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Abstract.  Rewrite systems on free data structures have limited expres-
sive power since semantic data structures like sets or multisets cannot be
modeled elegantly. In this work we de ne a class of rewrite systems that
allows the use of semantic data structures. Additionally, b uilt-in natural

numbers, including (dis)equality, ordering, and divisibi lity constraints,

are supported. The rewrite mechanism is a combination of normalized
equational rewriting with evaluation of conditions and val idity check-
ing of instantiated constraints. The framework is highly ex pressive and

allows modeling of algorithms in a natural way.

Termination is one of the most important properties of condi tional nor-
malized equational rewriting. For this it is not su cient to only show
well-foundedness of the rewrite relation, but it also has to be ensured
that evaluation of the conditions does not loop. The notion o f opera-
tional termination is a way to capture these properties. In t his work we
show that it is possible to transform a conditional constrai ned equational
rewrite system into an unconditional one such that terminat ion of the
latter implies operational termination of the former. Meth ods for show-
ing termination of unconditional constrained equational r ewrite system

are presented in a companion paper.

1 Introduction

Rewrite systems serve as a powerful framework for specifyinalgorithms in a
functional programming style. This is the approach taken in ELAN [10], Maude
[2], and theorem provers such aRRL[9], where algorithms are given as terminat-
ing rewrite systems that operate on data structures generagd by free construc-
tors. Results and powerful automated tools based on term rewiting methods

can then be used for analyzing these algorithms.

Many algorithms, however, operate on semantic data structues like nite
sets, multisets, or sorted lists. Constructors used to gemate such data structures

? Partially supported by NSF grant CCF-0541315.

Y This paper is a companion paper to [5]. In order to make the present paper self-

contained Sections 1, 2, and 5 have signi cant overlaps with [5].
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satisfy certain properties, i.e., they are not free. For exanple, nite sets can be
generated using the empty set and the constructor ins which adds an element
to a set. In order to accurately model the semantics of sets wexpect that it
does not matter in which order elements are added to a set, i.ewe expect that
ingx; ing(y; zs))  ingly;ingx; zs)) holds for all elements x;y and all setsz. In
order to model the fact that duplicity of elements does not méter we will use
arithmetic constraints on numbers in order to specify relations on constructors.

Building upon our earlier work [6], this paper introduces caditional con-
strained equational rewrite systems which have three comprents: (i) R, a set of
conditional constrained rewrite rules for specifying algeithms on semantic data
structures, (i) S, a set of constrained rewrite rules on constructors, and (i)
E, a set of equations on constructors. Here, (ii) and (iii) areused for modeling
semantic data structures. The constraints forR and S are Boolean combina-
tions of atomic formulas of the forms' t, s >t and k j s from Presburger
arithmetic. Rewriting in a constrained equational rewrite system is done using
a combination of normalized rewriting [12] with evaluation of conditions and
validity checking of instantiated constraints. Before rewriting a term with R,
the redex is normalized with S, and rewriting is only performed if the instanti-
ated constraint belonging to the rewrite rule from R is valid and all instantiated
conditions for that rewrite rule can be established.

Example 1. This example shows a quicksort algorithm that takes a set andre-
turns a sorted list of the elements of the set. For this, sets ge constructed using

; and ins, where ins adds an element to a set. In order to model the semantics
of sets we useS and E and follows.

E: indx; ing(y; zs))  inyy;ingX; zs))
S:ingx; ingy; zs)) ! ing(X; zs) X' yK
Now the quicksort algorithm can be speci ed by the following conditional con-
strained rewrite rules.
app(nil;zs) ! zs
app(congx;ys);zs) ! congx; app(ys; zs))

split(x; ;) ' h; i
split(x; zs) ! tel; zhij split(x; ingy; zs)) ! h ing(y; zl); zhi X>y K
split(x; zs) ! tel; zhij split(x; ingy; zs)) ! h zl; ingy; zh)i XByK
gsort(;) ! nil

split(x;ys) ! hyl;yhij gsort(ing(x;ys)) ! app(gsort(yl); congx; gsort(yh)))

Here, split(x; ys) returns a pair of setshyl; yhi whereyl contains all y 2 ys such
that x>y and yh contains ally 2 ys such that x 6 y.

Two important properties of conditional constrained equational rewrite sys-
tems are termination and the property that evaluation of the conditions does
not loop. These properties are captured by the notion ofoperational termina-
tion [11, 3]. In this paper we show that operational termination o a conditional
constrained equational rewrite system can be reduced to tenination of an un-
conditional constrained equational rewrite system by a sinple transformation
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that takes the order in which the conditions are evaluated irto account. This
transformation is similar to the transformation used for ordinary conditional
rewriting, see, e.g., [13, De nition 7.2.48]. Powerful mehods for showing termi-
nation of unconditional constrained equational rewrite systems are presented in
the companion paper [5]. These methods can thus be used for @ing opera-
tional termination of conditional constrained equational rewrite systems as well.
Using this approach the operational termination of severalnontrivial conditional
constrained equational rewrite systems is shown in [5].

This paper is organized as follows. In Section 2, the rewriteelation is de ned.
Since rewrite rules can use arithmetic constraints, we alsoeview constraints in
quanti er-free Presburger arithmetic. In Section 3 we formally de ne the notion
of operational termination and show that termination and op erational termina-
tion coincide for unconditional constrained equational revrite systems. Section
4 introduces a transformation from conditional constrained equational rewrite
systems into unconditional ones. We show that termination d the transformed
system implies operational termination of the original sygem.

2 Conditional Normalized Equational Rewriting with
Constraints

We assume familiarity with the concepts and notations of tem rewriting [1]. We
consider terms over two sorts,nat and univ, and we assume an initial signature
Fpa = f0;1;+g with sorts 0;1: nat and +: nat nat ! nat. Properties of
natural numbers are modelled using the sePA = fx+(y+z) (x+y)+z; x+y
y+ x; x + 0 xg of equations. Due to these properties we occasionally omit
parentheses in terms of sortnat. For eachk 2 N f 0g, we denote the term
1+ :::+ 1 (with k occurrences ofl) by k, and for a variable x we let kx denote
the term x + :::+ x (with k occurrences ofx). In the following, S denotes the
natural number corresponding to the terms2 T (Fpa ).

We then extend Fpa by a nite sorted signature F. We usually omit stating
the sorts in examples if they can be inferred from the context In the following
we assume that all terms, contexts, context replacements,ustitutions, rewrite
rules, equations, etc. are sort correct. For any syntactic onstruct c we let V(c)
denote the set of variables occurring inc. Similarly, F (c) denotes the function
symbols occurring inc. The root symbol of a term s is denoted by root(s). The

terms and extend notions from terms to tuples of terms compoent-wise. For
an arbitrary set E of equations and termss;t we write s! g t i there exist
an equationu v 2 E, a substitution , and a position p 2 P os(s) such that
Sjp = u andt = s[t ],. The symmetric closure of! g is denoted by a g, and
the re exive transitive closure of a g is denoted by g. For two terms s;t we
wiite s £ ti s=f(s)andt=f(t)suchthats gt .

The rewrite rules that we use have constraints on natural nunbers that guard
when a rewrite step may be performed.
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De nition 2 (Syntax of PA -constraints). An atomic PA-constraint has the
forms' tors>t forterms s;t 2 T (Fpa;V), or kj s for somek 2 N f Og
ands 2T (Fpa ; V). The set of PA-constraints is inductively de ned as follows:

1. > is a PA-constraint.

2. Every atomic PA-constraint is a PA -constraint.

3. If C is a PA-constraint, then : C is a PA-constraint.

4. If Cq;C, are PA-constraints, then C; ~ C, is a PA -constraint.

The other Boolean connectives , ) , and, are de ned as usual. We will
also usePA -constraints of the forms t,s<t,ands t as abbreviations for
s>t _s' t,t>s,andt>s _t"' s, respectively. We will write s 6't for
: (s' t), and similarly for the other predicates.

De nition 3 (Semantics of PA -constraints). A variable-free PA -constraint
C is PA-valid i

=

C has the form>, or

C has the forms' tands=t, or

C has the forms >t ands > t, or

C has the formk j s and k divides s, or

C has the form: C; and C; is not PA-valid, or

C has the formC; ~ C, and bothC; and C, are PA-valid.

ok whN

A PA-constraint C with variables is PA-valid i C is PA-valid for all ground
substitution :V(C)!T (Fpa). A PA-constraint C is PA-satis able i there
exists a ground substitution : V(C) I T (Fpa) such that C is PA-valid.
Otherwise, C is PA-unsatis able.

PA -validity and PA -satis ability are decidable [15].

Now the rewrite rules that we consider are ordinary conditinal rewrite rules
together with a PA-constraint C. The rewrite relation obtained by this kind of
rules will be introduced in De nition 10.

De nition 4 (Conditional Constrained Rewrite Rules). A conditional
constrained rewrite rule has the form

si! o tyiinisn! thjl! rJCK
where
1. r 2T (F[F pa;V) such thatroot(l) 2 F,
2. 854 2T (F[F pa; V),
3. C is a PA-constraint,
4.V(r)y Vv (D[ . V() and
5.V(s) V(D[ V() foralll i nl

! Using the notation of [13], the last two conditions yield det erministic type 3 rules.



Built-in Numbers and Semantic Data Structures 5

The di erence between conditions and constraints in a rule § operational.
Conditions need to be evaluated by recursively rewriting trem, while constraints
are checked using a decision procedure fd?A -validity. This distinction will be
formalized in De nition 10. In a rule | ! rJ>Kthe constraint > will usually
be omitted. For a set R of constrained rewrite rules, the set ofde ned symbols
is given by D(R) = ff j f = root(l) forsomel ! rJCK2 Rg. The set of
constructors is C(R) = F D (R). Note that according to this de nition, the
symbols fromFpa are considered to be neither de ned symbols nor constructas.
In the following we assume that C(R) does not contain any constructor with
resulting sort nat (signature condition)?.

Properties of non-free data structures will be modelled usig constructor
equations and constructor rules. Constructor equations need to be linear and
regular.

De nition 5 (Constructor Equations, Identical Unique Vari ables). Let
R be a nite set of constrained rewrite rules. A constructor equation has the
form u v for terms u;v 2 T (C(R); V) such thatu v has identical unique
variables (is i.u.v.), i.e., u and v are linear and V(u) = V(v).

Similar to constrained rewrite rules, constrained constrictor rules have a
PA -constraint that will guard when a rule is applicable.

De nition 6 (Constrained Constructor Rules). Let R be a nite set of
constrained rewrite rules. A constrained constructor rule has the forml ! rJCK
forterms I;r 2 T (C(R); V) and aPA -constraint C such thatroot(l) 2 C(R) and
V() V ().

Again, constraints C of the form > will usually be omitted in constrained
constructor rules. Constructor equations and constrainedconstructor rules give
rise to the following rewrite relation. It is based on extended rewriting [14] but
requires that the PA-constraint of the constrained constructor rule is PA -valid
after being instantiated by the matcher. For this, we require that variables of
sort nat are instantiated by terms over Fpa in order to ensure that PA -validity
of the instantiated PA-constraint can be decided by a decision procedure for
PA -validity.

De nition 7 ( PA-based Substitutions). A substitution is PA-basedi
(X) 2T (Fpa ; V) for all variables x of sort nat.

De nition 8 (Constructor Rewrite Relation). Let E be a nite set of con-
structor equations and letS be a nite set of constrained constructor rules. Then
s! pakens ti there exist a constrained constructor rule 1! rJCK2 S, a posi-
tion p 2 P os(s), and a PA-based substitution such that

1.sjp gpa |,

2 This restriction avoids \confusion" since it would otherwi se be possible to introduce
a constant c of sort nat and then add equationsc Oandc 1, implying O 1.
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2. C is PA-valid, and
3.t=9[r Jp.

We write s! S, t1 S! paens tatapositionp6 ", ands! 5, ot
i s reduces tot in zero or more! ;',;kEnS steps such thatt is a normal form

-
w.r.t. ! PAKENS - . . .
We combine constrained rewrite rules, constrained constrator rules, and

constructor equations into a constrained equational systen under certain condi-
tions.

De nition 9 (Conditional Constrained Equational Systems ( CCES)).
A conditional constrained equational system (CCES)has the form(R; S; E) for a
nite set R of conditional constrained rewrite rules, a nite set S of constrained
constructor rules, and a nite set E of constructor equations such that

1. S is right-linear, i.e., each variable occurs at most once inr for all | !
rJCK2 s,

2. gpa commutes over! pacens , i.€., the inclusion  gppa ! pAKERS
' pakEns gppa  holds, and
3. ! pakens IS convergent modulo gppa , i.€., ! paens IS terminating and
PAKENS ! PAKENS ! PAKENS E[PA PAKENS *

Here, the commutation property intuitively states that if s gpa s° and
SO! pakens tO then s ! paens t for somet gpa to If S does not already
satisfy this property then it can be achieved by addingextended rules[14, 7].

If R is unconditional (i.e., n = 0 for all conditional constrained rewrite rules
sp ! tyiinisn ! th jID rJCKfrom R) we will also speak ofconstrained
equational systems (CESs)

Some commonly used data structures and their speci cationsn our frame-
work are listed in Figure 1. The rule marked by \( )" is needed in order to make

E[pA COmmute over! paens .- The constructor hi used for sets and multisets
creates a singleton set or multiset, respectively.

Finally, we can de ne the rewrite relation corresponding to a CES. The rela-
tion is an extension of the normalized rewrite relation usedin [6], which in turn

is based on [12]. The relation’® pakenr Needs to evaluate the conditions before
a term may be reduced.

De nition 10 (Conditional Rewrite Relation). Let (R;S;E) be a CCES.
Then 1° pakenr IS the least relation satisfying s ° pakenr L 1 there exist a
conditional constraint rewrite rule s; ! ty;::i;sn !t jI rJCKin R, a
position p 2 P 0s(s), and a PA-based substitution such that

.ol en "
L sip! Pakens era |
2. C is PA-valid,
3. S 1S PAKENR epa i foralll i n,and

4. t=9[r Jp.
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| |Constructors | E | S |
Lists nil; cons

Sorted nil; cons congx; condy; zs))

lists I congy;congx;zs))x >y K
Multisets ;1ins ins(x; ins(y; zs))

ing(y; ins(x; zs))
Multisets his[ x[ (y[ 20 X[WI[ zIx[;! x

X[y y[Xx

Sets ;. ins ins(x; ins(y; zs)) ins(x; ins(y; zs))
ins(y; ins(x; zs)) I ing(x;zs)Ix "' yK

Sets shitl xDlz) xEylzx[;t x

x[y y[x X[ x! x

xIx)[y! x{y )

Sorted ;oins ins(x; ins(y; zs)
sets I ing(y;ins(x;zs))x >y K

ins(x; ins(y; zs))
I ing(x;zs)Ix "' yK

Fig. 1. Commonly used data structures.

The least relation satisfying these properties can be obtaied by an inductive
construction, similar to how this is done for ordinary conditional rewriting [13].

Example 11. This example continues Example 1. Assume we want to reduce th
term t = gsort(ing(1; iny(3;ing1;;)))) using 1 pakenr - Using the substitution
=fx 7! 3;ys7'ing1;;);yl 7V ing1;;);yh 7! ;g

we obtain t!' 5, . o gsor(ing(1;ing(3;;))) tpa  Osoring(x;ys)) and thus
t1° pakenr  app(gsort(ing1;;)); cong3; gsort(; ))) using the third rule for gsort,

provided that split(3;ing1;;)) 1 PAKENR gerpa  Nng(1;;);5i . In order to verify
this, we use the secondsplit-rule. But in order to do so we rst need to show

that split(3;;)!S PAKENR gpa  h;;si, which is easily obtained by the rst
rule for split. Continuing the reduction of app(gsort(ing(1;;)); cong3; gsort(; )))
eventually produces the resultcong1; cong3; nil)).

We now show that whenevers gpa s’ands 1° pakenr T then s21° paenr
tOfor somet® gpa t,i.e., we show that gpa commutes over’® paenr -

Lemma 12. Let (R;S;E) be a CCES. Then gpa 1 PAKENR 1S PAKENR

S .
gpa - Furthermore, the I” paenr  Steps are performed using the same con-
ditional constrained rewrite rule and PA-based substitution.

Proof. We show that s I° paenr t and epa S implies s° 1 oakenr 10 for
somet? grpa L. Thus, assumes 1 pakenr L. This means that s = CJ[f (u )] for
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some contextC with f(u ) ! faens  cpa | fOr SOme constrained rewrite
rule | I rJDK2 R and somePA-based substitution such that D is PA-
valid and t = C[r ]. Sinces gppa s? and all equations in E [PA are i.u.v.
and do not contain symbols fromD(R), an application of [6, Lemma 5] implies
s® = C9f (u%)] for some context C° with C° gpa C and u® gpa U .

Therefore, f (u°)!" SAKENS tpa | by [5, Lemma 12.2] and we can use the
substitution  to rewrite s°= CYf (u®)]to t°= CYr ] gpa C[r ]=t. u

3 Termination and Operational Termination

'I;ermination of a CCES means that ther% iS no term that starts an in nite
" pakenr  reduction, i.e., that the relation I paenr IS Well-founded. As is well-
known, termination is not the only crucial property of conditional rewriting. In
order to get a decidable rewrite relation it additionally has to be ensured that
evaluation of the conditions does not loop. As argued in [11]the notion of oper-
ational termination is a natural choice for this property since it better captures
the behavior of actual implementations of rewriting than other commonly used
notions like e ective termination [13].

As in [11], the recursive nature of conditional rewriting is re ected in an

inference system which aims at proving thats 1 PAKEnR T OfF st® pakenr L. Then
operational termination is characterized by the absence oin nite proof trees for
this inference system.

De nition 13 (Proof Trees). Let (R;S;E) be a CCES. The set of ( nite)
proof treesfor (R;S;E) and the head of a proof tree are inductively de ned as
follows.

1. An open goalG, where G is either s! tors! t for some termss;t, is
a proof tree. In this casehead(G) = G is the head of the proof tree.
2. A derivation tree, denoted by

Ty Th

T= —)

is a proof tree, whereG is as in the rst case, is one of the derivation

head(T,) head(T,)
G

is an instance of . In this case, head(T) = G.

A proof tree is closedi it does not contain any open goals.

Example 14. We again consider the CCES for quicksort from Examples 1 and

11. Then gsort(ing(1;ing3;ing1;;)))) ! app(gsort(iny1;;));cong3; gsort(;))) is
an open goal and



Built-in Numbers and Semantic Data Structures 9

Re
( ) st
if s E[PA t
(Tran) sl t t! u
s! u
SJ_ | t]_ Sn | tn
Re
(Rep) ST 1
ifsg ! ty;iin;sn! thjl! rdJCK2R,
p 2 P os(s),
is PA-based,
R "
Sip!" Pakens E[PA L
C is PA-valid, and
t=s[r Jp.
Fig.2. Derivation rules.
—_—— (R —— (R
split(3;;) ' h; i (Rep) hyyiit hyi (Re )
- - (Tran)
split(3;;) ! h;yii
VS T (Rep) ———— ————— (Re)
split(3;ins(1;;)) 'h ins(1;;);;i hins(1;;);;i! hins(1;;);;i (Tran)
split(3;ins(1;;)) ! hing(L;;); 5
(Rep)

gsort(ins(1; ins(3;ins(1;;)))) ! app(gsort(ins(1;;)); conq3; gsort(; )))

is a closed proof tree with this goal as its head.

Now an in nite proof tree is de ned to be a sequence of proof tees such that
each member of this sequence can be obtained from its immede&predecessor
by expanding one or more open goals.

De nition 15 (Pre xes of Proof Trees, In nite Proof Trees). A proof
tree T is a pre x of a proof tree T®, written T TO, if there are one or more

by a derivation tree T; with head(T;) = G;. An in nite proof tree is an in nite
sequence Tig; o of nite proof trees such that T} T;+; foralli O.

The following notion of well-formed proof treescaptures the operational be-
havior of a rewrite engine that evaluates the conditions of arewrite rule from
left to right.
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De nition 16 (Well-formed Proof Trees). A proof tree T is well-formed if
it is either an open goal, a closed proof tree, or a derivationtree of the form

Ty Th

=)

where T; is a well-formed proof tree for all1  j n and there is ani n
such that T; is not closed, T; is closed for allj <i , and Ty is an open goal for
all k >i. An in nite proof tree is well-formed if it consists of well-formed proof
trees.

As mentioned above,operational termination is characterized by the absence
of in nite well-formed proof trees.

De nition 17 (Operational Termination). The CCES (R;S;E) is opera-
tionally terminating i there are no in nite well-formed proof trees.

For CESs, the notions of termination and operational termination coincide.

Lemma 18. Let (R;S;E) be a CES. Then(R; S; E) is operationally terminating
i (R;S;E) is terminating.

Proof. Let (R;S;E) be a CES.

\) " Assume R;S;E) is not terminating and let

S s S
So* PAKERR S1: PAKERR S2 ° PAKENR

be an in nite rewrite sequence. We construct an in nite proof tree fTig; o as
follows:

To=sp! t for some arbitrary term t (an open goal)

— (Re
Si ! Si+1 ( pD Si+1 ! t
Tiv1 = (Tran)
Ti
Here, T; is extended at its (only) open goals; ! t. Therefore, (R;S; E) is not

operationally terminating.

\( "1 Assume R;S;E) is not operationally terminating. Thus, there exists an
in nite proof tree fTig o. SinceR is unconditional, the shared head of theT;
has the formsy !t for some termssy; t. Furthermore, the rule (Tran) is applied
to this head. The left subgoal thus generated is closed usingRep) before the
right subgoal can be expanded further.

(Rep)
So! s1 Sy !

So! t

(Tran)
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Thus, we obtain sg N pakenk  S1. Applying the same argument to the subgoal
s; !t and continuing in the same fashion afterwards, we obtain thein nite
rewrite sequence

S s S
S0 PAKERR S1° PAKERR S2° PAKENR

Thus, (R; S;E) is not terminating. 0]

4 Elimination of Conditions

In order to show operational termination of a CCES (R;S;E), we transform
it into a CES (U(R); S; E) such that (R;S;E) and (U(R); S; E) are equivalent
w.r.t. operational termination. We then check for termination of (U(R);S;E),
which, by Lemma 18, is equivalent to operational termination of (U(R);S; E).
Our transformation generalizes the classical one for ordiary conditional rewrit-
ing (see, e.g., [13, De nition 7.2.48]) to rewriting with equations, normalization,
and constraints. An extension of the classical transformaibn to context-sensitive
rewriting with equations was proposed in [3]. Our presentaion is in uenced by
that paper.

De nition 19 (Transformation U). Let s ! to;iiiysp b th j 1!
rJCKbe a conditional constrained rewrite rule. ThenU( ) is de ned by

ifn=0thenU()=f ¢

if n>0thenU( )=f Il U;(s1;%,)ICKg [ (1)
fU G ox ! U (si;x)CKj2 0 ngl[ (2
f U,(th;x,)! rJCKg (3)

Here, the U; are fresh function symbols and, forl i n, the expressionx;

denotes the sorted list of variables in the se¥(I) [V (t1)[ :::[V (ti 1) according
to some xed order on the setV of all vagables. For a nite set R of conditional
constrained rewrite rules we letU(R) = 5 U( ).

Example 20. Continuing Examples 1, 11, and 14 we get the following unconid
tional constrained rewrite rules.

app(nil;zs) ! zs
app(congx;ys);zs) ! congx; app(ys; z9))

split(x; ;) ' h; 3
split(x; ing(y; zs)) ! Ug(split(x; zs); x; y; zs) X >y K
Ui (hel; zhi; x;y; zs) I h ingly; zl); zhi X>yK
split(x; ing(y; zs)) ! Ua(split(x; zs); x;y;zs) X By K
Uo(hzl; zhi; x;y; zs) th zl;ingly; zh)i XByK
gsort(;) ! nil

gsoring(x; ys)) ! Uz(split(x; ys); x;ys)
Us(hyl;yhi;xys) ! app(gsort(yl); congx; gsort(yh)))
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Here, we did not label the function symbolsU; with the rule they were created
for in order to ease readability. A termination proof for thi s system in contained
in [5, Appendix D.3].

In order to show that (R; S; E) is operationally terminating if ( U(R); S;E) is
operationally terminating, we need the following lemma.
Lemma 21. For any well-formed proof tree T for (R;S;E) whose head goal is

eithers! tors! t,there exists a well-formed proof tree (T) for (U(R); S;E)
whose head goal is ! t. Furthermore, if T TOfor some TY then (T)

(T9.
Before proving Lemma 21 we make two preliminary remarks abouproof
trees. These properties will be used freely in the proof of Lmma 21.

Property 22. If we are given the proof tree

T1 Th
sl t

and aterms® gpa s, then we can construct the proof tree

T1 Th

o1 0

wheret® gpa tis given by Lemma 12. 9]
Property 23. Assume we are given the proof tree

Th

S I s Sp ! (Re)
T n 1o n’ (Tran)

T s1! s :
! ! 2 (Tran)

So! s1 Sy ! t
(Tran)

st

wheresp = sands, gpa t. Givenaterms® gpa S, we can construct the
proof tree

Tn (Re )
e
1§ g, ! t
T Ul i n (Tran)
T 2l ® ;
2 = 5 n (Tran)
oy n (Tran)

where ® = s and, for any term u, the expressione denotes some term with
8 gpa U. Here, the termsg are given by Lemma 12. Notice that§, gpa t
sinceb, Epa Sh ands, gpa t. u
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Proof of Lemma 21. For the proof of the lemma, the construction of (T) is done

by induction on the structure of T. There are two cases, depending on whether
the head goal ofT is of the forms! tors! t.

I. The head goal iss! t:
First, we assume thatT is closed. Then,T has the shape

Th
S I s Sp ! (Re)
T, n1° e n’ (Tran)
T s1! s
! ! 2 (Tran)
So! s1 sp! ot (Tran)
s! t

wheresg = sands, gpa t. By the induction hypotheses, we can assume
that each subtree

has a transformed tree (U;) of the form

T (Re)
e
5 skl sk
T (Tran)
T! st s?
T T (Tran)
S 1! S si! s
(Tran)
Si 1! s
Now, the proof tree (T) is built as follows.
Tkn
. (Re)
sqr‘\” 1 gﬁ” 93 t
(Tran)
sp” 1 t
Ty
o §11 &2 :
-J’rkmnl! §% o : (Tran)
n (Tran)
o oy
i
k1 k 1
L LA . (Tran)
g1ty Ga gy
L L 1 (Tran)
A ST t
T12 51 !

& sal' . (Tran)
B % 1t (Tran)
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If T is not closed since some IeftmosTji is not closed, then (T) needs to be
cut at some level of T!. In either case, (T) is a well-formed proof tree if T
is well-formed and (T) (T T T

Il. The head goal iss! t:
Again, we rst assume that T is closed. Then, it has the shape

S Sn
SJ_ ' t]_ Sn | tn
Re
ST 1 (Rep)
for some rule :s; ! ty;iiiisp !ty j I rJCKfrom R. In order to
ease notation, we assume that the position in the Rep) rule is p= ", i.e.,
st' SAKERS epa | andt = r . If the constrained rewrite rule that is

used is unconditional, then this rule is also present inU(R) and we obtain
the following proof tree for (U(R); S; E):

st (R
(Tran)

st

Otherwise, U(R) contains rules of the form (1); (2); and (3) from De nition
19. From these, we construct proof trees for (R); S; E) with the following
head goals:

Un(ta;xy) 11 (Gn)
Up(snixq) 1o (Hn)
Uy o(th 1%, 1) 1 or (Gn 1)
Uy 1(sn 15X 1) P 1 (Hn 1)
Up(tasxg) b or (G1)
Up(siixg) | (Hy)
st (K)

For the following, note that C is PA-valid by assumption.

1. Proof tree for (Gp):
We can construct the proof tree

(Rep) PR (Re)

. |
U, (th;Xx,) 1 or (Tran)

Uy(th;x,) ! r

by using rule (3) from De nition 19.

2. Proof tree for (Hk) using the proof tree for (Gg):
We assume that we have already constructed a proof tre&y for the goal
(Gk) = Ug(tk ;x ) ! r . By induction on the tree structure, we can
furthermore assume that the subtree

Sk

Uyuy= ———
k sk !tk
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has a transformed tree (Uk) of the form

Ty
u I u u! ot (Re)
T2 L1 - L K (Tran)

T ur! u :
k ! 2 (Tran)
Uo! up ur !ty

(Tran)

s otk

whereug = s andu; gpa tk . Then, we can construct a proof tree
for the goal U, (sk ;x  )! r as follows:

T Te
0 0 .
u I u U, (u;x oo
I 1 I , k'( k) (Tran)
Tk2 U| 1 r
T ut ud :
) k ) E 2 ) (Tran)
Ug! uy up!oor
(Tran)

Uc(ski Xy ) or

whereu? = U, (ui;x, ).

3. Proof tree for (Gx 1) using the proof tree for (Hy):
We assume that we have already constructed a proof tre@&y for the goal
(Hk) = U (sk;x )! r .Then, we can construct a proof tree for the
goalU, ,(tk 1;X, ; )! r asfollows:

Re
Ug 2tk 15X 1)1 Up(sesxy )( Py

k
(Tran)
U ((tk 15Xy 2 )0 r

where the (Rep) step uses rule (2) from De nition 19.

4. Proof tree for (K) using the proof tree for (Hy):
We assume that we have already constructed a proof tre&; for the goal
(H1) = Uy(s1;x 4 )! r . Then, we can construct a proof tree for the
goals! t as follows:

sl Uj(s1:x1) (Rep)

st

! (Tran)

where the (Rep) step uses rule (1) from De nition 19.

As in case L., if the original proof tree is not closed, then tre transformed tree
is cut at some level. In either case, (T) is well-formed if T is well-formed
and (T) (THifT TO u

Theorem 24. If (U(R);S;E) is operationally terminating, then (R; S;E) is op-
erationally terminating.
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Proof. Assume R;S;E) is not operationally terminating. Thus, there exists an
in nite proof tree fTig o for (R;S;E). By Lemma 21, we obtain an in nite
sequencef (T;)gi o of proof trees for (U(R);S;E). Additionally, Ti; Ti+1
implies (T;) (Tisg) for all i 0. Therefore,f (Ti)g o is an in nite proof
tree for (U(R); S; E), which is thus not operationally terminating. u

Finally, we obtain the desired result that operational termination of (R; S; E)
is implied by termination of (U(R); S; E).

Corollary 25.
terminating.

If (UR);S;E) is terminating, then (R;S;E) is operationally

Proof. By Lemma 18, termination of (U(R); S; E) implies operational termina-
tion of (U(R); S; E) since U(R) is unconditional. Thus, (R; S; E) is operationally
terminating by Theorem 24. u

Example 26. The following CCES speci es the sieve of Eratosthenesprimegx)
returns a list containing the prime numbers up to x. We haveS = E= ;.

primegx) ! sievénaty2; x))
natg(x;y) ! nil X>yK
natyx;y) ! congx; natgx + 1;y)) X ByK
sievénil) ! nil
sievécongx;ys)) ! congx; sievd lter (x;ys)))
Iter (x; nil) ! nil
isdi(x;y) ! true j Iter (x; congy;zs)) ! lter (x;zs)
isdi(x;y) ! falsej Iter (x; congy;zs)) ! congy; lter (X; zs))
isdiv(x; 0) ! true X > 0K
isdix;y) ! false X>y My > 0K
isdiv(x;x + y) I isdi(Xx;y) x> 0K

Following De nition 19 we obtain U(R) as follows.

primegx) ! sievénatq2; x))
nats(x;y) ! nil X>yK
natyx;y) ! congx; natgx + 1;y)) XByK
sievénil) ! nil

sievécongx;ys)) ! congx; siev€ Iter (x;ys)))
Iter (x; nil) I nil

lter (x; congy;zs)) ! Ui(isdi(X;y); X;y; ZS)
U (true; x;y;zs) | lter (x; zs)

Iter (x; congy; zs)) !
U,(false x;y; zs) !

Uz(isdiM(x; Y); X; Y; ZS)
congy; lter (x;zs))

isdiv(x; 0) ! true x> 0K
isdiv(x;y) ! false X>y Ny > 0K
isdiv(x;x +y) ! isdiV(x;y) x> 0K

By Corollary 25 the CCES (R;; ;;) is operationally terminating if the uncon-
ditional CCES (U(R);;;;) is terminating. Termination of ( U(R);;;;) is shown

in [5, Appendix F.2].
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5 Conclusions and Future Work

We have proposed the notion of conditional constrained equidonal systems
for modeling algorithms. Rewriting with these systems is baed on normalized
rewriting combined with evaluation of conditions and validity checking of instan-
tiated constraints. Semantic data structures like nite sets, multisets, and sorted
lists are modeled using constrained rewrite rules and equains on constructors.
In this paper, constraints are Boolean combinations of atont formulas from
Presburger arithmetic. The conditional constrained equatonal systems discussed
in this paper are a strict generalization of the equational ystems presented in
[6], which also use normalized rewriting but do not allow theuse of conditions
or constraints.

We show that the operational termination of such conditional constrained
equational systems can be reduced to termination of uncontional constrained
equational systems using a simple transformation. Powerfumethods for show-
ing termination of unconditional constrained equational rewrite systems are pre-
sented in the companion paper [5]. These methods can thus besead for showing
operational termination of conditional constrained equational rewrite systems
as well. Using this approach the operational termination of several nontrivial
conditional constrained equational systems is shown in [5]

Operational termination is only one among several importarn properties of
conditional constrained equational systems. We plan to stdy other properties as
well, in particular con uence and su cient completeness. T he cover set method
[16] for automatically generating an induction scheme froma function de nition
requires that the function de nition is both (operationall y) terminating and suf-
ciently complete. Developing checks for su cient complet eness along with the
results from this paper and from [5] for showing operationaltermination would
allow the development of automated methods for mechanizingroofs by induc-
tion for such function de nitions. Results about decidabil ity of inductive validity
of conjectures as discussed in [8, 4] could also be extendegdrthogonal to this,
we will investigate how the rewrite relation can be generalzed by considering
other built-in theories apart from Presburger arithmetic on natural numbers.
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