the support vectors (SVs). Recently, multiple

kernel learning has been automated for support vector machine (SVM) classification using

semidefinite programming (SDP) in optimization theory [4]. However, the problem of multi-

ple kernel learning on SV regression has not yet been examined. In this work, we formulate

the SV regression problem as SDP and quadratically constrained quadratic programming

(QCQP) optimization problems, so that kernel selection can be performed automatically for

SV regression.

Since SV regression needs accuracy control on both sides of the regression function using

different slack variables to form a error-margin tube, more variables are used to derive its

optimization problem. Additionally, some SV regression formulations have more constraints.

Consequently, the optimization problem for SV regression is more complicated than SVM.

Even though we can follow the general procedures in SVM, as we have done for traditional

SV regression, we cannot directly use the results derived from multiple kernel learning in

SVM [4] for multiple kernel learning with SV regression. Therefore, we manipulate the

variables in multiple kernel SV regressions so that they can be formulated as SDP problems.

Although software packages solving SDP problems are available, they are computationally

inefficient. To improve efficiency, we then focus on a simplified case of kernel selection,

where the composed kernels are linear combinations of the component kernels with positive

coefficients. This simplification yields QCQP optimization problems, which can be more

efficiently solved than general SDP. Furthermore, nonnegative kernel coefficients also signify

the relative importance of the component kernels through their relative magnitudes.

To demonstrate the effectiveness of multiple kernel learning in SV regression, we perform

experiments on both publicly available data sets and simulated data. Results have indicated
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that using multiple kernel SV regression improves prediction accuracy, reduces the number

of support vectors, and helps characterize the properties and structures of the data.

This paper is organized as follows. Section 2 briefly reviews related work to SV regression.

Section 3 formulates the optimization problems of multiple kernel learning as SDP problems

for both SV regression with ε-insensitive loss function and SV regression with automatic

accuracy control. In Section 4, we formulate the SV regressions into QCQP problems for

kernels spanned by linear combination of component kernels using nonnegative coefficients.

We show our empirical results in Section 5, and conclude the paper in Section 6. Some

related formulations are given in the appendices.

2 Related Work

Support vector regression and the ε-insensitive loss function were introduced by Vapnik [18],

where SV regression was formulated in a similar way to SVM classification. A comprehensive

tutorial on SV regression was given, where the kernel trick, algorithms and variants of SV

regression were discussed [12]. To facilitate tuning, SV regression with automatic accuracy

control using a soft error-tube was introduced [11]. A soft-tube SV regression eliminates the

necessity of specifying the error parameter ε in advance. SV regression with automatic ac-

curacy control using linear programming was also examined, where quadratic programming

was avoided [13]. To improve computational performance, online learning algorithms were

proposed for SV regression [6]. Online learning improves efficiency and adapts the regres-

sor to dynamic changes in the data. Some applications of SV regressions include financial

forecasting, physiological prediction, and astronomical data mining [6, 15].

Kernel selection by choosing multiple parameters was studied for an SV classifier [3],

where the parameters of a set of Gaussian kernels were tuned in one training process to

find the best parameters. Learning multiple kernels for SVM classification was studied to

find the best combination of kernels through semidefinite programming and QCQP [4]. We

follow the treatment and use the general theoretical background of SDP in a similar way to

Lanckriet et al. [4]. But the results for SVM are not directly applicable to SV regression due

to different variables and formulations of the optimization problems. We investigate both

SV regression with ε-insensitive loss function and automatic accuracy control proposed in

[18, 11] for the purpose of kernel selection. Unlike the experiments conducted in [11, 13],

where only simulated data were used, we test our algorithms on both simulated and public

data sets. Multiple kernel learning for SVM in [4] was formulated in a transduction setting,

but we simply divide the data into training set and test set. Furthermore, we formulate the

optimization problem in standard forms for conic programming using matrix factorization

methods.
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3 SV Regressions as Semidefinite Programming

In this section, we formulate both SV regression with ε-insensitive loss function and SV

regression with automatic accuracy control as semidefinite programming problems. To clarify

notations, we summarize the formulations of each type of the SV regressions. We then

manipulate the variables to rewrite the optimization problems in proper forms ready for

SDP formulation. Finally, we present their SDP formulations.

3.1 SV regression with ε-insensitive loss function

Given a set of training samples

{(x1, z1), (x2, z2), ..., (xl, zl)},

where xi (1 ≤ i ≤ l) is a vector in an input space X , zi ∈ R is its target label, and l is the

number of training samples, we want to learn a regression function

f(x) = wTφ(x) + b, (1)

that can best predict unseen data x drawn from the same distribution as the training data.

In f(x), w is the weight vector in the kernel feature space, φ(x) is the kernel feature map of

data point x, and b ∈ R is a threshold constant. f(x) can be solved through the following

optimization problem [18].

min
w,b,ξ,ξ∗

1

2
wTw + C

l∑
i=1

ξ+
i + C

l∑
i=1

ξ−i (2)

s.t. zi − wTφ(xi)− b ≤ ε + ξ+
i

wTφ(xi) + b− zi ≤ ε + ξ−i
ξ+
i , ξ−i ≥ 0, i = 1, ..., l

where ε ≥ 0 is the parameter in the ε-insensitive loss function and controls the accuracy of

the regressor. The parameter C adjusts the tradeoff between the regression error and the

regularization on f . ξ+ = {ξ+
1 , ..., ξ+

l } ∈ Rl and ξ− = {ξ−1 , ..., ξ−l } ∈ Rl are slack variables

allowing for errors around the regression function.

Introducing Lagrange multipliers α+
i on constraints corresponding to ξ+

i and α−i on con-
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straints corresponding to ξ−i , the dual problem of (2) can be written as,

max
α+,α−

− 1

2
(α+ − α−)

T
K(α+ − α−)− ε

l∑
i=1

(α+
i + α−i ) (3)

+
l∑

i=1

zi(α
+
i − α−i )

s.t.
l∑

i=1

(α+
i − α−i ) = 0

α+
i , α−i ∈ [0, C], i = 1, ..., l

where α+ = {α+
1 , ..., α+

l } ∈ Rl and α− = {α−1 , ..., α−l } ∈ Rl are the dual variables, and

K ∈ Rl×l is the kernel matrix evaluated from a kernel function k(., .) : X × X → R,

Kij = k(xi, xj) [12]. Solving α+, α−, and b using KKT (Kurash-Kuhn-Tucker) conditions

in (3), the regression function of (1) becomes

f(x) =
l∑

i=1

(α+
i − α−i )k(x, xi) + b, (4)

where f(x) depends only on the training samples having nonzero coefficients (support vec-

tors) through the representation of the kernel function k.

To formulate the dual problem of SV regression in (3) as an SDP, we define the following

variables.

α =

(
α+

α−

)
∈ R2l (5)

Q(K) =

(
K −K

−K K

)
∈ R2l×2l (6)

z = (z1, ..., zl)
T (7)

h =

(−εe + z

−εe− z

)
∈ R2l (8)

where e is a vector of all ones. We also define y ∈ R2l as yi = 1, when i = 1, ..., l, and

yi = −1, when i = l +1, ..., 2l. Using these variables, the dual problem of (3) can be written

as,

max
α

2hTα− αTQ(K)α (9)

subject to yTα = 0

αi ∈ [0, C], i = 1, ..., 2l.

Through variable manipulation, the optimization problem in (9) becomes similar to the

SVM formulation and is ready for an SDP formulation, which will be done in later sections.
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3.2 SV regression with automatic accuracy control

The SV regression of (4) derived from (3) has demonstrated superior prediction accuracy

and found successful applications. But the cost parameter ε need be specified in advance.

To facilitate tuning, SV regression with automatic accuracy control (let’s call it nSVR) was

introduced, where ε was assembled into the objective function [11]. In nSVR, the error

margin forms a soft-tube and changes dynamically with data. The primal problem of nSVR

is formulated as

min
w,b,ξ+,ξ−,ε

1

2
wTw + C(θε +

1

l

l∑
i=1

(ξ+
i + ξ−i )) (10)

s.t. zi − wTφ(xi)− b ≤ ε + ξ+
i

wTφ(xi) + b− zi ≤ ε + ξ−i
ε ≥ 0

ξ+
i , ξ−i ≥ 0, i = 1, ..., l.

In (10), the error width ε is traded off against model complexity and slack variables

through θ ∈ (0, 1). Its dual problem can be written as

max
α+,α−

− 1

2
(α+ − α−)

T
K(α+ − α−) +

l∑
i=1

zi(α
+
i − α−i ) (11)

s.t.
l∑

i=1

(α+
i − α−i ) = 0

l∑
i=1

(α+
i + α−i ) ≤ Clθ

α+
i , α−i ∈ [0, C], i = 1, ..., l.

We define one more variable,

g =

(
z

−z

)
∈ R2l. (12)

Then the dual problem in (11) can be formulated as,

max
α

2gTα− αTQ(K)α (13)

subject to yTα = 0

αTe ≤ Clθ

αi ∈ [0, C], i = 1, ..., 2l.

Its regression function is the same as in (4).

Since the dual problem of nSVR in (13) has one more constraints compared with SVM,

we go through its formulation in detail next.
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3.3 SDP for SV regression

Solving for α in the dual problem of nSVR in (13), we get an SV regressor of the form of (4)

using a given kernel function k. In kernel selection, we want to learn the best kernels from

a given set K of positive semidefinite kernel matrices, in addition to learning the coefficients

α.

SDP solves optimization problems with convex objective functions over convex conic sets

of symmetric and positive semidefinite matrices [8, 17]. Although it is possible to construct

more general sets of K, we restrict K to linear combinations of kernel matrices. Since kernel

matrices of strong diagonal dominance over fit data and decrease generalization capability

[19], we impose a constraint on the trace of the kernel matrices. Therefore, our K is the

linear span of positive semidefinite kernel matrices with bounded traces,

K = {
m∑

j=1

µjKj, Kj º 0, µj ∈ R, trace(K) ≤ ρ}, (14)

where K =
∑m

j=1 µjKj, and º 0 denotes positive semidefiniteness. In (14), we usually set

trace(K) = ρ. Then, we can formulate our kernel selection problem for nSRV in (13) as

min
K∈K

max
α

2gTα− αTQ(K)α (15)

s.t. yTα = 0

αTe ≤ Clθ

αi ∈ [0, C], i = 1, ..., 2l

trace(K) = ρ.

Since K º 0, by Schur’s complement lemma, Q(K) º 0 (Appendix B). Therefore,

ψ(K) = maxα 2gTα − αTQ(K)α is convex in K. The constraints in (15) are also convex,

resulting in a convex optimization problem over positive semidefinite matrices. From the

theory of SDP, (15) has strong duality [8, 17]. Therefore, minK∈Kψ(K) has a global optima.

We can write (15) as

min
K∈K

t (16)

s.t. t ≥ max
α

2gTα− αTQ(K)α

yTα = 0

αTe ≤ Clθ

αi ∈ [0, C], i = 1, ..., 2l

trace(K) = ρ.

The Lagrangian of (13) is,

L(α, ν, δ, λ, β) = 2gTα− αTQ(K)α + 2νTα (17)

+2λyTα + 2δT(Ce− α) + 2β(Clθ − αTe),
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where λ ∈ R, β ≥ 0, and ν, δ ∈ R2l are vectors whose components are nonnegative. Since

the problem is convex and has strong duality, we have

min
ν,δ,λ,β

max
α

L(α, ν, δ, λ, β) (18)

= max
α

min
ν,δ,λ,β

L(α, ν, δ, λ, β).

By KKT condition, at optimality ∂L
∂α

= 0, which gives rise to α,

α = Q−1(g + ν + λy − δ − βe). (19)

Substituting α above into (17), we eliminate the dual variables α and obtain the dual problem

of (13),

min
ν,δ,λ,β

(g + ν + λy − δ − βe)TQ−1(g + ν + λy − δ − βe) (20)

+ 2CδTe + 2βClθ

s.t. ν ≥ 0

δ ≥ 0

β ≥ 0.

Let

ζ(K) =

min
ν,δ,λ,β

(g + ν + λy − δ − βe)TQ−1(g + ν + λy − δ − βe)

+ 2CδTe + 2βClθ.

ζ(K) being the minimum implies that for t ≥ 0, ζ(K) ≤ t is true if and only if we can find

feasible dual variables ν, δ, β, λ, such that

t ≥ (21)

(g + ν + λy − δ − βe)TQ−1(K)(g + ν + λy − δ − βe)

+ 2CδTe + 2βClθ.

Using Schur’s complement lemma (Appendix A), the above condition can be written in

matrix form as,

(
Q(K) (g + ν + λy − δ − βe)

(g + ν + λy − δ − βe)T t− 2CδTe− 2βClθ

)
º 0 (22)
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Combining (16) and (22), the problem of kernel selection for SV regression becomes

min
K,t,λ,ν,δ,β

t (23)

s.t. trace(K) = ρ,

K ∈ K(
Q(K) g + ν + λy − δ − βe

(g + ν + λy − δ − βe)T t− 2CδTe− 2βClθ

)
º 0,

ν ≥ 0,

δ ≥ 0,

β ≥ 0.

The non-negativity of ν and δ can be written in matrix form through the diagonal matrices

diag(ν) º 0 and diag(δ) º 0. Thus (23) is an SDP problem, which gives rise to solutions for

both the optimal kernel matrices and the support vectors, generating a regression function

of the following form.

f(x) =
l∑

i=1

(
(α+

i − α−i )
m∑

j=1

µjkj(xi, x)

)
+ b. (24)

Computing the solution of (23) can be done by software packages such as SeDuMi [14].

Its time complexity is O(m2l2.5), which is generally high. We develop a more efficient solution

next.

4 QCQP for SV Regressions

In the previous section, we formulated kernel selection for nSVR regression as an SDP

problem in (23) over the set of kernels in (14). If we further restrict µj ≥ 0 in (14), we derive

a QCQP problem, whose solution is more computationally efficient than SDP. Our set of

kernels for the QCQP formulation is K2 defined below,

K2 = {
m∑

j=1

µjKj, Kj º 0, µj ≥ 0, trace(K) = ρ}. (25)

In the following, we focus on SV regression with ε-insensitive loss function in (3). The

nSVR can be similarly formulated. Let

γ = α+ − α−

η = α+ + α−

The problem of kernel selection with the dual of ε-insensitive SV regression in (3) can be

written as
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min
K

max
γ,η

2zTγ − 2εeTη − γTKγ (26)

s.t. eTγ = 0

− C ≤ γ ≤ C

0 ≤ η ≤ 2C

trace(K) = ρ

K =
m∑

j=1

µjKj

Kj º 0

µj ≥ 0,

and is equivalent to

min
µ

max
γ,η

2zTγ − 2εeTη − γTKγ (27)

s.t. eTγ = 0

− C ≤ γ ≤ C

0 ≤ η ≤ 2C
m∑

j=1

µjtrace(Kj) = ρ

µj ≥ 0, j = 1, ...,m.

By strong duality and the fact inf(−u) = −sup(u), and following a treatment similar to

[4], the objective in (27) can be computed as

min
µ

max
γ,η

2zTγ − 2εeTη − γT
m∑

j=1

µjKjγ

= max
γ,η

min
µ

2zTγ − 2εeTη −
m∑

j=1

µjγ
TKjγ

= max
γ,η

2zTγ − 2εeTη + min
µ

(−
m∑

j=1

µjγ
TKjγ)

= max
γ,η

2zTγ − 2εeTη −max
µ

m∑
j=1

µjγ
TKjγ

= max
γ,η

2zTγ − 2εeTη −max
j

(
ρ

trace(Kj)
γTKjγ). (28)
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Integrating the constraints in (26), (27) into the objective in (28), the kernel selection

problem is equivalent to

max
γ,η

2zTγ − 2εeTη − ρt (29)

s.t. t ≥ 1

trace(Kj)
γTKjγ, j = 1, ..., m (30)

eTγ = 0

− C ≤ γ ≤ C

0 ≤ η ≤ 2C.

Since software packages for QCQP solver (such as MOSEK [1]) requires objective func-

tion to be linear and either linear or conic constraints, the m constraints in (30) can be

transformed into standard conic forms as in (31), through the following factorization and

variable changes.

Kj = LjLj
T

βj = Lj
Tγ

γTKjγ = (Lj
Tγ)

T
Lj

Tγ = βj
Tβj

trace(Kj)t = τ 2

τ ≥
√

βj
Tβj (31)

Since Kj º 0, we can always factorize Kj as Kj = LjLj
T using lower triangular Lj. This

can be done using, for example, Cholesky factorization [5].

Using the above manipulation, we further transform the problem of (29) to the following

standard form of conic programming.

min
γ,η,βj ,v,w,s,tj

v − 2zTγ + 2εeTη (32)

s.t. w = 1

at1 − s = 0

eTγ = 0

− C ≤ γ ≤ C

0 ≤ η ≤ 2C

tj − t1 = 0, 2 ≤ j ≤ m

2vw ≥ s2

Lj
Tγ − βj = 0, j = 1, ..., m

tj ≥
√

βj
Tβj, j = 1, ..., m
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where 2vw ≥ s2 is a rotated conic constraint, and a =
√

2ρ/trace(Kj), when each Kj is

normalized and has trace l.

Table 1: Data sets used for experiments. L denotes the number of samples; d is dimension

of the data. “Ref” describes the source of the data set.
Name Abbreviation L d Ref

Boston housing BH 506 13 [16]

Mileage/gallon MPG 396 8 [16]

Air pollution AP 60 15 [7]

Mixture MIX 400 15 [16]

The optimization problem in (32) is a QCQP problem, a special case of SDP. Its complex-

ity is O(l3), an improvement over SDP, especially for large sets of kernel matrices K2. µj can

be recovered from the solutions of the dual variables corresponding to the conic constraints.

Kernels corresponding to large µj are important in describing the data and are significant

in characterizing the properties and structures of the data, whereas those with small µj are

insignificant.

5 Experiments

We perform experiments on the data sets listed in Table 1. The first three data sets in the

table are publicly available. The MIX data set was generated by a polynomial function in

a 15 dimensional space equipped with a two-Gaussian mixture with σ1 = 0.1 and σ2 = 1.

We normalize the kernels used for all data sets, where normalization was done as Kij =

k(xi, xj)/
√

k(xi, xi)k(xj, xj). For a data set of size L, we split it into l training samples and

N test samples, i.e. L = l + N , the traces of the kernels being l. We used MOSEK [1] to

solve the QCQP problems in (32) and derived SV regressors in the form of (24). To test the

prediction accuracy, we conducted 10-fold cross validation on each data set.

We found that using three kernels on the data sets generated better prediction accuracy

than using a single kernel. We used a Gaussian kernel with σ1 = 5.0, an exponential kernel

k(xi, xj) = exp(−µ||xi − xj||), with µ = 1/(2σ2
1), and a rectangle kernel of support width

W = 4σ1 on the BH data set. Details of the rectangle kernel function are described in

Appendix C. Using only one Gaussian kernel with σ = 5.0 yielded an relative mean squared

error (MSE) of 0.137± 0.122 based on 10-fold cross validation, as shown in Table 2. Using

these three kernels yielded an MSE of 0.099± 0.120, an improvement over single kernel SV

regression. The three coefficients in the kernel combination derived from the solution for BH

were µ1 = 10.9, µ2 = 49.5, and µ3 = 28, indicating K2 was more significant. Table 2 lists

the prediction accuracies of multiple kernel SV regression and the best accuracies of single

kernel SV regression. Table 2 also indicates that results from multiple kernel regression

on the MIX data set were consistent with the parameters used to generate the data, since
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Table 2: Performance of single kernel and multiple kernel SV regression. MSEM represents

the relative mean squared error for multiple kernel SV regression. MSES represents the

relative mean squared error for single kernel SV regression. The kernels used on BH are

Gaussian (σ = 5.0), exponential µ = 1/(2 × σ2), and rectangle kernel of support width

W = 5σ. The kernels used on MPG are Gaussian (σ = 10.1), exponential µ = 1/(2× 502),

and rectangle kernel of support width W = 1.5σ. The kernels used on AP are Gaussian

(σ = 0.05), exponential µ = 1/(2× σ2), and a polynomial kernel of k(xi, xj) = (1 + xi
Txj)

2.

The kernels used on MIX are Gaussian with σ=0.1, 1.0, and 5.0.
Data set µ1 µ2 µ3 MSEM MSES

BH 10.9 49.5 28.0 0.099 ± 0.022 0.137 ± 0.122

MPG 1.31 1.52 1.30 0.099 ± 0.036 0.131 ± 0.083

AP 5.26 4.12 5.28 0.00447 ± 0.0017 0.0049 ± 0.0017

MIX 12.5 9.6 1.3 0.07 ± 0.022 0.08 ± 0.027

µ1 = 12.5 (corresponding to σ1 = 0.1) and µ2 = 9.6 (corresponding to σ2 = 1.0) were both

significantly larger than µ3 = 1.3.

Table 3: Support vectors used by single kernel and multiple kernel SV regression. MSES

denotes the relative mean squared error maintained, SVS and SVM are the proportion of

support vectors needed by the single kernel and multiple kernel SV regression, respectively.

The type of kernels and their parameters are listed in Table 2.
Data MSES SVS SVM

BH 0.137 45% 35%

MPG 0.131 20% 3%

AP 0.0049 15% 5%

MIX 0.08 40% 10%

Average 30% 13.25%

In addition to improvement in prediction accuracy, we found using multiple kernels re-

duced the number of support vectors in the SV regression predictions. Table 3 shows the

number of support vectors needed by each data set to maintain the prediction accuracy

achieved by the respective single kernel regressor. As Table 3 suggests, the number of sup-

port vectors were reduced by 56% on average. This SV reduction indicates that using more

kernels can describe the data better than using a single kernel. Figure 1 shows the support

vector ratios in BH for single and multiple kernel regression, demonstrating that multiple

kernel SV regression needs fewer support vectors. As shown in the figure, SV reduction is

especially significant when the requirement for prediction accuracy is high. Since a compli-

cated data set usually requires more support vectors [18, 6], SV reduction by multiple kernel

learning equivalently transforms a difficult problem into an easier one that needs fewer SVs.

Therefore multiple kernel regression has a better ability to fit complex data and are adaptive
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Figure 1: Support vectors required to maintain accuracy levels by single kernel SV regression

(“single” in the plot) and multiple kernel SV regression (“multiple” in the plot) for the BH

data set. The Y-axis is the required number of support vectors relative to training set size.

The X-axis is the required relative MSE level.

to more difficult problems.

We also observed in our experiments that when prediction error was relatively large due

to the wrong kernel parameter, µjs are more different from each other. For example, we used

a Gaussian kernel with σ = 20 as K1 and the other two kernels are the same as described

in Table 2 for the BH data set. We obtained µ1 = 3.1E − 5, µ2 = 0.15, µ3 = 681. Since

µ1 was very small and the differences were so large, the results were consistent with the

inappropriateness of K1. When the prediction error was relatively small, the differences

between the µjs were smaller.

6 Conclusions

To better use the kernel methods and perform automatic kernel selection, we investigated

the problem of multiple kernel learning for SV regression. We transformed the formulation

for SV regression with ε-insensitive loss function in a higher dimensional variable space and

derived a similar formulation as multiple kernel SVM. We then presented it as an SDP prob-

lem. We also manipulated the formulation of the SV regression with automatic accuracy

control (nSVR), which used variables of higher dimensions and had more constraints. We

went through the dual formulation in detail for nSVR and derived its SDP formulation. To

avoid the high computational cost of SDP, we further formulated multiple kernel learning for

SV regression as a QCQP problem, which required nonnegativity of the kernel combination

coefficients and was more computationally efficient. We presented a QCQP formulation for

multiple kernel learning on SV regression using ε-insensitive loss function, but the formu-

lation is equally applicable to SV regression with automatic accuracy control. We simply

divided the data into training set and test set, which is simpler than the transduction setting.

We also factorized the quadratic forms in our formulation and derived standard forms for

conic programming.

To demonstrate the performance of multiple kernel learning for SV regression, we ex-
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perimented on three public data sets and one simulated data set. Results indicated that

regression using 3 kernels improved prediction accuracy. The kernel coefficients in multi-

ple kernel regression were able to characterize the properties of the data. Using multiple

kernels also reduced the number of support vectors. This support vector reduction equiva-

lently reduced a complicated data set into a simpler one and increased the adaptivity of SV

regression, especially for complex data in difficult problems.

Multiple kernel learning for the two popular SV regressions have been formulated as

SDP and QCQP problems. The SDP formulation in (23) has global optimal solution, since

it has semidefinite matrix constraints and strong duality. The SDP formulation is ready

for use by experiments. In this work, we have only tested the performance and behavior of

multiple kernel SV regression for µ ≥ 0 over K2 in (25), which is a QCQP problem. We have

yet to test the performance of SV regressors formulated as SDP problems in (23). Kernel

selection over K in (14) might generate negative kernel coefficients and we need to explore

their implications.

Even though QCQP is more efficient to solve than general SDP, it still requires a com-

mercial solver. For multiple kernel SV regression to be widely applicable, it is better to

implement it in a way similar to sequential minimal optimization (SMO) [9] and make it

freely available to the data mining community. This algorithmic improvement deserves more

investigation. Another direction for the future is to design proper string kernels and apply

multiple kernel SV regression to biological applications.

Appendices

A. Schur’s complement lemma [2]. Given a partitioned matrix D of the form

D = DT =

(
A B

BT C

)

where A and C are square matrices. If A−1 exists, Schur’s complement is defined as R =

C −BTA−1B. And if A º 0, then R º 0 ⇔ D º 0.

B. Q(K) in (6) is positive semidefinite. A = C = K, B = BT = −K, R = K −
(−K)TK−1(−K)T º 0.

C. The rectangle kernel kR(xi, xj) is designed to approximate a Gaussian kernel. Inside

its support width W , it takes values of the Gaussian kernel at the middle points of the

rectangles. It vanishes when r ≥ W . kR is described below and shown in Figure 2, where

r = ||xi − xj|| =
√∑d

m=1(xim − xjm)2 is the Euclidian distance between xi and xj. kR is

positive definite under certain conditions and has computational advantages [10].
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kR(xi, xj) =





e
−1

2σ2 ( τ
2
)2 , 0 ≤ ||xi − xj|| ≤ τ ;

e
−1
2σ2 ( 3τ

2
)2 , τ < ||xi − xj|| ≤ 2τ ;

...

0, ||xi − xj|| > W.

Figure 2: The rectangle kernel function. Dashed line represents the Gaussian kernel and the

rectangles are used for approximation.
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