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Abstract. Context-sensitive rewriting is a restriction of rewriting that
can be used to elegantly model declarative specification and program-
ming languages such as Maude. Furthermore, it can be used to model
lazy evaluation in functional languages such as Haskell. Building upon
our previous work on an expressive and elegant class of rewrite systems
(called CERSSs) that contains built-in numbers and supports the use of
collection data structures such as sets or multisets, we consider context-
sensitive rewriting with CERSs in this paper. This integration results in
a natural way for specifying algorithms in the rewriting framework. In
order to prove termination of this kind of rewriting automatically, we de-
velop a dependency pair framework for context-sensitive rewriting with
CERSs, resulting in a flexible termination method that can be automated
effectively. Several powerful termination techniques are developed within
this framework. An implementation in the termination prover AProVE
has been successfully evaluated on a large collection of examples.

1 Introduction

While ordinary term rewrite systems (TRSs) allow to model algorithms in a
functional programming style, there still remain serious drawbacks. First, mod-
eling data structures such as sets or multisets is not easily possible since these
non-free data structures typically cause non-termination of the rewrite relation.
Equally severe, domain-specific knowledge about primitive data types such as
natural numbers or integers is not directly available. We have shown in [13] that
constrained equational rewrite systems (CERSs) provide an expressive and con-
venient tool for modeling algorithms that solves both of these drawbacks. Since
[13] considers only natural numbers as a primitive built-in data type, the first
contribution of this paper is a reformulation of the ideas from [13] that allows for
both built-in natural numbers or built-in integers in one convenient framework.

Even though CERSs are an expressive and elegant tool for modeling algo-
rithms, they do not allow to incorporate reduction strategies that are commonly
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used in declarative specification and programming languages such as Maude [8].
Context-sensitive rewriting [22,23] has been introduced as an operational re-
striction of term rewriting that can be used to model such reduction strategies.
Additionally, context-sensitive rewriting allows to model lazy (non-strict) evalu-
ation as used in functional programming languages such as Haskell. The second
contribution of this paper is to introduce context-sensitive rewriting for CERSs,
thus combining the expressiveness of CERSs with increased flexibility on the
reduction strategy provided by context-sensitive rewriting.

In context-sensitive rewriting, the arguments where an evaluation may take
place are specified for each function symbol. Then a reduction is only allowed if
it takes place at a position that is not forbidden by a function symbol occurring
somewhere above it.

Ezxample 1. Consider the following rewrite rules, where ins is used to construct
a set by adding a further element to a set:

from(z) — ins(z, from(x + 1))
take(0, zs) — nil
take(w, ins(y, ys)) — cons(y, take(x — 1,ys))[x > 0]
head(ins(z, zs)) — x
tail(ins(z, zs)) — xs

Here, the function symbol from is used to generate the (infinite) subsets of in-
tegers that are greater than or equal to the argument of from. The meaning of
“[# > 0]” in the second take-rule will be made precise in Section 3. Intuitively,
it allows application of that rule only if the instantiation of the variable x is a
positive number. The term take(2, from(0)) admits an infinite reduction in which
the from-rule is applied again and again. However, there also is a finite reduction
of that term which results in the normal form cons(0, cons(1, nil)). This reduc-
tion can be enforced using context-sensitive rewriting if evaluation of the second
argument of ins is forbidden since the recursive call to from is then blocked. ¢

As for ordinary rewriting, termination is a fundamental property of context-
sensitive rewriting. Since context-sensitive rewriting may result in a terminat-
ing rewrite relation where regular rewriting is diverging, proving termination of
context-sensitive rewriting is quite challenging.

For ordinary TRSs, there are two approaches to proving termination of
context-sensitive rewriting. The first approach is to apply a syntactic transfor-
mation in such a way that termination of context-sensitive rewriting with a TRS
is implied by (regular) termination of the TRS obtained by the transformation.
For details on this approach, see [15, 25]. While the application of these transfor-
mations allows the use of any method for proving termination of the transformed
TRS, they often generate TRSs whose termination is hard to establish.

The second approach consists of the development of dedicated methods for
proving termination of context-sensitive rewriting. Examples for adaptations of
classical methods are context-sensitive recursive path orderings [7] and context-
sensitive polynomial interpretations [24]. The main drawback of these adapta-
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tions is the limited power which is inherited from the classical methods. Adapt-
ing the more powerful dependency pair method [4] to context-sensitive TRSs
has proven to be quite challenging. A first adaptation of the dependency pair
method to context-sensitive TRSs has been presented in [2]. But this adapta-
tion has severe disadvantages compared to the ordinary dependency pair method
since dependency pairs may be collapsing, which requires strong restrictions on
how the method can be applied.

An alternative adaptation of the dependency pair method to context-sensitive
TRSs has recently been presented in [1]. This adaptation does not require collaps-
ing dependency pairs and makes it much easier to adapt techniques developed
within the ordinary dependency pair method to the context-sensitive case.

The third and main contribution of this paper the development of a depen-
dency pair method for context-sensitive rewriting with CERSs that takes [1] as
a starting point. This adaptation is non-trivial since [1] is concerned with ordi-
nary (syntactic) rewriting, whereas rewriting with CERSs is based on normalized
equational rewriting that uses constructor equations and constructor rules.

After fixing some terminology in Section 2, Section 3 recalls and extends the
CERSs introduced in [13]. In contrast to [13], it is now possible to consider both
built-in natural numbers or built-in integers. The basic terminology of context-
sensitive rewriting with CERSs is introduced in Section 4, and Section 5 presents
the main technical result of this paper. By a non-trivial extension of [1], termina-
tion of context-sensitive rewriting with a CERS is reduced to showing absence
of infinite chains of dependency pairs. Section 6 introduces several powerful
termination techniques that can be applied in combination with dependency
pairs. These techniques lift the most commonly used termination techniques in-
troduced for CERSs in [13] to context-sensitive CERSs. An implementation of
these techniques in the termination prover AProVE [16] is discussed and evalu-
ated in Section 7. This evaluation shows that our implementation succeeds in
proving termination of a large class of context-sensitive CERSs.

2 Preliminaries

Familiarity with the notation and terminology of term rewriting is assumed, see
[5] for an in-depth treatment. This paper uses many-sorted term rewriting over
a set S of sorts. It is assumed in the following that all terms, substitutions,
replacements, etc. are sort-correct.

For a signature F and a disjoint set V of variables, the set of all terms over
F and V is denoted by T (F,V). The set of positions of a term ¢ is denoted by
Pos(t), where A denotes the root position. [t| is the size of the term ¢, defined
by |t| = |Pos(t)|. The set of variables occurring in a term ¢ is denoted by V().
Similarly, the set of function symbols occurring in ¢ is denoted by F(t). This
naturally extends to pairs of terms, sets of terms, etc. The root symbol of a term
t is denoted by root(t). A term ¢t is linear if each v € V(t) occurs only once in t.

A context over F is a term C € T(F U J,cg{0s},V). Here, O, : — s is a
fresh constant symbol of sort s, called hole. If the sort of a hole can be derived
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or is not important, then [0 will be used to stand for any of the O,. If C is
a context with n holes and t¢1,...,t, are terms of the appropriate sorts, then
Clt1,...,ty] is the result of replacing the occurrences of holes by t1, ..., ¢, “from
left to right”.

A substitution is a mapping from variables to terms, where the domain of
the substitution may be infinite. The application of a substitution ¢ to a term ¢
is written as to, using postfix notation.

A finite set &€ = {u; =~ v1,...,u, = vy} of equations induces a rewrite
relation —¢ by letting s —¢ ¢ iff there exist a position p € Pos(s) and a
substitution ¢ such that s|, = w;o and t = s[v;0], for some u; ~ v; € £.
The symmetric and reflexive-transitive-symmetric closures of —¢ are denoted
by Heg and ~g, respectively. Since ~¢ is a congruence relation, it defines a
partition of 7(F,V) into equivalence classes. The members of 7(F,V)/., are
called &-equivalence classes.

The following syntactic properties of equations are relevant for this paper.

Definition 2 (Properties of Equations). Let u ~ v be an equation.

1. u ~ v is collapse-free if neither u nor v is a variable.

2. u ~ v is regular if V(u) = V(v).

3. u = v has identical unique variables (is i.u.v.) if it is reqular and both u and
v are linear.

4. u v is size-preserving if it is i.u.v. and |u| = |v|.

A set £ of equations is said to have one of these properties if all equations
u =~ v € & satisfy that property.

If equations are to be used in only one direction, they are called rules. A
term rewrite system (TRS) is a finite set R = {l1 — r1,...,lm — rm} of rules.

Equational rewriting uses both a set £ of equations and a set R of rules.
Intuitively, £ is used to model “structural” properties, while R is used to model
“simplifying” properties.

Definition 3 (£-Extended Rewriting). Let R be a TRS and let € be a set of
equations. Then s — g\ t if there exist a rule | — r € R, a position p € Pos(s),
and a substitution o such that

1. s|p ~¢glo, and
2. t = s[rol,.

Writing Z/g\ and >—A>5\R denotes that all steps are applied below the root
position.

Given & and R, an investigation of the normal forms of —g\z becomes
important. For this, strong results can be obtained if — ¢\ satisfies the following
properties.

Definition 4 (£-Confluence, £-Convergence, Strong £-Coherence). Let
R be a TRS and let £ be a set of equations.
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. Ee\R 8 E-confluent iff <_;?\R o _)E\R C H;\R 0 r~g O HE\R'
. —e\r 18 E-convergent iff it s terminating and €-confluent.
3. —g\r 18 strongly E-coherent iff ~¢ 0 —g\g C —g\r 0 ~e.

IS

Notice that strong £-coherence is a special case of coherence modulo £ [20].

3 Constrained Equational Rewrite Systems

This section recalls and extends the class of rewrite systems with collection data
structures and built-in numbers from [13]. Both built-in numbers and collection
data structures are modeled using £-extended rewriting as in Definition 3. It is
first discussed how this is done for built-in numbers. The approach taken for
them easily allows for collection data structures as well.

3.1 Built-in Numbers as Canonizable Theories

In order to model the set of integers using terms and equations, recall that Z
is an Abelian group under addition that is generated using the element 1. A
signature for modeling integers thus consists of the following function symbols:

0:— int
1: —int
— :int — int

+ :int,int — int
The defining properties of an Abelian group can easily be stated as equations:

r+yry+zx z+0~z
T4 (y+2)~ (@ +y)+ 2+ (~2) ~ 0

This set of equations is in general unsuitable for modeling algorithms using
extended rewriting since the last equation is not regular. To avoid this problem,
the idea is to only keep associativity and commutativity as equations and to turn
the remaining properties (idempotency and inverse elements) into rewrite rules.
For this, it does not suffice to just orient the last two equations as rules. Instead,
the well-known method of equational completion [20,6] needs to be applied to
obtain “equivalent” sets S of rewrite rules and £ of equations. Here, the goal is
that two terms are in the same equivalence class of the initial set of equations if
and only if their normal forms w.r.t. —¢\s are in the same &-equivalence class.
Applying equational completion to the above properties, the following rewrite
rules and equations are obtained:

S: r+0—=x
——x =T

—-0—0



6 Stephan Falke and Deepak Kapur

—(x+y) = (—2)+(-y)
x4+ (—z) —0
(x+(—z)+y—0+y
E: T+y~y+zT
r+y+z) =@ty +z

This idea can be generalized from the integers, and it can furthermore be
made more useful by allowing predefined predicate symbols that can then be
used as constraints in the rewrite rules used for modeling algorithms.

In order to model built-in numbers and other theories, an initial signature
F1, over a sort base containing the function symbols of the built-in theory 7h
is used. It is assumed that 7h is equipped with a set P73 of predicate symbols.
In the following, [P]z;, denotes the interpretation of P € Pz, in the theory 7h,
and [s]7p, denotes the interpretation of s € 7 (Fgp,) in Th. Furthermore, it is
assumed that ~ € Pz, is the equality predicate of 7h and that ~ is specified
using the set 77, of equations. Within this paper, attention is restricted to the
case where E7y, is canonizable in the following sense.

Definition 5 (Canonizable Sets of Equations). A set £ of equations is

Y e
canonizable iff there exist a set € of rewrite rules and a set £ of equations such
that

— ~
1. f UE is equivalent to £, i.e., ~g = ~3 3,
2. & is i.u.v.,
3. —aF is E-convergent, and
4. —aF is strongly &-coherent.

For a canonizable set £ of equations, s ~¢ t if and only if s —%\? o~z

o <—i§\? t since 3. and 4. imply that —aF I Church-Rosser modulo & [20].
The sets ? and € can be obtained from & using equational completion |20,
6]. A theory 7h is said to be canonizable if £p, is. Figure 1 lists two of the
most important canonizable theories: 7hy denotes Presburger arithmetic of the
natural numbers, and Thyz denotes Presburger arithmetic of the integers. For
both of these theories, Pz, = {~, >, >}. For Thz, the rewrite rule (z + (—z)) +

y — 04y is an extension of x+ (—x) — 0 that is needed to make —aF strongly

&-coherent. This paper takes some liberties in writing terms for 7Thy and 7hy,

e.g., * — 2 is shorthand for any term that is equivalent to z + ((—1) + (—1)).
The rewrite rules that are used in order to specify defined functions will have

constraints from 7h that guard when a rewrite step may be performed.

Definition 6 (Syntax of Th-constraints). An atomic Th-constraint has the
form Pty ...t, for a predicate symbol P € Py, and termsty, ..., t, € T(Fr, V).
The set of Th-constraints is inductively defined as follows:
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— ~
| [ 7| En | En |
Natural | 0,1,+ z+0— =z r+y~y+z
numbers r+y+z)=(z+y)+2
Integers |0, 1, +, — x+0—=x r+y~y+z
——z >z 2+ y+z)~(z+y)+=2
-0—-0
—(@+y) = (—z) + (-y)
z+(—z) — 0
(z+(-2) +y - 0+y

Fig. 1. Numbers as canonizable theories.

1. T is a Th-constraint.

2. Every atomic Th-constraint is a Th-constraint.

3. If v is a Th-constraint, then -y is a Th-constraint.

4. If o1,02 are Th-constraints, then w1 A 2 is a Th-constraint.

The Boolean connectives V, =, and < can be defined as usual. Also, 7h-
constraints have the expected semantics. The main interest is in satisfiability
(i.e., the constraint is true for some instantiation of its variables) and wvalidity
(i.e., the constraint is true for all instantiations of its variables).

Definition 7 (Semantics of Th-constraints). A variable-free Th-constraint
@ is Th-valid iff

1. C has the form T, or

2. ¢ has the form Pty ...t, and [Plm[ti]n - - - [tn]7n is true, or
3. ¢ has the form =o' and ¢’ is not Th-valid, or

4. @ has the form o1 A o and both o1 and po are Th-valid.

A Th-constraint @ with variables is Th-valid iff o is Th-valid for all ground
substitutions o : V(p) — T (Fr). A Th-constraint ¢ is Th-satisfiable iff there
exists a ground substitution o : V() — T (Fn) such that go is Th-valid. Oth-
erwise, ¢ is Th-unsatisfiable.

It is assumed in the following that 7h-validity is decidable. This is the case
for both Thy and Thyz [27].

3.2 Canonizable Collection Data Structures

In order to extend 7h by collection data structures and defined functions, Frp,
is extended by a finite signature F over the sort base and a new sort univ. The
restriction to two sorts is not essential, but the techniques that are presented in
the remainder of this paper only differentiate between terms of sort base and
terms of any other sort.
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Collection data structures can be handled similarly to the built-in theories,
i.e., properties of collection data structures are modeled using a set & of equa-
tions. As in Section 3.1, attention is restricted to the case where & is canon-
izable. Collection data structures that satisfy this property are also called can-
onizable collection data structures. Some commonly used canonizable collection
data structures are given in Figure 2. Compact lists are lists where the number
of contiguous occurrences of the same element does not matter. This kind of
lists has been shown to be useful in the constraint logic programming framework
[10,9]. Notice that there are typically two possibilities for modeling the “same”
collection data structure:

1. Using a list-like representation with an empty collection and a constructor to
add an element to a collection, where, according to the intended semantics,
the order in which the elements are added might not matter and duplicates
might be removed.

2. Using an empty collection, singleton collections ({-) and {-}, respectively),
and a constructor to concatenate two collections. Again, the order of con-
catenation might not matter and duplicates might be removed.

For the second possibility to model sets, the rewrite rule (zUx) Uy — z Uy is
an extension of x Ux — x that is needed to make — 5 = strongly £¢-coherent.

Ec\ &
‘Constructors' ?c and Ec ‘
Lists nil, cons n/a
Lists nil, (-), +H T 4+ nil — x
nilHy — y

Ytz ~ (@EHy H2
Compact Lists| nil,cons |cons(x,cons(z,ys)) — cons(z,ys)
Compact Lists| nil, (-}, +- z+nil — x

nilHy — vy

(z) ++ (z) — (2)

Ytz ~ (@Hy 2
Multisets 0, ins ins(x,ins(y, zs)) ~ ins(y, ins(z, 25))
Multisets 0,{}u zUD — =z
zU(yUz) = (zUy) Uz

rUy ~yUx
Sets 0, ins ins(z, ins(x,ys)) — ins(z,ys)
ins(z,ins(y, zs)) ~ ins(y,ins(z, zs))
Sets 0,{} U zUD —

tUr —x
(zUz)Uy — zUy
zU(yUz) = (zUy) Uz

rUy yUx

Q

Fig. 2. Commonly used canonizable collection data structures.
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3.3 CERSs

In the following, a combination of 7h with none or more (signature-disjoint)
canonizable collection data structures Cy,...,C, is considered. For this, let S =
?Th U U?:1 ?C and £ = gﬂt U U?:1 gC

The defined functions are specified using constrained rewrite rules. As for-
malized below in Definition 11, the 7h-constraint guards when a rewrite step
may be performed.

Definition 8 (Constrained Rewrite Rules). A constrained rewrite rule has
the form 1 — r[] for terms l,r € T(F U Fm,,V) and a Th-constraint ¢ such
that root(l) € F— F(EUS) and V(r) C V(). In a rule | — r[T], the constraint
T will usually be omitted.

A finite set of constrained rewrite rules and the sets S and £ for modeling 7Th
and collection data structures are combined into a constrained equational rewrite
system.

Definition 9 (Constrained Equational Rewrite Systems (CERSs)). 4
constrained equational rewrite system (CERS) has the form (R,S,E) for a finite
set R of constrained rewrite rules, a finite set £ of equations, and a finite set S
of rewrite rules such that

1. S is right-linear, i.e., each variable occurs at most once inr for alll — r € S,
2. —g\s is E-convergent, and
3. —g\s 18 strongly E-coherent.

The rewrite relation obtained from a CERS is based on the key idea of [26].
First, the subterm where a rule from R should be applied is normalized with

>—A>g\5. Then, £-matching is performed, where it is additionally required that the
Th-constraint of the constrained rewrite rule is Th-valid after being instantiated
by the matcher. If the matcher instantiates all variables of sort base by terms
from 7 (Frp, V), this can be answered by a decision procedure for Th-validity.

Definition 10 (7h-based Substitutions). A substitution o is Th-based iff
o(x) € T(Fmn, V) for all variables x of sort base.

The rewrite relation is now restricted to use a 7h-based substitution. This
restriction could be slightly relaxed by requiring o(z) € 7 (Frp,, V) for only those
variables of sort base that occur in the constraint of the rewrite rule.

Definition 11 (Rewrite Relation of a CERS). Let (R,S,€) be a CERS.

Then s gf]’h“g\fg t iff there exist a constrained rewrite rule | — r[¢] € R, a
position p € Pos(s), and a Th-based substitution o such that
>A >A
1. s, ——g\s0 ~¢ lo,
2. o is Th-valid, and
3. t = s[rolp.
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Example 12. This example shows a quicksort algorithm that takes a set of inte-
gers and returns a sorted list of the elements of that set. For this, integers are
modeled as in Figure 1 and sets are modeled using (§, {-}, and U as in Figure 2,
i.e., the sets S and &£ are as follows:
S: c+0—zx
——xz >z
-0—0
—(@+y) = (—z) + (-y)
x4+ (—x) —0
(x+(—z)+y—0+y
zUD -z
Uz —x
(zUz)Uy — Uy
E: rt+y~yta
r+y+z)~ (r+y) +2
crUy ~yUx
rU@yUz) = (zUy)Uz
The quicksort algorithm is specified by the following constrained rewrite rules:

app(nil, zs) — zs

app(cons(z, ys), zs) — cons(m app(ys, z$))
low(z,0) —
low(z, {y}) — {y} [z > 4]
low(z, {y}) — 0 [z # o]
low(xz,yUz) — Iow(x y) Ulow(z, 2)
high(z, 0) —
high(z, {y}) — {y} [x # y]
high(z, {y}) — 0 [z > y]
high(x,y U z) — high(z, y) U high(z, z)
gsort(f) — nil
gsort({z}) — cons(z, nil)

gsort({z} Uy) — app(gsort(low(z,y)), cons(x, gsort(high(z, y))))
Assume that the term ¢ = gsort({—1} U ({1} U {—1})) is to be reduced using
i’]‘h”g\R. By considering the substitution o = {z — 1,y — {—1}}, the third
gsort-rule can be applied since t>—A>!g\5 gsort({—1} U {1}) 2//2 gsort({z} U y)o,
i.e., condition 1. in Definition 11 is satisfied. Therefore,

t iﬂlng\R app(gsort(low(1, {—1})), cons(1, gsort(high(1,{—1}))))

Next, low(1,{-1}) if]’h”g\fg {—1} by the second low-rule since the instantiated

constraint 1 > —1 is Thg-valid. Similarly, high(1,{-1}) in”g\n (). Continuing
the reduction eventually yields cons(—1, cons(1, nil)). O
The function symbols occurring at the root position of left-hand sides in R

are of particular interest since they are the only ones that allow a reduction to
take place. Therefore, the following notation is introduced for them.
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Definition 13 (Defined Symbols). Let (R,S,E) be a CERS. Then the de-
fined symbols of (R, S, &) are D(R) = {f | f =root(l) for some l — r[¢] € R}.

It is not immediately obvious whether the rewrite relation iThH &\Rr is de-
cidable. In the important case where £ is size-preserving, the following positive
answer is obtained. Notice that the canonizable theories of Figure 1 and the
canonizable collection data structures of Figure 2 satisfy this requirement on €.

Lemma 14. Let (R,S,€) be a CERS such that £ is size-preserving.

1. If s,t are terms, then it is decidable whether s ~g t. Furthermore, the £-
equivalence class of s can be computed effectively.

2. For any term s, it is decidable whether s is reducible by —¢\s, and if so, a
term t with s —g\s t is effectively computable.

3. For any term s, it is decidable whether s is reducible by gf]’hng\R, and if so,

a term t with s iq’h”g\R t is effectively computable.

4 Context-Sensitive Rewriting with CERSs

Context-sensitive rewriting strategies are obtained using replacement maps that
define the context under which a reduction may take place. This is done by
specifying the argument positions of a function symbol f where a reduction
is allowed. Intuitively, if the replacement map restricts reductions in a certain
argument position, then the whole subterm below that argument position may
not be reduced.

Definition 15 (Replacement Maps). A replacement map is a mapping p
with u(f) C{1,...,arity(f)} for every function symbol f € F U Fry.

Replacement maps are used to denote a subset of all positions in a term as
active. A position is active if can be reached from the root of the term by only
descending into argument positions that are not restricted by the replacement
map.

Definition 16 (Active and Inactive Positions). Let pu be a replacement map

and let t be a term. Then the set of active positions of t, written PosH(t), is
defined by

1. Post(x) = {A} forx €V, and
2. Post(f(t1,...,tn)) ={AU{ip | i € u(f) and p € Pos"(t;)}.

The set of inactive positions of t is defined as Posk(t) = Pos(t) — Pos*(t).

The concept of active positions can also be used to define active (and inactive)
subterms of a given term.
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Definition 17 (Active and Inactive Subterms). Let p be a replacement
map and let t be a term. If t|, = s for an active position p € Pos(t), then s is
an active subterm of ¢, written t >, s. If additionally p # A, then s is an active
strict subterm of t, written tt>, s. Ift|, = s for an inactive position p € Posk(t),
then s is an inactive strict subterm of ¢, written t >, s.!

The classification of active and inactive subterms can easily be extended to
other notions as well to obtain the sets V*(¢) of variables occurring in active
positions in ¢, V¥(t) of variables occurring in inactive positions in ¢, F*(t) of
function symbols occurring in active positions in ¢, F#(t) of function symbols
occurring in inactive positions in ¢, etc.

Now a context-sensitive constrained equational rewrite system combines a
CERS as in Definition 9 with a replacement map. Notice that the replacement
map g needs to satisfy several conditions on the variables in S and £. As already
noticed in [14], this is due to the permutative nature of equations in £ that may
otherwise bring subterms from inactive positions into active positions, and vice
versa. Figure 3 lists the replacement maps that are allowed by this definition for
the data structures from Section 3.

Definition 18 (Context-Sensitive CERSs). A context-sensitive CERS (CS-
CERS) has the form form (R,S,E,u) for a CERS (R,S,E) and a replacement
map p such that:

1. & is collapse-free.
2. Forallu~wv €€,
(a) V*(u) = V*(v) and V¥(u) = V¥(v),
(b) for all inactive non-variable subterms v’ of u, v’ >,  for a variable x
implies v' >, © for an inactive non-variable subterm v’ of v, and
(¢) for all inactive non-variable subterms v’ of v, v’ >, x for a variable x
implies v’ >, x for an inactive non-variable subterm v’ of w.
3. Forall—res,
(a) VE(r)NV¥(l) =0, and
(b) for all inactive non-variable subterms v’ of v, r' >, x for a variable x
implies I t>,, x for an inactive non-variable subterm I’ of I.

The rewrite relation of a CS-CERS is obtained by a small modification of
Definition 11 that restricts reductions to active positions.

Definition 19 (Rewrite Relation of a CS-CERS). Let (R, S, &, 1) be a CS-

CERS. Then s gf]’h||g\7g7ﬂ t iff there are a constrained rewrite rule | — r[¢] € R,
an active position p € Pos*(s), and a Th-based substitution o such that

>A >A
1. s, —g\s0 ~¢ lo,

2. @o is Th-valid, and
3. t = s[rolp.

! Notice that p # A is this case since A is an active position of any term.



Built-In Numbers and Collection Data Structures

13

Constructors Conditions on p
Natural numbers| 0,1, + w(+) ={1,2}
Integers 0,1,+,— w(+) ={1,2}

p(=) = {1}

Lists nil, cons none
Lists nil, (-), + p(+) ={1,2}
Compact Lists nil,cons  |u(cons) = 0 or u(cons) = {1, 2}
Compact Lists nil, (-), H w(+H)={1,2}
Multisets 0,ins w(ins) = 0 or u(ins) = {1,2}
Multisets 0,{} U w(U) ={1,2}
Sets 0,ins u(ins) = 0 or u(ins) = {1, 2}
Sets 0,{}u w(U) ={1,2}

Fig. 3. Conditions imposed on the replacement map by Definition 18.

Notice that the rewrite relation from Definition 11 is re-obtained if the re-
placement map g is such that p(f) ={1,...,arity(f)} for all function symbols.

Example 20. The CERS from Example 1 becomes a CS-CERS by considering
the replacement map g with p(ins) = 0 and p(f) = {1,...,arity(f)} for all
f # ins. Then the reduction of the term take(2, from(0)) has the following form:

take(2, from(0)) 7,1 ., take(2, ins(0, from(1)))
S hjevr.p cons(0, take(2 — 1, from(1)))
S hjevr. cons(0, cons(1, take(1 — 1, from(2))))
iﬂLHS\RM cons(0, cons(1, nil))

Notice that an infinite reduction of this term is not possible since the recursive
call to from in the rule from(z) — ins(z,from(z + 1)) occurs in an inactive
position. O

The following properties of rewriting with CERSs are needed in the remain-
der of this paper. They are similar to analogous Lemmas from [12,13]. Here, a
context C' is an active context iff [J occurs in an active position in it.

Lemma 21. Let (R,S,&, 1) be a CS-CERS and let s,t be terms.

1. Let s = C[f(s*)] for an active context C' where f & F(E). If s ~g t, then

t= C”[f( )] for an actwe context C' such that C Ng C' and f(s*) i/} f{t*).
2, ~g O —)ThHg\rR m C —)ThHg\rR m o ~g, ’LUh@T'E the —)Th“g\'R " steps can b@

performed using the same constrained rewrite rule and Th-based substitution.

S c S + —
3 =8 O TRy & TTHIE\RLC Ta\s

Corollary 22. Let (R,S,&, 1) be a CS-CERS and let s,t be terms.
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1. If s ~¢ t, then s starts an infinite iﬂl|‘g\R7lt—T€dUCti0n iff t starts an infinite
ig—h”g\R,H—Teduction.
2. If s —g\s t and t starts an infinite £>Th||g\737ﬂ—reduction, then s starts an

. LS .
infinite —qp|e\R,p-reduction.

5 Dependency Pairs for Rewriting with CS-CERSs

Extending the dependency pair method for ordinary rewriting [4] to ordinary
context-sensitive rewriting has proven to be quite challenging. Recall that de-
pendency pairs are built from recursive calls to defined symbols occurring on
the right-hand side of rewrite rules since only these recursive calls may cause
non-termination. For this, a signature F* is introduced, containing the function
symbol f¥ for each function symbol f € F, where f¥ has the sort declaration
S§1 X ... X s, — top if f has the sort declaration s; X ... x s, — s with
s € {base,univ}. Here, top is a new sort that is distinct from base and univ.
For the term ¢t = f(t1,...,t,), the term f¥(t1,...,t,) is denoted by t*. Then a
dependency pair generated from a rule [ — r has the shape I — ¢, where ¢ is
a subterm of r with root(t) € D(R). The main theorem of the dependency pair
method for ordinary TRSs [4] and for CERSs [13] states that a TRS or CERS is
terminating iff it is not possible to construct infinite chains from the dependency
pairs. Here, a sequence s; — t1,89 — ta,... of dependency pairs is a chain if
there exists a substitution o such that t;o reduces to s;yi0 for all i > 1.2

For context-sensitive rewriting, one might be tempted to restrict the gener-
ation of dependency pairs to recursive calls occurring in active positions since
these are the only place where reductions may take place. The following example
from [2] shows that this results in an unsound method.

Ezample 23. Consider the following ordinary TRS [2]:

a —c(f(a))
fle(z)) — =

Let pu(c) = 0 and p(f) = {1}. Since the recursive calls in the first rule are in
inactive positions, no dependency pair would be generated if only recursive calls
occurring in active positions are considered. Then, context-sensitive termination
of the TRS could be concluded, even though it is not terminating: f(a) —x

f(c(f(a))) —-r, f(@) =r,py -... Here, —x , is the standard context-sensitive
rewrite relation which is obtained from Definition 19 by disregarding S, £, and
every mention of 7h. O

The problem of the naive approach outlined above is that recursive calls in
inactive positions of right-hand sides may become active again after applying
other rules. In Example 23, the recursive call to f(a) that occurs in an inactive
position is migrated to an active position by applying the second rule. This is

2 It is assumed that different (occurrences of) dependency pairs are variable-disjoint.
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the reason that the method of [2] has to create a collapsing dependency for any
migrating variable, where, for a rule [ — 7, a variable x is migrating if » >, x but
I . x. In Example 23, the collapsing dependency pair f(c(z)) — = is created.

As noticed in [1], the need for collapsing dependency pairs causes severe
disadvantages since it becomes quite hard to extend methods for proving termi-
nation from ordinary rewriting to context-sensitive rewriting. While progress has
been made to some extent [2, 3, 18], the resulting methods are weak in practice.

An alternative to the collapsing dependency pairs needed in [2] has recently
been presented in [1]. The main observation of [1] is that only certain instantia-
tions of the migrating variables need to be considered. A first, naive approach for
this would be to only consider instantiations by hidden terms, which are terms
with a defined root symbol occurring inactively in right-hand sides. The reason
for considering these terms is that they may become active if they are bound to
a migrating variable of another rewrite rule.

Definition 24 (Hidden Terms). Let (R,S,E, 1) be a CS-CERS. A term t is
hidden iff root(t) € D(R) and there exists a rule I — r[¢] from R such that
r>yt.

Ezample 25. For the CS-CERS from Example 20, the term from(z+1) is hidden
since ins(z, from(z + 1)) >, from(z + 1). ¢

Instantiating the migrating variable in Example 23 by the hidden term f(a) is
sufficient, since the dependency pair f#(c(f(a))) — f*(a) obtained by this instanti-
ation gives rise to an infinite chain. In general, considering only instantiations by
hidden terms results in an unsound method, as shown by the following example.

Ezample 26. Consider the following ordinary TRS [1]:

a — f(g(b))
f(z) — h(z)
h(z) — x

b—a

Let u(g) = {1} and p(a) = p(b) = u(f) = p(h) = @. The only hidden term is
b obtained from the first rule. If migrating variables are only instantiated by
hidden terms, then the following dependency pairs are obtained:

af — ff(g(b))
fé(z) — hi(z)
h#(b) — b

b — af

Since these dependency pairs do not give rise to an infinite chain, termination
could be concluded, even though a —x , f(g(b)) ==, h(g(b)) ==, g(b) ==
g(a) »r, ... is an infinite reduction. O

As motivated by this example, it becomes necessary to consider certain con-
texts that may be built above a hidden term using the rewrite rules. In Example
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26, this context is g(J). Formally, this observation is captured using the notion
of hiding contexts. The definition in this paper differs from the one given in [1]
by also considering S and £, which are the key component of CS-CERSs.

Definition 27 (Hiding Contexts). Let (R,S,&, 1) be a CS-CERS. Then f €
F U Frpp, hides position i iff i € u(f) and either

1. feF(E)UF(S), or
2. there exist a rule | — ] from R and a term s = f(s1,...,8i,...,8n) such
that r >, s and s; &>, x for a variable x or s; >, g(...) for a g € D(R).

A context C with one hole is hiding iff either

1. C=0, or
2. C = f(t1,--,ti—1,C" tix1, ..., tn) such that [ hides position i and C' is a
hiding context.

Example 28. For the CS-CERS from Example 20, 4+ hides positions 1 and 2, —
hides position 1, and from hides position 1 due to the first rule. O

Notice that there are, in general, infinitely many hiding contexts. For exam-
ple, the hiding contexts in Example 26 are O, g(OJ), g(g(d)), . . .. In order to rep-
resent these infinitely many hiding contexts using only finitely many dependency
pairs, fresh function symbols Upase and Uyyiy are introduced that will be used to
deconstruct a hiding context in order to obtain the hidden term contained in it.
Given these definitions, the following definition of context-sensitive dependency
pairs is obtained. Here, DP, is used instead of the collapsing dependency pairs
needed in [2].

Definition 29 (Context-Sensitive Dependency Pairs). Let (R,S, &, 1) be
a CS-CERS. The set of context-sensitive dependency pairs of R is defined as
DP(R, 1) = DPo(R, ) UDP,(R, ) where
DPo(R. ) = {1# — #[] | L — rlig] € R,1 B, £, ro0t(t) € D(R)}
DPu(R, 1) = {lF — Us(2)le] | 1 = rlg] € R,r 2>y .1 Py o}
U {Us(g(z1, ... iy .., xn)) = Ug () T] | g hides position i}
U {Us(h) — RE[T] | h is a hidden term}

Here, s and s’ are the sorts of x, g(x1,...,Zi,...,Tn), T;, and h, respectively,
and Upase, Unniv € F 1 are fresh function symbols of arity 1 with sort declaration
base — top and univ — top, respectively. Furthermore, ji(Upase) = t(Uuniv) =

0 and u(f*) = p(f) for all f € F.

Ezample 30. For the CS-CERS from Example 20, the context-sensitive depen-
dency pairs are as follows:

take? (z, ins(y, ys)) — take®(z — 1,ys) [z > 0] (1)
take (2, ins(y, ¥s)) — Ubase(y) [z > 0] (2)
take (2, ins(y, ys)) — Uuniv(ys) [z > 0] (3)
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head® (ins(z, 25)) — Upage() (4)

tail* (ins(x, 25)) — Ugniv(ys) (5)

Uuniv(from(z 4 1)) — from? (z + 1) (6)

Ubase (7 + ) — Ubase () (7)

Ubase(Z +¥) — Ubase(y) (8)

Ubase(—%) — Uvage(T) (9)

Uuniv(from(z)) — Usase (2) (10)

For this, recall the hidden term from(z + 1) from Example 25 and the hiding
contexts from Example 28. O

As usual in methods based on dependency pairs, context-sensitive depen-
dency pairs can be used in order to build chains, and the goal is to show that

= 7Th||E\R,u I8 terminating if there are no infinite minimal chains.

Definition 31 ((Minimal) (P,R,S, &, u)-Chains). Let (R,S,E,p) be a CS-
CERS and let P be a set of dependency pairs. A (possibly infinite) sequence of
dependency pairs s1 — t1[p1], s2 — ta2[p2], ... from P is a (P, R,S,E, u)-chain
iff there exists a Th-based substitution o such that t;o i’]‘h”g\R 0o >—A>g\5 o Z/;
Si+10, the instantiated Th-constraint ;o is Th-valid, and s;o is a normal form
w.r.1. >—A>g\5 for all i > 1. The above (P,R,S,&, 1)-chain is minimal iff t;0

does not start an infinite inﬂg\n’u—reduction for alli>1.

Here, i%h” £\R,u corresponds to reductions occurring strictly below the root

of t;o (notice that root(t;) € F*), and —>g\3 o ~/§ corresponds to normalization
and matching before applying s;11 — t;4+1[®i] at the root position.

While the definition of chains is essentially identical to the non-context-
sensitive case in [13], proving the main result for CS-CERSs is more compli-
cated than in the non-context-sensitive case and requires several technical defi-
nitions and lemmas. First, it is convenient to formally introduce minimal non-

terminating terms. These terms start an infinite iThH &\R,u-reduction, but their

. . . .. S8 .
active strict subterms do not start infinite =7y, ¢\, ,-reductions.

Definition 32 (Minimal Non-Terminating Terms). Let (R,S,&,u) be a
CS-CERS. A term t is minimal non-terminating, written t € ME’%_S £’ iff t

starts an infinite i'fh”g\R’H-TedUCtZ.Oﬂ but no t' with t >, t' starts an infinite

i’ﬂl|\g\n7,,,—7“educti0n.
The following properties are an easy consequence of Corollary 22.
Lemma 33. Lett e M(()%,S,E,u)'

L Iftme b, then t € MB s,
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2. Ift =55 t' and t' is non-terminating, then t' € MR 5.6

The next lemma intuitively states that application of equations from & or
rules from S transforms a hiding context into another hiding context. Notice that
a corresponding lemma is not needed in [1] since that paper is only concerned
with ordinary rewriting. This lemma is the reason why any f € F(&) U F(S) is
considered to hide any active argument position in Definition 27.

Lemma 34. Let C be a hiding context and let t € ME’%_S £

1. If C[t) He s and the Hg-step is applied at a position in C, then s = C'[t]
for a hiding context C".

2. Let C[t] —s s at a position in C using a rule | — r € S and a substitution
o such that the variable x € V(I) with xo >, t (if any) satisfies v, x. Then
s = C'[t] for a hiding context C".

The proof of the main theorem, i.e., that if]’h||g\7g7ﬂ is terminating if there are
no infinite minimal chains, is modularized by introducing the following abstract
property. A term has the hiding property if its minimal non-terminating subterms
in inactive positions are obtained from hidden terms and surrounded by hiding
contexts. The definition in this paper differs from the original definition in [1]
by making use of £ and § in order to obtain the minimal non-terminating terms
from instances of hidden terms.

Definition 35 (Hiding Property). A term u € ME’%S’&”) has the hiding
property iff whenever u >y syt witht € MR se ). then s = Ct] for a
hiding context C and there exists an instance t' of a hidden term such that
/ >A * >A
UV —gso~et.

The following key lemma states that the hiding property is preserved by ~¢,

—e\s, and i’]‘h”g\R“u. This is needed for the proof of the main theorem and is
a non-trivial (technical) extension of a similar statement in [1].

Lemma 36. Let u € M‘()%S’&M) have the hiding property.

1. If u He v >, w with w € M(o%75757lt), then w has the hiding property.
2. If u —g\s v >, w with w € M?@&&u)’ then w has the hiding property.

3. Ifu i’]‘h|lg\7g7“ v, w with w € M(o%75757lt), then w has the hiding property.
With this machinery at hand, the following main theorem can now be proved.

As usual in methods based on dependency pairs, it states that rewriting is ter-
minating if there are no infinite minimal chains.

Theorem 37. Let (R,S,&, 1) be a CS-CERS. Then in”g\n’u is terminating
if there are no infinite minimal (DP(R, u), R, S, E, u)-chains.
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In the next section, a number of techniques for showing absence of infinite
chains is presented. In order to show soundness of these techniques indepen-
dently, and in order to obtain flexibility on the order in which these techniques
are applied, these techniques are stated in a dependency pair framework in the
spirit of [17]. Termination techniques in this framework operate on CS-DP prob-
lems (P,R,S,E, u), where P is a finite set of dependency pairs and (R, S, &, 1)
is a CS-CERS. Now CS-DP problems are transformed using CS-DP proces-
sors. Here, a CS-DP processor is a function that takes a CS-DP problem as
input and returns a finite set of CS-DP problems as output. The CS-DP pro-
cessor Proc is sound iff for all CS-DP problems (P,R,S, €&, 1) with an infinite
minimal (P, R,S, &, )-chain there exists a CS-DP problem (P, R',S", &, u') €
Proc(P,R,S, &, 1) with an infinite minimal (P’,R’,S’, &', u’)-chain.

For a termination proof of the CS-CERS (R, S, &, 1), sound CS-DP proces-
sors are applied recursively to the initial CS-DP problem (DP(R, 1), R, S, &, 1).
If all resulting CS-DP problems have been transformed into the empty set, then
termination has been shown.

6 CS-DP Processors

After introducing the dependency pair framework for context-sensitive rewriting
with CERSs in Section 5, the goal of this section is to introduce several sound CS-
DP processors. Most of these processors are similar to corresponding processors
in [13], and with the exception of Sections 6.4 and 6.5, this extension is relatively
straightforward.

First, context-sensitive dependency graphs are introduced. This technique
decomposes a CS-DP problem into several independent CS-DP problems by
determining which dependency pairs may follow each other in chains. Next, the
subterm criterion of [19,13] is adapted to CS-CERSs. Thirdly, reduction pairs
[21] are considered, and it is furthermore shown that polynomial interpretations
with negative coefficients are applicable even though they do not give rise to
reduction pairs. Finally, the technique based on reduction pairs (or polynomial
interpretations with negative coefficients) is made more powerful by showing
that it is possible to restrict attention to certain subsets of R, S, and £ when
considering the CS-DP problem (P, R, S, &, ).

6.1 Dependency Graphs

Like the corresponding DP processor from [13], the CS-DP processor intro-
duced in this section decomposes a CS-DP problem into several independent
CS-DP problems by determining which dependency pairs from P may follow
each other in a (P,R,S, &, u)-chain. The processor relies on the notion of de-
pendency graphs, which were initially introduced for ordinary TRSs [4].

Definition 38 (Context-Sensitive Dependency Graphs). For a CS-DP
problem (P, R,S,&, ), the (P,R,S,E, u)-dependency graph DG(P,R,S,E, u)
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has the dependency pairs in P as nodes and there is an arc from s1 — t1[p1] to
s2 — tafpa] iff s1 — t1]e1], s2 — t2fp2] is a (P, R,S,E, u)-chain.

As usual for dependency graphs, DG(P, R, S, &, ) cannot be computed ex-
actly in general and an estimation has to be used instead. The estimation used
in this section is similar to the estimation of [13] but has been adapted to the
context-sensitive case. This adaptation is similar to the estimated dependency
graphs for ordinary context-sensitive rewriting used in [2, 1].

Definition 39 (Estimated Context-Sensitive Dependency Graphs). For
a CS-DP problem (P,R,S,E, 1), the nodes in the estimated (P,R,S,&, p)-
dependency graph EDG(P,R,S,E, u) are the dependency pairs in P and there
is an arc from s1 — t1[p1] to sa — tafwa] iff there exists a substitution o that

is Th-based for V(s1) UV(s2)® such that CAP,(t1)o >—A>!g\5 o 2112 590, the terms

s10 and syo are mormal forms w.r.t. >—A>g\5, and p10 and pso are Th-valid.
The function CAP, is defined by

1. CAP,(x) =z for variables x of sort base,

2. cap,(z) =y for variables x of sort univ,
3. cAr,(f(t1,...,tn)) = f(t},....t),) where
! CAP,(t;) otherwise
. . , >A >A
if there does not exist an | — r[¢] € R such that f(t],...,t,)0 ——gs0 ~¢
lo for a substitution o that is Th-based for V(f(t1,...,tn)) UV(l) where po
is Th-valid, and
4. CAP,(f(t1,...,tn)) =y otherwise.
Here, y is the next variable in an infinite list y1,ys, ... of fresh variables.

It is also possible to omit the checks for irreducibility by >—A>g\5 and Th-
validity, and it is possible to replace case §. in the definition of cAP, by a simple
check for f ¢ D(R).

Next, it is shown that the estimated dependency graph is indeed an overap-
proximation of the dependency graph, i.e., EDG(P, R, S, &, ) is a supergraph of
DG(P,R,S,&, ).

Theorem 40 (Correctness of EDG). For any DP problem (P,R,S,E, i), the
estimated dependency graph EDG(P, R, S, E, 1) is a supergraph of the dependency
graph DG(P,R,S,E, u).

The following CS-DP processor uses the (estimated) dependency graph in
order to decompose a CS-DP problem into several independent CS-DP problems.

3 Le., o(x) € T(Fm,V) for all variables = € V(s1) U V(s2) of sort base.
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For this, notice that every infinite (P, R,S, &, u)-chain contains an infinite tail
that stays within one strongly connected component (SCC) of EDG(P, R, S, &, 1),
and it is thus sufficient to prove the absence of infinite chains for all SCCs
separately.

Theorem 41 (CS-DP Processor Based on Dependency Graphs). Let
Proc be a CS-DP processor such that Proc(P,R,S,&, 1) = {(P1,R,S,E, 1), ...,
(Pn,R,S,E, 1)}, where Py,..., Py are the SCCs of (E)DG(P,R,S,E, ). Then

Proc is sound.

Example 42. Recall the following dependency pairs from Example 30:

take® (z, ins(y, ys)) — take®(z — 1,ys) [z > 0] (1)
take (z,ins(y, ¥s)) — Ubase(y) [z > 0] (2)
take (x,ins(y,ys)) — Umiv(ys) [z > 0] (3)
head® (ins(z, 25)) — Upase(2) (4)
tailﬁ(ins(x,xs)) — Uuniv(ys) (5)
Usnsv (from(z + 1)) — from? (z + 1) (6)
Ubase (2 + 4) — Ubase(2) (7)
Ubase (2 + ) — Ubase(y) (8)
Ubase(—2) — Upase(T) (9)
Uuniv(from(z)) — Upase () (10)

Then the following estimated dependency graph EDG(P, R, S, &, 1) is obtained:

/ (1)\ / (6)\
(‘”\ <I> (3>\ /(5)
(7). (8),9) (10)

Here, the nodes for (7), (8), and (9) have been combined since they have “iden-
tical” incoming and outgoing arcs. This estimated dependency graph contains
two SCCs, and according to Theorem 41, the following CS-DP problems are
obtained:

(D} QRS Ew) (11)
({(7).(8).(9)}, Q. R, S, &, ) (12)

These CS-DP problem can now be handled independently of each other. O
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6.2 Subterm Criterion

The subterm criterion for ordinary TRSs [19] is a relatively simple technique
which is none the less surprisingly powerful. The technique works particularly
well for functions that are defined using primitive recursion. The subterm crite-
rion applies a simple projection which collapses a term f*(¢y,...,t,) to one of
its direct subterms. Given a set P of dependency pairs and a subset P’ C P, the
method consists of finding a simple projection such that the collapsed right-hand
side is a subterm of the collapsed left-hand side for all dependency pairs in P,
where furthermore this subterm relation is strict for all dependency pairs from
P’. Then the dependency pairs in P’ may be removed from the CS-DP problem.

Definition 43 (Simple Projections). A simple projection is a mapping 7
that assigns to every f* € F' with arity(f*) = n an argument position i with
1 < i < n. The mapping that assigns to every term fﬁ(tl, ooy ty) its argument
tr(st) 8 also denoted by .

In the context of CERSs, the subterm relation modulo £ can be used [13].
For CS-CERSs, this relation needs to take the replacement map into account by
only considering subterms in active positions. This is similar to [2].

Definition 44 (£-p-Subterms). Let (R, S, &, 1) be a CS-CERS and let s,t be
terms. Then t is a strict £-p-subterm of s, written s>¢ ,t, iff s ~g o> 0 ~e t.
The term t is an E-p-subterm of s, written s >¢ , t, iff s>g ,t or s ~¢ t.

If £ is size-preserving, the subterm relation thus defined has the following
pleasant properties.

Lemma 45. Let (R,S,E, 1) be a CS-CERS such that £ is size-preserving.

1. Given terms s,t, it is decidable whether st>¢ ,t or s>g , t.
2. g, is well-founded.

3. >g, and B¢, are stable.

4. D and B¢, are compatible with ~¢.

Now the subterm criterion as outlined above can easily be implemented using
a CS-DP processor.

Theorem 46 (CS-DP Processor Based on the Subterm Criterion). For
a simple projection 7, let Proc be a CS-DP processor with Proc(P,R,S,E, u) =

o {(P—P,R,8,E n)}, if € is size-preserving and P’ C P such that
- 7(s) >g,w(t) for all s — tfe] € P, and
- 7(s) Deu w(t) for all s — t[p] € P —P'.

o (P,R,S,E, 1), otherwise.

Then Proc is sound.
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Ezample 47. Recall the CS-DP problem (12) from Example 42, containing the
following dependency pairs:

Ubase ({E + y) - Ubase (if) (7)
Ubase ({E + y) - Ubase (y) (8)
Ubase(_x) - Ubase(x) (9)

Using the simple projection with m(Upase) = 1, this CS-DP problem can easily
be handled. 0

6.3 Reduction Pairs

The dependency pair framework for ordinary rewriting makes heavy use of re-
duction pairs (2, =) [21] in order to remove dependency pairs from DP problems.

Definition 48 (Reduction Pairs). Let 2 be reflexive, transitive, monotonic,
and stable. Let = be well-founded and stable. Then (2, >) is a reduction pair
iff = is compatible with 2>, i.e., iff > o = o > C »=. The relation > N >~* is
denoted by ~.

The idea for using reduction pairs is simple: If all dependency pairs from a
CS-DP problem (P, R, S, &, 1) are decreasing w.r.t. 2 or >, then all dependency
pairs that are decreasing w.r.t. > cannot occur infinitely often in infinite chains
and may thus be deleted. In order to capture the reductions that take place
between the instantiated dependency pairs, it becomes necessary to also require
that all rules in R are decreasing w.r.t. 2. Similar conditions need to be imposed
on S and & as well.

Theorem 49 (CS-DP Processor Based on Reduction Pairs). For a re-
duction pair (Z,>), let Proc be a CS-DP processor with Proc(P,R,S, &, u) =

o {(P-P,R,SE )}, if PPCP and
— s>t for all s — t[o] € P,
— s>t forall s — tfe] € P —P,
- 1Zr forall—rle] € R,
-lzrforall—res, and
—u~v foralu~vec’.

o {(P,R,S,E, 1)}, otherwise.
Then Proc is sound.

Full monotonicity of 2 is a quite strong requirement, and as in [13] it is
desirable to relax this requirement. If natural numbers in the form of 7Thy are
built-in, then the PA-reduction pairs of [13] can be applied for CS-CERSs as
well. In the following, it is shown how a similar relaxation is also possible for
Thy. For sake of concreteness, this is done using polynomial interpretations, but
it is also possible to develop an abstract framework of Thz-reduction pairs [11].

A Thy-polynomial interpretation Pol fixes a constant cp,; € Z and maps
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1. the symbols in Fz,, to polynomials over Z in the natural way, i.e., Pol(0) =
0, Pol(1) =1, Pol(—) = —x1 and Pol(+) = z1 + z2,

2. the symbols in F to polynomials over N such that Pol(f) € N[z1,...,x,] if
arity(f) = n, and

3. the symbols in F* to polynomials over Z such that Pol(f*) € Z[z1, ..., x,]
if arity(f%) = n.

Terms are mapped to polynomials by defining [z]p,; = z for variables x € V
and [f(tl, R 7tn)]730l = POl(f)([tl]pol, ceey [tn]’Pol) for f € Frp, UF U fn, ie.,
the polynomials obtained from the direct subterms ¢4, ..., t, are combined using
the polynomial associated to the root symbol.

The reason for fixing the polynomials for the symbols from F77, in the natu-
ral way is that a term from 7 (Frp,) is then mapped to the integer it represents.
This will allow to directly use the 7hgz-constraint when comparing two con-
strained terms. A Thz-polynomial interpretation operates on (unconstrained)
terms as usual.

Definition 50 (>p, and >p, for 7hz-Polynomial Interpretations). Let
Pol be a Thy-polynomial interpretation. Then =py is defined by s =py t iff
[s0)Pot = cpor and [s0)por > [to]por for all ground substitutions o : V(s)UV(t) —
T(F U Frny). Similarly, Zpo, is defined by s Zpor t iff [s0)por > [to]per for
all ground substitutions o : V(s) UV(t) — T(F U Frn,). Thus, s ~po t iff
[s0]Por = [to]por for all ground substitutions o : V(s) UV(t) — T (F U Frny,).

For constrained terms, it suffices if so >=p,; to (or so Zp, to) for all substi-
tutions o that make the constraint 7Thgz-valid. This is similar to [13].

Definition 51 (>~p,; and Zp, on Constrained Terms). Let (Z,>) be a
Thy-polynomial interpretation, let s,t be terms and let ¢ be a Thy-constraint.
Then s[¢] Zpor t[¢] iff s Zpor to for all Thy-based substitutions o such that
wo s Thyz-valid. Similarly, s[¢] =por tle] iff so =po to for all Thy-based
substitutions o such that wo is Thyg-valid.

Checking s[¢] =poi t[¢] is done by showing that the following formulas are
true in the integers:

Vo1, .. Zn. @ = [8]Pol > Cpol
Vxlv vy Tp P = [S]'Pol > [t]’F’ol
Here, x1, ..., x, are the variables occurring in s and ¢. This requirement might

be impossible to show if one of the x; has sort univ since then the possible values
it can take are not restricted by the Thyz-constraint ¢. By restricting the 7Thy-
polynomial interpretation Pol such that for each f € F with resulting sort univ,
the polynomial Pol(f) may only depend on a variable z; if the i*® argument
of f has sort univ, an easier requirement is obtained since then ground terms
of sort univ evaluate to non-negative integers. Using this restriction, showing



Built-In Numbers and Collection Data Structures 25

s[e] *por t[¥] can be achieved by showing that the following formulas are true
in the integers:

Var, .k Y 2 0,y > 0.9 = [s]por > cpol
vxlv"'axk- Vyl 207"'ayl ZO P = [S]Pol > [t]’Pol

Here, x4, ...,z are the variables of sort base in s and ¢ and yi,...,y; are the
variables of sort univ in s and ¢.

Since Pol(—) is clearly not monotonic in its argument, it becomes necessary to
impose restrictions under which 7hyz-polynomial interpretations may be applied.

More precisely, it has to be ensured that no reduction with gThH &\R,u may take
place below an occurrence of the function symbol —. There are two simple ways
to ensure this:

1. All arguments of right-hand sides of P are terms from 7 (Fzp,,V). Then no

. S, . .
reductions w.r.t. —Q>Th” &\r can take place between instantiated dependency
pairs in a chain since chains are built using 7hz-based substitutions.
2. F does not contain a function symbol with resulting sort base.

Theorem 52 (CS-DP Processor Based on Thz-Polynomial Interpreta-
tions). For a Thy-polynomial interpretations Pol, let Proc be a CS-DP processor
with Proc(P,R,S,&, 1) =

o {(P—P'R,S )}, if Pol is applicable, P' C P, and
- s[] =poi t[¢] for all s — t[p] € P,
= s[e] Zpor tle] for all s — tlp] € P — P/,

= U] Zpor Tl] for alll — rle] € R,
—lo Zpo ro for alll — r € S and all substitutions o, and

— uo ~por vo for allu~v € & and all substitutions o.

o {(P,R,S,&, 1)}, otherwise.
Then Proc is sound.

If Pol is not applicable, it might be possible to use a non-collapsing argument
filtering [21] for the function symbols f# € F* that ensures that condition 7. from
above is true after application of the argument filtering. This idea is illustrated
in the following example and formally stated in [11].

Ezample 53. Recall the CS-DP problem (11) from Example 42, containing the
following dependency pair:

take® (z,ins(y, ys)) — take*(z — 1,ys) [z > 0] (1)

Using a non-collapsing argument filtering that only retains the first argument of
ta keﬁ, this dependency pair is transformed into the following dependency pair:

take®(z) — take’(z — 1) [z > 0] (13)

Now condition 1. from above is satisfied, i.e., 7hz-polynomial interpretations are
applicable. O
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6.4 Function Dependencies

The DP processors of Theorems 49 and 52 have to consider all of R. As shown
n [13], this requirement can be relaxed substantially for CERSs. This section
shows that this requirement can also be weakened for CS-CERSs. In contrast
to the relatively straightforward adaptations of the dependency graph and the
subterm criterion, this adaptation is non-trivial. For ordinary context-sensitive
rewriting, corresponding results were obtained only very recently [18,1].

The intuitive idea for the technique based on function dependencies is that
every (P,R,S,&, pu)-chain can be transformed into a sequence that only uses
subsets R CR, S’ C S, and & C £. Here, the subsets R’, §’, and £’ are based
on the dependencies between function symbols. As the following example from
[18] shows, the method is unsound if the definition of function dependencies
from [13] is used, where a function symbol f depends on all function symbols
g occurring in the right-hand side of a rule I — rJ¢] € Rorl — r € §
with root(l) = f or occurring in an equation u ~ v € £ with root(u) = f or
root(v) = f.

Ezample 5. Consider the following ordinary TRS [18]:

b — c(b)
f(c(z),z) — f(z,x)

Let p(f) = {1,2} and p(c) = 0. The following dependency pairs are obtained:

fi(c(z), x) — f¥(z, ) (14)
fé(c(x), #) = Uuniv(x) (15)
Uuniv(b) — b? (16)
Ubase (7 4+ 4) — Upase(T) (17)
Ubase ( + ) — Ubase(y) (18)
) (19)

Ubase( T _>Ubase(x)

The CS-DP problem consisting of (17)-(19) can easily be handled using the
subterm criterion of Section 6.2. Using the definition of function dependencies
from [13], R would not need to be considered for the CS-DP problem consisting
of (14). Then termination could falsely be concluded using a reduction pair based
on a polynomial interpretation with Pol(ff) = 2; and Pol(c) = 1 + 1, although
f(c(b),b) —r u f(b,b) =%, f(c(b),b) =%, ... is an infinite reduction. O

The function dependencies as defined in [13] thus need to be adapted as
follows, similarly to [18,1]. Notice that function symbols occurring in inactive
positions in left-hand sides sides of dependency pairs and rules need to be con-
sidered.

Definition 55 (Context-Sensitive Function Dependencies). For a CS-
DP problem (P,R,S,E, 1) where £ is size-preserving and two symbols f,h € F,
let f ’%P,Rﬁfw) h iff f = h or there exists a symbol g with g >%7,7R7S757”) h
and a rule | — r[¢] € R such that root(l) = f and g € F¥(1) U F(r). Let
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AYP,R,S,E, 1) = Fr, UF(S) UF(E)
U Usﬂt[[@]]ep{g | f >%P,R,3,£,M) g fOT an f € fﬂ(s) U f(t)}
U Ulﬁvr[[@]]e']?,{g | f >%’P,R,S,E,H) g for an f € fﬂ(r)}

Within this section it is assumed that (P, R, S, &, u) is a CS-DP problem such
that & is size-preserving. Furthermore, let A = AY(P, R, S, &, 1). The mapping
T used in [13] needs to be modified as well. In particular, it needs to be possible
to apply the mapping to non-terminating terms as well since terminating terms
may contain non-terminating subterms in inactive positions.

Definition 56 (Z'). For any term t € T(F U F, V) define I'(t) by

e I'(z)=x ifz eV

o TH(f(tr, ... tn)) = fF(THt1),..., T (t,)) if f € AY or f(ti,...,t,) starts an
infinite in”g\R,H—Teduction

o TH(t) = Compsors(ry(Redl(t) U Redg (t) U Eqt(t)) if t is terminating and
t=f(ty,... tn) with f & AL,

Here, the sets Red}(t), Redk(t), and EqL(t) are defined as

(t
Redg(t) = {T'(t") | t —>5\s on~gt'})
) =

(
Redn(t = {T'() | t Spnjevrop 0 ~e t')
g (t) ={g(T'(tr), ..., T"(tm)) | t ~e g(t1, ..., tm)}

For s € {univ,base}, let Comps({t} & M) = TI4(t,Comps(M)) and Comps(0) =
L5 where Tl is a fresh function symbols with sort declaration s X s — s and L
18 a fresh variable of sort s. In order to make this definition unambiguous it is
assumed that t is the minimal element of {t} WM w.r.t. some total well-founded
order >1 on terms. For any substitution o, define the substitution IT'(c) by

I'(0)(z) = I'(o(x)).

It is not obvious that Z! is indeed well-defined, i.e., that Z'(¢) is a finite term
for any term ¢. This turns out to be the case, however.

Lemma 57. For any term t, the term T1(t) is finite.

The idea for the result in this section is now the same as in [13]: reductions
using R are “simulated” by reductions that only use R(AY) = {l — r¢] €
R | root(l) € Al}. For this it becomes necessary to introduce rewrite rules for
the fresh function symbols TTyuiy and TTpase-

Definition 58 (Ry). For the fresh function symbols Myniy and Tyase from Def-
inition 56, let Ry = {s(x,y) — x, Ms(z,y) — y | s € {univ,base}}.

The following is a well-known simple property of Ry.

Lemma 59. Let M be a set of terms such that all elements of M have the same
sort. If t € M then Compsopy(r) (M) —>7‘§” t.
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Next, several properties of the mapping Z' are needed.

Lemma 60. Let s,t € T(FUFg,V) and let o be a Th-based substitution.

. If s € T(AYV) then T'(so) = st (o).

If s>y s implies s € T(A', V), then I'(so) =%, sI'(0).
. If s ~g t then T'(s) ~g I ().

fs =gt then I'(s) ~1 I'(t),

where ~»1 = —g\s U —>7'§”.

B LW DO~

5. If s is terminating and Sif*fh”g\']gyut then T'(s) ~35 T1(t),
where ~»g = ~»] 0 ~vg 0 =R 0 —pan, U —>;§n such that the —g a1y,
step uses a Th-based substitution that makes the instantiated constraint of
the used rule Th-valid.

6. Let s € T(AL,V) be terminating and let t 1>, t' imply t' € T(AL V). If

S ! 1 1
S0 STh|e\R.u© —g\s © ~e Lo, then sI7(0) ~j 0~ o ~vg o =k tTH(0).

Using Lemma 60.6, soundness of the following CS-DP processor can be
shown. This processor adapts the corresponding DP processor from [13] to the
context-sensitive case.

Theorem 61 (CS-DP Processor Based on Function Dependencies). Let
Proc be the DP processor with Proc(P,R,S,E, u) =

o {(P—PR,S,E )}, if € is size-preserving, A = AY(P,R,S,&,u), P’ C
P, and either

— there exists a reduction pair (Z,>) that satisfies the conditions from
Theorem 49 where R is replaced by R(AY) U Rn, or

— there exists a Thy-polynomial interpretation that is applicable and satis-
fies the conditions from Theorem 52 where R is replaced by R(AY)URp.

o {(P,R,S,&, 1)}, otherwise.

Then Proc is sound.

Ezxample 62. Using Theorem 61, it is no longer possible to falsely prove termi-
nation of the TRS from Example 54. Recall the following:

b — c(b)
f(c(x),2) — f(z,2)
ff(c(x), x) — fi(z,2) (14)
Then b € AY({(14),R,S, &, u), i.e., the rule b — c(b) needs to be considered

when handling the CS-DP consisting of (14). But then no reduction pair satisfies
the requirements. O
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6.5 Function Dependencies for Strongly Conservative Systems

The CS-DP processor based on function dependencies introduced in the previous
section differs from the corresponding DP processor for non-context-sensitive
rewriting introduced in [13] by needing to consider the left-hand sides of the
dependency pairs and rules. Additionally, all of S and £ needs to be considered.

In this section, it is shown that the left-hand sides of P and R do not need to
be considered if (certain subsets of) P, R and S are strongly conservative [18].

Definition 63 (Strongly Conservative). Given terms s,t and a CS-DP prob-
lem (P,R,S,E, 1), the pair (s,t) is strongly conservative iff V¥(t) C V¥(s) and
VH(s) N VHE(s) = VE(t) N VE(L) = 0.

A set of pairs of terms (i.e., rewrite rules or equations) is strongly conser-
vative if all of its members are. Notice that £ is always strongly conservative
by Definition 18. For strongly conservative systems, the following definition of
function dependencies can be used. The reason why two different relations »2
and »2 are used is that reductions with S and £ may also take place in inactive
positions. Introducing two different relations then allows to only consider sub-
sets of S and £ as well, whereas the CS-DP processor introduced in the previous
section needs to consider all of S and £.

Definition 64 (Context-Sensitive Function Dependencies for Strongly
Conservative Systems). Let (P,R,S,E, i) be a DP problem where & is size-
preserving. For any term t, let Fg o(t) = F*(t) U [(F(S) U F(E)) NF(1)].

1. For two symbols f,h € F let f ;?P,R,S,E,u) h iff f = h or there exists a
symbol g with g ;%7,77275757“) h and either
(a) a rulel — rl¢] € R with root(l) = f and g € F(r), or
(b) arulel — r e S with root(l) = f and g € F(r), or
(¢) an equation u = v (orv~u) in € with root(u) = f and g € F(u = v).
In the following, let

2P,R,SEw=FmU | {91 f®prse,gforanfeF)}
s—t[p]eP

2. For two symbols f,h € F let f ’%7’,7275757/0 h iff f = h or there exists a
symbol g with g >%P’R7S’57M) h and either
(a) a rulel — rp] € R with root(l) = f and g € F§ ¢(r), or
(b) arulel — r € S with root(l) = f and g € F(r), or
(¢) an equation u = v (orv=u) in € with root(u) = f and g € F(u = v).
In the following, let

A2(PaR78,5aN) =Frm U U {g1f ’%7977375757”) g foran f € Fg7g(t)}
s—tle]€P
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Within this section it is assumed that (P,R,S,&, 1) is a DP problem such
that £ is size-preserving. Furthermore, let A? = A%(P,R,S,&, 1) and A% =
A%(P,R,S,E, 1). Notice that A% C A?, but that these two sets agree on symbols
from F(S) U F(€). Finally, it is assumed in the following that R(A?) = {l —
r[e] € R | root(l) € A%} and S(A?) = {l — r[€ S | root(l) € A?} are strongly
conservative. Also, £(A?) = {u =~ v € £ | root(u) € A? or root(v) € A%}.

The mapping Z' from Definition 56 needs to be modified for the strongly
conservative case. Since two relations »2 and »? are considered, two mappings
72 and Z? are needed as well. Notice that Z? is only used in order to simulate
reductions with S and £, but not reductions with R.

Definition 65 (Z? and Z?2).

1. For any term t € T(F U Fqp,, V) define I%(t) by
e I?(x) =z ifr €V
o T(f(tr,. . tn)) = [(T2(t1), ..., T*(tn)) if | € A B
o T%(t) = Compsor(r)(Red% (t) UEGE (L)) if t = f(t1, ... tn) with f & A%
Here, the sets Red%(t) and Eq2(t) are defined as

Redg(t) ={T*(t') | t e\s 0 ~e t'}
Eqz(t) ={g(@*(t1), ..., T?(tm)) | t ~e gt .-, tm)}

For any substitution o, define the substitution Z?(c) by letting T?(o)(x) =
T2(o(x)).
2. For any terminating term t € T(F U Frp,, V) define I%(t) by
o I¥(x) =z ifzx eV
o T2(f(t1,---stn)) = f(t1,... . tn) if f € A? o
o T2(t) = Compsors(t) (Red% (t) URed% (t) UEGE () UEGE (L)) if it is the case
that t = f(t1,...,t,) with f & A2
Here, t; = T%(t;) if i € p(f) and t; = T%(t;) otherwise. Moreover, the sets
Red%(t), Redk (1), EqE(t), and E¢2(t) are defined as

R@d%(t) = {IQ(t/) | t_>5\3 o ~g t/}

Redk (t) = {T(t') | t Smnjevrop 0 ~e t'}
EGM) ={g(T1,....Tm) | t ~e gt1, .- tm)}
Eqg(t) ={T7(s) | t ~e s}

Again, T, = T%(t;) if i € u(g) and &; = I%(t;) otherwise. For a terminating
substitution o, let [t, o] be the term that results from t by replacing all occur-
rences of x € V(t) in active positions of t by I?(o(x)) and all occurrences of
x € V(t) in inactive positions of t by T?(o(x)).

Again, it first needs to be shown that these mappings are well defined.

Lemma 66. For any term t, the term T2(t) is finite. If t is terminating, then
T2(t) is finite.
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Next, several properties of the mappings Z? and Z? are shown. This is in
analogy to Lemma 60.

Lemma 67. Let s,t € T(FUFg,V) and let o be a Th-based substitution such
that s,t,so are terminating.
. If s € T(A%)V) then I%(so) = sI%(o).
. If s € T(A? V)_ such that F*(s) C A2, then I%(so) = [s,0].
T2(s0) — ;‘zn sT%(o).
. I?(s0) =%, [s,0].
T(s) =Ry L(5)-
. If s ~g t then T%(s) ~¢ Az)Z (t).
. If s ~g t then T3(s) ~e(az) Z2(t).
Cfs—pst then T2(s) ~1 I2(t),
where ~»1 = Ng(Az) o _)R 0 —5(A2) U —>7J£”
9. If s =g\t then I%(s) ~~1 ZQ( ).

10. If s S evmp t then T2(s) ~3 T2(t),

where ~~»g = ~] 0 ~gaz) © —R 0 —pr(az), U —>;§n such that the
—R(A2),u Step uses a Th-based substitution that makes the instantiated con-
straint of the used rule Th-valid.

11. IfSi'*Th”g\R’H o —>’£\S o ~vg to, then I2(s) ~+3 0 ~7 o ~g(azy I2(1).

SIS EN .Qnsi\‘tel\a»\

As before, Lemma 67.11 allows to show soundness of the following CS-DP
processor. In contrast to the CS-DP processor introduced in the previous section,
it is only applicable if R(A?), S(A?), and P are strongly conservative.

Theorem 68 (CS-DP Processor Based on Function Dependencies for
Strongly Conservative Systems). Let Proc be the CS-DP processor with
Proc(P,R,S,E, u) =

o {(P—P . R,S,E )}, if € is size-preserving, A? = A2(P,R,S,&, ), all of
R(A?), S(A?), and P are strongly conservative, P’ C P, and either
— there exists a reduction pair (Z,>) that satisfies the conditions from
Theorem 49 where R is replaced by R(A?)URn, S is replaced by S(A?),
and & is replaced by E(A?), or
— there exists a Thy-polynomial interpretation that is applicable and satis-
fies the conditions from Theorem 52 where R is replaced by R(A?)UR,
S is replaced by S(A?), and € is replaced by E(A?).
o {(P,R,S,&, 1)}, otherwise.
Then Proc is sound.

Example 69. The CS-DP processor of Theorem 68 allows to finish the termina-
tion proof of the running example. Recall the following dependency pair from
Example 53:

take®(z) — take’(z — 1) [z > 0] (13)

Then this dependency pair is strongly conservative, and the same holds true for
R(A?) = () and S(A?) = Spase- It is thus possible to apply the Thz-polynomial
interpretation with ¢p,; = 0 and Pol(takeﬁ) = x. O
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7 Evaluation and Conclusions

This paper has presented a generalization of the constrained equational rewrite
systems (CERSs) introduced in [13]. Then, context-sensitive rewriting strategies
for these generalized CERSs have be investigated. The main interest has been
in the automated termination analysis for such context-sensitive CERSs. To this
extent, a dependency pair framework for CS-CERSs has been developed, taking
the recent method of [1] for ordinary context-sensitive TRSs as a starting point.
Similar to [1], this approach allows for relatively easy adaptations of methods
that were originally developed for non-context-sensitive rewriting to the context-
sensitive case. This has been demonstrated in Section 6 for several of the most
important techniques from [13].

The techniques presented in this paper have been fully implemented in the
termination prover APRoVE [16] for built-in integers. While most of the im-
plementation is relatively straightforward, the automatic generation of suitable
Thz-polynomial interpretations is non-trivial. Details on this can be found in [11].
In order to evaluate the effectiveness of the approach on “typical” algorithms,
the implementation has been evaluated on a large collection of (both context-
sensitive and non-context-sensitive) examples. Most of these examples stem from
the Termination Problem Data Base [28], suitably adapted to make use of built-
in integers and/or collection data structures. The collection furthermore contains
more than 40 examples that were obtained by encoding programs from the liter-
ature on termination proving of imperative programs into CERSs. Within a time
limit of 60 seconds for each example, our implementation succeeds on 93.1% of
the examples. A detailed empirical evaluation, including all termination proofs
generated by AProVE, is available at http://www.cs.unm.edu/~spf/tdps/.
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A  Proofs

Proof (Lemma 14).

1. Since & is size-preserving, the £-equivalence classes are finite. Furthermore,
the £-equivalence class of a given term s can be computed effectively using
the equations from £. In order to decide whether s ~¢ t it then suffices to
check whether ¢ is in the £-equivalence class of s.

2. It needs to be decided whether there exist a rewrite rule ] — r € S, a position
p € Pos(s), and a substitution o such that s|, ~g lo. Since S and Pos(s)
are finite, it suffices to consider a single rule and a single position, without
loss of generality consider p = A. Thus, it needs to be decided whether there
exists a substitution o such that s ~¢ lo. In order to check this, it suffices to
check whether there exists a term s’ in the £-equivalence class of s such that
s’ = lo for some substitution o. But this is just syntactic matching, which
is well-known to be decidable. Once such a substitution ¢ has been found it
is easily possible to compute a term ¢ with s —g\s .

3. It needs to decided whether there exist a constrained rewrite rule [ —
rf¢] € R, a position p € Pos(s), and a Th-based substitution ¢ such that

slp >—A>!g\5 o Zﬁ} lo and o is Th-valid. Since R and Pos(s) are finite, it suf-

fices to consider a single rule and a single position, without loss of generality
consider p = A. Thus, it needs to decided whether there exists a substitution

o such that s >—A>fg\3 o i/} lo. First, notice that a term s’ with s >—A>fg\3 s’
can be computed by Lemma 14.2. It then suffices to check whether there
exists a term s” in the £-equivalence class of s’ such that s = lo and ¢o
is Th-valid for some 7Th-based substitution ¢. Candidate substitutions o can
be computed using syntactic matching, and it is easy to check whether such
a substitution o is 7h-based. 7h-validity of ¢o can then be decided due to
the assumption on 7h. Once such a substitution ¢ has been found it is easily

possible to compute a term ¢ with s i’]‘h”g\R t. a
Proof (Lemma 21).

1. Let C[f(s*)] ~¢ t, i.e., there exist terms tg,...,t, with n > 0 such that
C[f(s*)] = to He t1 He ... He t, = t. The claim is proved by induction
on n. If n =0 then C[f(s*)] =t and the claim is obvious.

If n > 0, the inductive hypothesis implies t,,_1 = C”[f(s"*)] with C" ~¢ C
and s”* ~¢ s*, where additionally C” is active. Since t,,_1 He¢ t,, there
exists an equation u ~ v (or v &~ u) in £ such that ¢,_1|, = uo and ¢, =
tn—1|vo], for some position p and some substitution o. Let ¢ be the position
with t,_1|, = f(s"*), i.e., C"|, = 0. Now perform a case analysis on the
relationship between the positions p and gq.

Case 1: p L g. In this case, obtain t, = t,—1[vo], = (C"[f(s"*))[vo], =
(C"valp)[f ()] with C"[vo], ~¢ C"[uc], = C” and C"[vo], is active.
Case 2: p = q.q' for some position ¢’ # A. In this case, t, = t,—1[vo], =
(C"[f(s"™)D[volq.qy = C'[f(s"*)[vo]y]. Since ¢' # A, the position ¢’ can be
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written as ¢’ = 1.q" for some 1 < i < arity( ) and some position q"”. Then

—s”lfl;éjands = s/ [volg Ngs 'uo], n—s , 16, 8% ~g 8%
é’ase :q=p.p' for some posztzon P’ (posszbly p = A) Since f & F(€), the
position p’ can be written as p’ = p}.p, such that u|p/1 is a variable x and
xoly, = f(s"*). Since the equation u =~ v (or v ~ u) is i.u.v., there exists a
unique position pf in v such that v|pu = x. This implies vo |y 1 = z0|y, =
f(s"*). Define the substitution ¢’ by o'(y) = o(y) for y # = and o'(z) =
xU[D]pg- Let C' = (t n—l[vg]p)[m]p pypy 2 1[UU[D]p” p’]p = tn—l[val]p ~E
tn—1luc’], = C”. Since ¢ is active in C”, the position p] is active in u and
Definition 18.2a implies that p! is active in v. Therefore, C’ is active as well.
Thus, t, = t,—1[vo], = C'[f(s"*)] and the claim follows.

Assume s’ ~¢ s i’]‘h”g\'R x t. This means that s = C[f(u")] for some

active context C' with f(u*) >—A>'g\5 o Ng lo for some constrained rewrite rule

I — r[¢] € R and some Th-based substitution o such that ¢o is Th-valid and
t = C[ro]. Since s ~¢ s', Lemma 21.1 implies s’ = C'[f(u’*)] for some active

context C’ with C" ~g C and u* ~¢ u*. Therefore, f(u*) >—A>!g\5 o 2»/; lo

since —¢\s is £-convergent and strongly £-coherent and the substitution o

can be used to rewrite 8" = C'[f(u'*)] to ¢ = C'[ro] ~¢ Clro] =t.

Let s —g\s t i’]’h”g\R,u u, i.e., there exist positions p; € Pos(s) and

p2 € Post(t), rules l; — 1 € S and Iy — rofpz] € R, a substitution oy,

and a 7h-based substitution o9 such that

(a) s|p, ~e lior and t = s[r101]p, , and

(b) t|p, >—A>!g\50 2//2 309, the instantiated Th-constraint psos is Th-valid,
and u = t[raoa]p,

Perform a case distinction on the relationship between p; and ps.

Case 1: p1 L py. In this case s i’]‘h”g\']gﬂl 0 —g\s U is immediate.

Case 2: p1 = pa.q for some position q # A. In this case slpy = f(s),

t|P2 = f(t*) and S* —>g\3 t* Therefore f( )>—A>:g\s o Nf,‘ l20'2 51nce _>5\S

is &-convergent and strongly £-coherent and f(¢*) >—A>"g\3 o Ng lo02. Thus,

s S njerop slr202lp, = traoalp, = u.

Case 3: ps = p1.q for some position q, possibly ¢ = A. Since r1 does not
contain symbols from D(R), there exists a position g1 € Pos#(r1) such that
r1|q = x is a variable and ¢ = ¢1.g2 for some position ¢o. Define the substi-
tution of to behave like o1, with the exception that of(z) = o1(x)[r202]g,-

S . S
Then 1101 —>:]th||g\7g7u l10] by Definition 18.3a and thus s|,, —>:]th||g\737u o ~vg
. S
l10] by Lemma 21.2 since s|,, ~¢ l101. Thus, s, —>:]th‘|g\7z7ﬂo —e\s 710"

. S
Since 7y is linear, s[riol]p, = t[riol]p, = u, Le., 5—’%\|5\R,u o—asu 0O

Proof (Corollary 22).

1.

C a8 .
Assume s starts an infinite — 3¢\ z,,-reduction

S S S S
S 2 Th||E\R,u S1 7Th||E\R,u 52 7 Th||E\R,u S3 7Th||E\R,u - -+
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Using Lemma 21.2 this implies
S S S S
t S The\Ru T 2 Th|E\Ru t2 D Th]E\R,u 13 T ThIE\R - - -

. c S .
where s; ~g 1;, i.e., t starts an infinite —73,)e\r,,-reduction as well. The
other direction is shown the same way.

2. Let s —g\s t and assume that ¢ starts an infinite i>7h||‘g\7gyu—1reduction.
Using the inclusion —g\s o iTh|‘g\R7u C i'—]th”g\f]g,ﬂ o —>§\S from Lemma
21.3 repeatedly yields an infinite E’Thl\ &\r,u-reduction starting with s. O

Proof (Lemma 33).

1. Ift ~gt' and t € MR s, then t’ starts an infinite i>77l|‘g\737,t—1"educ‘uiorl

by Corollary 22.1. Notice that root(t) € D(R), which implies ¢ Z/; t’. There-
fore, t = f(t1,...,tn) and t' = f(t},...,t,) where t; ~¢ ¢} for all 1 <i < n.

. S .

Assume that ¢’ >, s where s starts an infinite —7n||E\R,p-Teduction. Then
. c S .

t; >, s for some 1 <4 < n and ¢} starts an infinite =7 ¢\, ,-reduction as

well. But then ¢; starts an infinite i>77l|‘5\R7N—1"educ‘uiorl by Corollary 22.1,

contradicting t € M‘(D%&&N).

2. By the assumption, ¢’ starts an infinite i’]’h”g\R’H—I‘edUCtiOD. Notice that

root(t) € D(R) and thus t>—A>§\5 t'. Therefore, t = f(t1,...,t,) and t' =
f(t1,-.. 1) where t; ¢, g ¢; for all 1 <i < n. Assume that t' >, s where s

starts an infinite i>77l||g\737”—reduction. Then t;EHs forsome 1 < ¢ <mnand t;
starts an infinite i']’h” &\r,p-reduction as well. But then ¢; starts an infinite

i7h||g\737”—reduction by Corollary 22.2, contradicting t € M ¢ o . O

Proof (Lemma 84).

1. If C[t] Hg s at a position p € Pos(C), then there exists a substitution o and
an equation u = v (or v & u) in £ such that C[t]|, = uo and s = C[t][vo],.
Proceed by induction on p.

If p = A, then, since root(t) € D(R), there is a variable z € V(u) with u>,, x
and zo >, t. Now Definition 18.2a implies v >, x. Let ¢ be the position
of z in v and let ¢’ be the position of ¢ in zo. Then s = vo = C'[t] with
C" =ro[0]q.q, where C’ is a hiding context.

If p # A, then C[t] = f(t1,...,ti—1,C1[t], tit1, ..., tn) for a hiding context
Ci. If p is inside one of the t;, then s = f(t],...,t;_,Ci[t],ti q,...,1},) =
C'[t] where C’ is clearly a hiding context. Otherwise, C4[t] Hg s and s =
fltr, .. tic1, 8" tig1, ..., tn). The inductive hypothesis implies ' = Cf[t]
for a hiding context C7, which implies s = C’[t] for a hiding context C’.

2. If C[t] —s s at a position p € Pos(C), then there exists a substitution o
and a rule | — r € S such that C[t]|, = lo and s = C[t][ro],. Proceed by
induction on p.
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If p = A, then, since root(t) € D(R), there is a variable x € V(I) with [ >, «
and zo >, t. By the assumption, r >, . Let ¢ be the position of = in  and
let ¢’ be the position of ¢ in zo. Then s = ro = C'[t] with C’" = ro[0]q.q,
where C’ is a hiding context.

If p # A, then C[t] = f(t1,...,ti—1, C1[t], tit1, ..., tn) for a hiding context
Ci. If p is inside one of the t;, then s = f(t},...,t;_, Ci[t],t;q,...,1},) =
C'[t] where C’ is clearly a hiding context. Otherwise, C1[t] —s s’ and s =
flt1, ... tic1, 8" tix1, ..., tn). The inductive hypothesis implies s' = Cf[t]
for a hiding context C7, which implies s = C’[t] for a hiding context C'. O

Proof (Lemma 36.1). Let wr>, s>, t with ¢ € M‘(’% S.E0)" Thus vi>, s>, t since
v >, w >y, s. The claim is shown by performing a case distinction on whether s
is a subterm of w.

1.

ub>s.

(a) If u>y s, then u >, s>, ¢ contradicts u € My ¢ ) since u >, ¢ with
L€ MR s

(b) Otherwise, ut>,s. Then ut>, s>, t and the claim follows from the hiding
property of w.

Then u|, = lo and v = ufro], for a position p € Pos(u), a substitution

o, and an equation [ ~ r (or r = [) in £&. Now lo }5 s since u Jf s and, in

particular, o(z) § s for all x € V(1). Also, u does not contain s as a subterm

at a position p with p L p.

(a) First, assume that ro > s. Since root(t) ¢ F(€), o(x) >, t for some
variable € V(r). Let ¢ be the outermost position in v above s that
satisfies v|q >, s.

(i) First, assume that ¢ is above p or ¢ = p. Since ro >, s>, t, Definition
18.2a implies lo >, ¢, i.e., u >, lo >, t. From the hiding property of
u, lo = C[t] for a hiding context C' and there exists an instance t’ of

a hidden term such that ¢’ >—A>§\5 o ZI; t. Then ro = C'[t] where C”
is a hiding context by Lemma 34.1. Now ro >, s implies s = C"[t],
where C” is a hiding context.

(i) Otherwise, ¢ = p.p’ for a position p’ # A such that r|, € V. Then
7|y >, 2, and Definition 18.2b (or Definition 18.2¢) implies I, >, x
for some non-variable subterm I’ of . Therefore, ut>,!'c >, ¢ and the
hiding property of u implies I'c = C[t] for a hiding context C and

there exists an instance ¢’ of a hidden term such that ¢’ >—A>§\5 ) 2/; t.

Then, r|, 0 = C’[t] for some hiding context C’ and ro|, >, s implies
s = C"[t], where C" is a hiding context.
(b) If ro % s, then s> ro, i.e., s|q = ro for some position ¢;. In this case,
u by sllolg.
(i) If ¢t occurs above g1, then s|,, = ¢ and ¢1 = ¢o.g3 for some posi-
tion g3 # A. Thus, u >y s[lo]g, >, t[lo]g, and the hiding property
of u gives s[lo],, = Clt[lo],,] for a hiding context C' and there ex-

ists an instance t’ of a hidden term such that ¢/ >—A>§\5 o 2//2 t[lo]gs-
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Thus ¢/ >—A>§\go ZI; t since t[lo]g, ZI; t[rolgs = t. Furthermore,
s = srolq = C[t].

Otherwise, o(z) >, t for some variable € V(r). In this case, u >
sllo]q, >, t and the hiding property of v implies s[lo],, = C[t] for
a hiding context C and there exists an instance ¢’ of a hidden term
such that ¢/ >—A>§\5 o 2//2 t. Thus, s = s[ro],, = C'[t] for some context
C’. The context C’ is hiding by Lemma 34.1. O

Proof (Lemma 86.2). If u —g\s v >, w, then u ~¢ v’ —s v >, w. By Lemma
33, u € M(()702,S,5,u)’ and Lemma 36.1 implies that u’ has the hiding property.
Let wi>y s>, t with t € M‘(’% S.E) Thus v>, s>, t since v >, w>,s. Perform

a case distinction on whether s is a subterm of u’.

1. v > s.

(a) If u'>, s, then v/ >,, s>, t contradicts u’ € M(()%,S,E,u) since v’ >, t with
te MR s.em

(b) Otherwise, v’ >, s. Then u' >, s>, t and the claim follows from the
hiding property of u’.

2. v P os.

Then «'|, = lo and v = u'[ro], for a position p € Pos(u’), a substitution o,
and arulel — r € S. Now lo £ s since v’ ¢ s and, in particular, o(x) ¢ s
for all z € V(). Also, v’ does not contain s as a subterm at a position p with

p LD

(a) First, assume that ro > s. Since root(t) ¢ F(€), o(x) >, t for some
variable z € V(r). Let ¢ be the outermost position in v above s that
satisfies vy >, s.

(i)

(i)

First, assume that g is above p or ¢ = p. Since ro>,, s>, ¢, Definition
18.3a implies lo >, ¢, i.e., u >, lo >, t. From the hiding property of
u’, lo = C[t] for a hiding context C' and there exists an instance ¢’ of

a hidden term such that ¢’ >—A>§\5 o ZI; t. Then ro = C'[t] where C”

is a hiding context by Lemma 34.2. Now ro >, s implies s = C"[t],
where C” is a hiding context.

Otherwise, ¢ = p.p’ for a position p’ # A such that 7|, & V. Then
T|p >, and Definition 18.3b implies ll>,/l’l2ux for some non-variable
subterm !’ of [. Therefore, ' t> 41’0 >, t and the hiding property of v’

implies I'c = C[t] for a hiding context C' and there exists an instance

t’ of a hidden term such that ¢’ >—A>§\5 o ZI; t. Then, r|yo = C'[t]

for some hiding context C’ and ro|, >, s implies s = C"[t], where
C" is a hiding context.

(b) If ro % s, then s> ro, i.e., s|q = ro for some position ¢;. In this case,
u' >y s[lo]g, -

(1)

If ¢ occurs above g1, then s|g, =t and ¢1 = g2.¢3 for some position
g3 # A. Thus, u' > s[lo]q, >, t[lo]g,. Now the hiding property of «’
gives s[loly, = C[t[lo]y,] for a hiding context C' and there exists an
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instance ¢’ of a hidden term such that ¢/ >—A>§\5 o 2//2 t[lo]gs. Thus

t/ >—A>§\5 o ZI; t since t[lo], —>§A tlroly, =t and —g\ s is strongly

E-coherent by Definition 9. Furthermore, s = s[ra],, = C[t].

(i) Otherwise, o(x) >, t for some variable 2 € V(r). In this case, v’ >y
sllo]q, >, t and the hiding property of «’ implies s[lo],, = C[t] for
a hiding context C and there exists an instance t’ of a hidden term
such that ¢/ >—A>§\5 o 2112 t. Thus, s = s[ro],, = C'[t] for some context
C’. The context C’ is hiding by Lemma 34.2. 0

Proof (Lemma 36.3). If u i'fh”g\R’H v >, w, then u = Cu/] for an active

context C such that ' >—A>‘!g\3 ) ig lo —x ro for a constrained rewrite rule
I — r[¢] € R and a Th-based substitution o. Since C[lo] starts an infinite

E>7h”5\73’,L—reducti0n, Lemma 33 implies C[lo] € M?%SSM)' Also, Lemmas
36.1 and 36.2 imply that C[lo] has the hiding property. Let w >, s >, ¢ with
te M‘E% S.E)" Then v >y s>, t since v >, w >, s. Perform a case distinction

on whether s is a subterm of C[lo].
1. Cllo] > s.

(a)

(b)

If Cllo] >, s, then Cllo] >, s &, ¢ contradicts Cllo] € My s ¢ ) since
Clio] >y t with t € MP% s ¢ -

Otherwise, C[lo] > s. Then C[lo] >y s >, t and the claim follows from
the hiding property of C[lo].

2. Cllo] ¢ s.
First, notice that v = C[ro]. Since C[lo] ¢ s, C |t s, lo }p s and, in partic-
ular, o(x) % s for all x € V(I). Finally, the root of s in v cannot be above O
in C since these positions are active. Hence, v > s implies ro > s such that
s is an instance of a non-variable subterm of r occurring at a position from
Posh(r), i.e., 71>, ' with 7/ ¢ V such that 7'c = s and s|, =t for an active
position p € Pos(s).

(a)

First, assume p € Pos*(r') and |, ¢ V. Then /|, is a hidden term
and t = s|, = 0|, = r’|,0 is an instance of a hidden term. Furthermore,
C’ = r'[J], is a hiding context, which implies that C’¢ is a hiding context
as well. Thus, s = r'o = C'[r'|p]o = C'o[r'|,0] and the claim follows.

Otherwise, p = p1.p2 such that '|,, = x for a variable x € V. In this
case, C' = r'[J],, is a hiding context. Now lo > ¢ since zo >, t. If o>, ¢,
then Cllo] &, lo >y xo ) t with t € M 5 o ), contradicting C[lo] €
MR s - Thus, lot>yzo and Cllo]>yxot>,t and the hiding property of
C[io] implies zo = C[t] for a hiding context C' and there exists an instance

t' of a hidden term such that ¢’ >—A>§\5 o ZI; t. Let C"” = C'o[C]. Then the

context C” is hiding and s = o = 1'o[zo[t]p,]p, = C'o[C[t] = C"[t],
thus establishing the claim. O
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Proof (Theorem 37). If if]’h”g\fg,ﬂ is not terminating, then there exists a term ¢
which starts an infinite iThH &\r,u-reduction such that every proper subterm of
t (even at inactive positions) is terminating w.r.t. if]’h”g\fg, u- Thus, ¢ trivially
has the hiding property. Furthermore, there are terms ¢;, s;, t; such that

~ S, S ~ S, S ~
t =t =7 e\R.ut1 2 TRE\R, L S1 Bpte = The\R b2 = Th)E\RL S2 B0 ls ..

where the in”g\n’u—steps int; i%”g\n7u t; are applied strictly below the root

position and the i’]‘h”g\'R,“-Step t; iTh|‘g\R7” s; is applied at the root position.
Furthermore, tAi, t; € M‘(’% S.E.) for all 3.

First, it is shown that every t; and every t; has the hiding property. As
shown above, #; = t has the hiding property by assumption. Also, if t; has the
hiding property, then ¢; has the hiding property by Lemma 36.3, and Lemma
36.3 furthermore implies that #;41 has the hiding property if ¢; has the hiding
property.

Next. it is s 8 St i A some 7,

ext, it is shown that ¢; =73 e\pP(R u),u ti+1 ~e t; | for some t'; 1 and that

~

. . . S S . S
every term in this sequence is terminating w.r.t. —Th||E\R, Since t; —Th|E\R, 1

5 >y a+1 where the i’]‘h|lg\737“-step is applied at the root position, there exist
arule [; — r;[p;] € R, a Th-based substitution o, and a position p; € Pos*(s;)

such that t; >—A>!g\5 ) Z@ lio, pio is Th-valid, s; = r;o, and s;|p, = aﬂ. Perform
a case distinction on the position p;.
If p; € Post(r;) and r;|,, & V, then there exists a dependency pair I¥ —

o~

(7i]p;)¥[:] € DPo(R, 1) since root(r;|p,) = root(t;+1) € D(R). But this clearly

implies tf >—A>‘!g\3 o i/} lfo and thus tg i']'h”g\Dp(R,u),u (7 p;)fo = %gﬂ. Further-
more, tg and ng are terminating w.r.t. i7h|‘g\7z7u since ti,tAiH € M‘()% S.Eu)"
Otherwise, p; is at or below the position of an active variable x; in r;. The
variable ; only occurs in inactive positions in /; since l;o>,x;0>,t; 11 and t;41 €
M(o%&&ﬂ) implies that [;o0 & M(o%&&ﬂ), which, by Lemma 33 contradicts ¢; €

M(o% S.E.) because t; >—A>!g\50 2//2 l;o. Since [;o has the hiding property by

Lemma 36 (because t; has the hiding property) and l;o >, z0o>, tAH_l, Definition
35 implies zo = C[t;y1] for a hiding context C' and there exists an instance

Piﬂ of a hidden term such that Pi+1 >—A>§\5 o 2//2 %\i+1~ Notice that C[@H] is
irreducible by >—A>g\5 since l;o is irreducible by >—A>g\5. By letting s and s’ be
the appropriate sorts,

S .
S e\DP(R ) Us(zio) since I — Uy (z:)[0i] € DPy(R, )
= Us(C[ti+1]) where C is hiding
U

~ . ~ S, ~
s (tig1) since U (C[tit1]) =Tm)e\oP(Ru),u Us (tit1)
for any hiding context C'

s,
T7Th||E\DP(R,p),u
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S i . . ~  SA~
S ThE\DP(Ru) g1 using U(h) — RF[T] since i1 Sg tiga
and t/;;1 is an instance of a hidden term h
>A >A

TTE\S © e ?QH
Notice that terms of the form U4(...) are terminating w.r.t. i’]‘h”g\R“u since
1(Ug) = 0. Also, tg and FQH are terminating w.r.t. i’]‘h|lg\7g7“ since t;,tip1 €
M?%&&u)'

. S oSt SA >A
Using tg —>:]th|‘g\Dp(R7lt)7lt Vi 1 —E\s0 ~e fg+1, the sequence

~ S, S ~ S, S ~
t=1t =1e\R.ull 2 Th)E\RL S1 B ta =T e\Rut2 2 The\R,u S2 Bpts ..
is transformed into

S S St >A >Ay S
th = ﬂ SThE\R 1 t§ S E\DP(R ) T —E\s © ~g % SThE\R 1 t% e

Using Lemma 21 and the strong £-coherence of — ¢\ s, this gives rise to an infinite
minimal (DP(R, 1), R, S, &, 1)-chain. O

Proof (Theorem 40). It needs to be shown that there exists a substitution o
that is Th-based for V(s1) U V(s2) such that cap(t)o >—A>!g\so Z/é so0, the

terms s;o and sgo are irreducible by >—A>g\3, and 10 and @90 are Th-valid
whenever s; — t1[p1], s2 — t2]p2] is a (P, R,S, &, u)-chain, i.e.,

tio i%||g\R,,Lu>—A>%\So 2//2 so0 for a Th-based substitution o such

that pj0 and pao are Th-valid and s;0 and sgo are normal forms w.r.t.

(1) >—A>g\3 implies CAP,,(t1)n >—A>fg\3 o i/g\ sam for some substitution 7 that
is Th-based for V(s1) U V(s2) such that s;n and saon are normal forms
w.r.t. >—A>g\5 and @171 and @9n are Th-valid.

In order to show (), it is first shown that for all terms ¢ and all substitutions n
that are Th-based for V(¢),

CAP,(t)n in”g\n’u u implies that there exists a substitution 7 that is
() Th-based for V(t) such that uw = cap,(t)7, where n and 7 differ at most
for the fresh variables introduced by cap,,(t).

The property (1) is shown by induction on ¢. If cap,(t) € V, then it is a fresh
variable y of sort univ since 7 is Th-based for V(t). Letting 7 = {y — u}
establishes (I). Otherwise, t = f(t1,...,tn), CAP,(t) = f(t],...,t],) and there is
norule! — rp] € R such that f(¢),...,t )0 >—A>‘!g\3 o i/} 11 for a substitution ¢
that is Th-based for V(f(t1,...,t,))UV(1) where ¢ is Th-valid. First, it is shown
that the in” £\R,u-Step cannot take place at the root position. If the reduction
takes place at the root position, then there exist a rule I — r[¢] € R and a Th-

based substitution p such that f(¢},...,t))n >—A>!g\5 o fo} Ip and pp is Th-valid.
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Since it can be assumed that [ is variable-disjoint from f(#,... %), it is possible
to define the substitution ¢ = o U p where ¥ is Th-based for V(f(t,...,t,)) U
V(1). Since v is Th-valid this is a contradiction to the assumption. Hence, the

i’]‘h”g\R“u-Step takes place below he root position, i.e., there existsan 1 <i <n

such that ¢;n i'fh”g\R’H w; and u = f(t)n,...,us, ..., t,n). Furthermore, i €
p(f), which implies t; = cApP,(t;). By the inductive assumption, this yields a
substitution ¢ that is Th-based for V(t;) such that u; = cAP,(t;)d = td. Since
the fresh variables introduced by cAp,(t;) are disjoint from the fresh variables
introduced by cap,(t;) for 1 < j # ¢ < n and since n and ¢ differ at most
for the fresh variables introduced by cAp,(t;), define the substitution 7 with
7(xz) = 6(z) if = is a fresh variable introduced by cap,(t;) and 7(z) = n(z)
otherwise. Then 7 is Th-based for V(t) and

u:f(t/l,,/I?"'?t;(S?"'?t’lﬂn)
= flthr, ... tir, ..t T)
= CcAP,(t)T

By (}) and an induction on the number of i']'}ng\R7lt-StepS, it is easily obtained
that CAP,(t)n i%’hug\R#’U, for a substitution 7 which is Th-based for V(¢) im-
plies that u = cAP,(t)d for some substitution § that is Th-based for V(t) such
that 7 and ¢ differ at most for fresh variables introduced by CcAP,(t). Since
t1 = CAP,(t1)o’ for some substitution ¢’ that only instantiates fresh variables

introduced by cAP,(t1), in particular ;0 = CAP,(t1)o’c E’%’hus\n,uu implies
that u = cAP,(t1)d for some substitution ¢ that is 7h-based for V(¢1) such

that o’c and § differ at most for the fresh variables introduced by cAp,(t1).

Thus CAP,(t1)0 = u>—A>fg\5 o Z% $90 since ’U,>—A>‘!g\3 o Z% so0. Now define the

substitution & by {(x) = d(x) if = is a fresh variable introduced by CAP,(¢1)
and &(z) = o(x) otherwise. Notice that £ is Th-based for V(s1) U V(s2). Then

CAP,(t1)E = u >—A>!g\5 ) 2//2 890 = 82€. Since s1£ = s10 and s2€ = s90, the terms

$1€ and s9 are normal forms w.r.t. >—A>g\5 by Definition 31. Also, ¢1& = p10
and p9f = o0 are Th-valid. a

Proof (Theorem 41). After a finite number of dependency pairs in the begin-
ning, any infinite minimal (P, R,S, &, u)-chain only contains pairs from some
SCC. Hence, every infinite minimal (P, R, S, £, u)-chain gives rise to an infinite
minimal (P;, R, S, E, u)-chain for some 1 < i < n. O

Proof (Lemma 45).

1. Since £ is size-preserving, the £-equivalence classes are finite. Furthermore,
the E-equivalence class of a given term s can be effectively computed using
the equations. In order to decide whether s >>¢ , t it then suffices to check
whether there exist a term s’ in the £-equivalence class of s and a term ¢’
in the &-equivalence class of ¢ such that s’ >, . Notice that s>¢ , t can be
decided in the same way.
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2. Well-foundedness of >¢ , is immediate once it has been shown that s >¢ ,, ¢
implies |s| > [t|. Thus, let s >¢ , ¢, i.e., s ~g s’ >, t' ~¢ t for some terms

! 4l
st
First, it is shown that s ~g s implies |s| = |s’|. For this, induction on
n in s Hg s is performed. If n = 0, the claim is obvious. Otherwise,
s HE1 5" IHg &', and the inductive hypothesis implies |s| = |s”|. Now

s"” Hg s’ implies that there exists an equation u ~ v (or v &~ u) in £ such
that s” = Cluo] and s’ = C[vo] for some context C' and some substitution
o and it thus suffices to show |uo| = |vo|. But |uo| = |vo| is an immedi-
ate consequence of the assumption that the equation u ~ v (or v &~ u) is
size-preserving and i.u.v.

Now |[s| > [t| is obtained since s’ >, ¢’ implies |s'| > |t'].

3. For g, let s>g ,t, ie., s ~g s >, t' ~g t for some terms s',t'. Then
so ~g s'o >, t'c ~¢ to since both ~¢ and >, are stable, i.e., so >¢ , to.
Now stability of ¢, is obvious since both >¢ , and ~¢ are stable.

4. Let s >g,t, ie, s ~g o>, 0 ~g t, and let s ~¢ s and ¢’ ~g t. Thus,
s ~g o0~ t! e, 8 gt Since g, = g, U ~g the claim for g |,
is now immediate. g

Proof (Theorem 46). In the second case soundness is obvious. Otherwise, it
needs to be shown that every infinite minimal (P, R, S, &, u)-chain contains only
finitely many dependency pairs from P’. Thus, let s; — #1[p1], s2 — t2w2], - -
by an infinite minimal (P,R,S, &, u)-chain using the 7h-based substitution o
and apply the simple projection 7 to it.

First, consider the instantiation s;o — t;o[p;0] of the ith dependency pair.
Clearly, n(s;0) = w(si)o and 7w(t;o) = 7(t;)o. Since w(s;) B¢, 7(t;) by as-
sumption, 7(s;0)>¢ , w(t;0) by Lemma 45.3. From ¢;0 i%h‘lg\n’u o >—A>‘!g\3 o i%
Si+i0, the (possibly shorter) sequence 7(t;0) g%‘h‘|g\7@7uo —e\s © ~e T(8iti0)
is obtained since all reductions take place below the root. Therefore, having

S . >A >A . . Sy "
ti0 =Th|E\Ru© ——E\S O ~e Siy10 — tip10 implies 7(t;0) =T e\R,u© =8
0 ~vg m(8i410) ey m(tiy10).

Thus, the infinite minimal (P, R, S, &, 1)-chain is transformed into an infinite
i']‘h‘|g\7z7u U—g\s U Dg U ~e sequence starting with m(¢10). Now perform a
case distinction.

Case 1: The infinite sequence contains only finitely many i’]’h”g\R,M-St(ﬁpS and
only finitely many — g\ s-steps. Then, there exists an infinite >¢ ;, U ~¢ sequence.
This sequence cannot contain infinitely many >¢ ,-steps stemming from depen-
dency pairs in P’ since otherwise Lemma 45.4 yields an infinite >¢ , sequence,
contradicting the well-foundedness of >¢ ,, (Lemma 45.2).

Case 2: The infinite sequence contains only finitely many iyhug\n’u—steps but
infinitely many — g\ s-steps. Recall that ~g o —g\s C —g\s 0 ~g since —g\s
is strongly &-coherent. Using this and the easily seen inclusion >, o —g\s C
—ge\s © B>, it is furthermore straightforward to show that

Deu ©—e\s = g0l 0ve 0 —pe\s
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NgODHO—)S\SONE

~Eg O —e\§s Oy, 0 e

N 1N 1N

—E\S O ~vg Oy 0 e

—e\s ° Pepu
By making repeated use of these inclusions, an infinite —¢\s-sequence is ob-
tained, contradiction the assumption that —g\s is terminating.

Case 3: The infinite sequence contains infinitely many £>Th||g\7g,ﬂ—steps, Recall

. . S S
Lemma 21 and the inclusions ~¢ o =g e\r.p © —7ne\R,u © ~e and —g\s
S S - . . .
o =The\Ru & —>%h”5\7g’u °—as Using the first of these inclusions and the
. . . S S .
easily seen inclusion >, o =g e\r,y € —7n|E\R,u © Dy, it is furthermore
straightforward to show that

S S
Beu O 2Th|E\R,u = ~ECPuONEO ZTRIE\R 1

N

S
~EOD Y O =Th|E\R,u © ~E

N

s
~E O = Th|E\R,u O Pu © e

N

S
Th||E\R,u © ~E OBy 0~

S
—Th|E\R.u © PEu

By making repeated use of these inclusions, an infinite iTh”g\R,ﬂ—sequence
starting with m(¢10) is obtained. But this contradicts the minimality of the

infinite minimal (P, R, S, &, u)-chain since then ¢10 starts an infinite i’]’h”g\R’H

reduction. 0
Proof (Theorem 49). Standard. O
Proof (Theorem 52). Standard. O

Before proving Lemma 57, several auxiliary results need to be obtained. The
first result in similar to Lemma 21.1 but considers S and is not restricted to
active contexts.

Lemma 70. If s =% g0 ~e C[f(t")] for a context C' and an f & F(E)UF(S),
then s = D[f(s*)] for a context D such that f(s*) >—A>j§\3 o i/} F&).

Proof. By [12, Lemma 5], it suffices to consider s —s C[f(t*)]. If s —s t =
C[f(#*)], then there exists a rule | — r € S such that s|, = lo and ¢t = s[ro], for
some position p and some substitution ¢. Let g be the position with t|, = f(t*),
i.e., C|q = O. Perform a case distinction on the relationship between the positions
p and q.

Case 1: p L q. Then, s = t[lo], = (C[f(t*)D[lo], = (Cllo))[f ()]
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Case 2: p = q.q' for some position ¢’ # €. Then, s = t[lo], = (C[ft*)D[lo)q.qy =
Clf(#*)[lo]y]. Since ¢’ # ¢, the position ¢’ can we written as ¢’ = i.¢” for some
1 <@ < arity(f) and some position ¢”. Then s; = t; if i # j and s; = t;[lo] —s
ti[rolg: = ti, ie., s* =g t*.

Case 3: ¢ = p.p’ for some position p' (possibly p’ = A). Since f ¢ F(S), the
position p’ can be written as p’ = pj.ps such that r|, is a variable x and
xoly, = f(t*). There exists a position p{ in [ such that I|,» = . This implies
lo|py py = 20|y, = f(t*). Thus, s = t[lo], = D[f(t*)] where D = C[lo[O]py p]
and the claim follows. O

Next, it can be shown that —g\s and i’]‘h”g\R“u are finitely branching if £
is size preserving.

Lemma 71. Let (R,S,&, 1) be a CS-CES such that € is size preserving. Then

—e\s and i’]‘h”g\R“u are finitely branching.

Proof. First, the property is shown for —¢\ 5. Since a term has only finitely many
positions and since § is a finite set of rules, it suffices to show finite branching
for one position p and one rule | — r € §. Without loss of generality assume
p=A,ie., s~glo. Since € is size-preserving, the £-equivalence classes are finite
and there are thus only finitely many substitutions ¢ with Dom(o) = V(I) for
&-matching. Therefore, —¢\ s is finitely branching.

The proof for i']’h” &\R,u 1s similar, where it again suffices to consider only
the root position and a single rule. Thus, s >—A>‘!g\3 s’ i/g\ lo, where o is Th-based.

Since —¢\s is E-convergent and since £ is size-preserving there are only finitely
many possible terms s’. As above, there are only finitely many substitutions o

for each s’, which implies that S;%Thﬂ £\r s finitely branching. a
Now it can be shown that Z'(¢) is indeed well-defined.

Proof (Lemma 57). According to Definition 56, in order to get an infinite term
as a result of Z1(t), it is necessary to perform an infinite number of applications
of Red}, since —¢\s and >¢ are well-founded, —¢\ s and iTh”g\R# are finitely
branching by Lemma 71, and the £-equivalence classes are finite. This means
that ¢ is terminating and there exists an infinite sequence t <11 s1 g S2 . .. where
;€ {>, —E\Ss ~E, i']’hHg\R’u} and pq; = i’]’h”g\R,u for infinitely many 1.
By considering two consecutive occurrences of i']‘h” &\R,u in this sequence and
by using the inclusions ~g o —g\s C —g\s © ~g obtained from the strong
&-coherence of —¢\s and the easily seen inclusions > o —g\5 C —g\s 0 > and

s
Do ~ve C ~ve ol asequence t —g g 0 ~ve U1Dl S7ne\Ru © o\ s © Ve U2

to i’]‘h”g\R“u o —>Z\S o r~g ug... where root(t;) € A and ¢; is terminating for all
1 > 1 is obtained. It can be assumed without loss of generality that it is not the
case that ¢, > o —>:§\ s O ~e tiyt (since otherwise the modified sequence obtained

s s
from ... B ti1 S7ne\R.u © —E\s © ~VE Wi >0 —E g © Ve titl DTme\Ru - -
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by using the inclusions ~¢ 0 —g\s € —g\s 0 ~g, >0 =g s C —g\s 0 >, and
> o ~g C ~g o > mentioned above can be considered instead).

For all ¢ > 1, there exist a rule I; — 7;[¢;] € R, a Th-based substitution

oi, and an active position p; in t; such that ¢t; = Ci[l}],,, >—A>fg\go i/g\ lio;,

Ci[rio-i]pi —>§\S O ~eg Uiy, and Ui+1 \Z t7;+1. Now Ui41 IZ ti+1 and I‘OOt(tH_l) 5{
F(E)UF(S) (since root(ti1) ¢ A and F(E)UF(S) C Al) imply by Lemma 70
that Cy[rios] > t;,, for some t,; with root(t;,,) = root(t;11) and tj,, >—A>§\5
o 2/2 ti+1. There are three possibilities:

L.t is a subterm of C;[r;0;],, at a position above p;, i.e., tj | > r;0;. Then
Cilrioilp, >, i, since p; is an active position.

2. tj,, is a subterm of Cj[r;o;],, at a position that is independent of p;. Then
ti >t _)2\5 o ~g¢ t;11, contradicting the assumption.

3. ti,1 is a subterm of Cj[r;o;]p, at a position strictly below py, i.e., rio; >t;, ;.
Note that there is no variable z € V(r;) such that o;(x) > t;,, since that
would imply l;o;>t7 ;. Then [j>t7,, for some ¢}/, ; such that ti',; —z g0 ~e¢
tiyy by Lemma 70, which implies ¢; >t} —% s © ~¢ lit1, contradicting
the assumption. Therefore, there exists a term r, with v, & V and r; > 7/
such that rjo; = t},,. Since root(r}) = root(t],,) ¢ A' and F¥(r;) C A,

the relation 7; >, 7} is obtained and thus C;[r;o;]p, >, ] ;.

. . S
The resulting sequence is thus ¢ —>‘*5\S o ~veur Byt Sapa\r, Crlrioi]p, >u
/ S /
ty —=i\s © ~e t2 Sme\rp C2r2oa]p, Bty =g g0 ~ets. ..
. S S S

By using ~¢ o S e\ru © 2mne\r.u © ~e and —ga\s © —pe\rRu ©
S 4 _ S S
STne\Ru© ~g\s from Lemma 21 and ey © S7njs\Ru & D ThIE\R K © PE

from the proof of Theorem 46, an infinite i']‘h” £\R,u Sequence starting with ¢ is
obtained, contradicting the assumption that ¢ is terminating. a

Proof (Lemma 60). Let s,t € T(F U Frp, V) and let o be a Th-based substitu-
tion.

1. Z'(so) = sI'(o) is proved by induction on s. If s € V then this is immediate
by the definition of Z1(o). Otherwise, s = f(s1,...,5,) with f € Al. But
then

T (so) =T ' (f(s10,. .., 5,0))
= f(T(s10),...,T" (sn0))
= f(51Z(0),...,5,T%(0))
=sT'(0)

by the inductive assumption.
2. I'(s0) —%,, sI'(0) is proved by induction on s. If s € V then this is im-
mediate by the definition of Z!'(s). Otherwise, s = f(s1,...,8,). By the
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assumption, if i € u(f), then s; € 7(A, V) and hence Z'(s;0) = s, (o)
by 1. 1If i € p(f), then I'(s;o) —%, sZ'(0) by the inductive hypothesis.
If f € A! or s is not terminating, then Z'(so) = Z'(f(s10,...,5,0)) =
[(Z'(s10),..., T (5,0)) =%  f(s1Z'(0),...,s,2%(0)) = s (o). If f ¢ Al
and s is terminating, then Z (sa) = Compyort(so) (Redk(so) U Redk (so) U
£qt(s0)). The definition of Eq (sa) gives f(T'(s10),...,T (s,0)) € Eqt(s0).
Tiius, T1(s0) % F(T (510),... T (5r0) —is FTI(O)..... 5L (o)
by Lemma 59.

It suffices to show that s g t implies Z1(s) Hg Z'(t) since the statement
then follows by induction on the number of Hg-steps in s ~¢ t.

Thus, let s Hg t and perform an induction on the position p where the step
takes places. If root(s) ¢ A! and s is terminating, then root(t) ¢ Al as
well by the definition of A! and ¢ is terminating by Corollary 22.1. Since
s ~g t, Definition 9 implies that whenever s —g\s §', then t —g\g t' for
some t' ~g s'. Thus, Reds(s) C Redi(t). Similarly, Lemma 21.2 implies
Redy (s) C Red(t). Finally, if s ~¢ g(s1,...,5,), then t ~g g(s1,...,8n),
which immediately implies Eq}(s) = E¢i(1).

Using these properties, Reds(s) URedk (s) UEqE(s) C Redk(t) URedk (t)U
&]}; (t). Since the same reasoning can be applied with s and ¢ interchanged,

Compsort(s)(Red}S (8) URedk(s) U Eq(s))
= Compsort(s) (Reds(t) U RedR (t) U Eqt (1))

and thus Z'(s) = Z1(t).

Otherwise, root(s) € Al or s is not terminating. If p = A, then there ex-
ist an equation u ~ v (or v &~ w) in € and a substitution o such that
s = uo and t = vo. By the definition of A, u,v € T(A', V). Hence,
T(s) = Tt (uo) = uZ'(o) He vI'(o) = T'(vo) = T'(t) by 1. If p # A
then s = f(s1,...,84,.-.,8n), t = f(81,...,ti,-..,8n), and s; Hg t;. Now
Z(si) Hg Z(t;) by the inductive assumption, which implies

I(S) = f(Il(Sl)v"'7Il(si)7"'7zl(sn))
Hz f(T'(s1),..., T (s}), ..., T (s0))
= I'(1)

It suffices to show that s —¢\s ¢ implies Z'(s) ~»1 Z'(t) since the statement
then follows by induction on the number of —¢\ s-steps in s —%, g t.

Thus, let s —¢\s t and perform an induction on the position p where the
reduction takes places. If root(s) € Al and s is terminating, then Z1(t) €
Red}(s), which implies Z(s) _’7-;11 Z1(t) by Lemma 59.

If root(s) € A! or s is not terminating, first consider the case p = A. Then,
there exist a rule [ — r € S and a substitution ¢ such that s ~¢ lo —g
ro = t. Using 1. and 3., I'(s) ~g I (lo) = 1T (0) —s 1Z*(0) = I (ro) =
Z'(t), and thus Z'(s) —g\s Z'(t). If root(s) € A and p # A, then s =
f(s1,...,8i,...,8,) and t = f(s1,...,t;,...,8,), where 5; —g\s t;. This
implies Z'(s;) ~»1 Z1(t;) by the inductive hypothesis and therefore Z!(s) =
Flo 0 TNss), ) 1 fO LT, ) = TH).
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5. It suffices to show that s iTh”g\R t implies Z'(s) ~»o Z'(t) since the

N2
statement then follows by induction on the number of iThH &\R,u-Steps in
S

§ Thl|e\Ru -

Thus, let s if]’h”g\fg,ﬂ t and perform an induction on the position p where
the reduction takes places. If root(s) ¢ A!, then Z'(t) € Redk(s), which
implies Z(s) _’721 Z'(t) by Lemma 59.

If root(s) € A!, first consider the case p = A. Then, there exist a rule

I — r[¢] € R and a Th-based substitution o with s = f(s*) >—A>!g\5 o Z/;

lo —g ro =t such that @o is Th-valid. Since root(l) = root(s) = f and
f € Al the definition of Al implies that | — r[¢] € R(AY), r € T(AL V),
and I’ € T(A',V) whenever [ >, !’. Using 1., 2., 3., and 4., Z*(s) ~>} o ~g
I'(lo) =%, II'(0) =Rr(ar),. 7T (0) = I'(ro) = I'(t) where ¢I'(0) = o
is Th-valid, and thus Z'(s) ~»o Z'(t). If root(s) € A! and p # A, then
s=f(s1,.-+Siy...ySn) and t = f(s1,...,ti,...,8,), where s; i7h|‘g\7z7” t;
for an i € pu(f). Now Zl(s;) ~»2 Z1(t;) by the inductive hypothesis since
s; is terminating and therefore Z'(s) = f(Z'(s1),...,Z (i), .-, I (8n)) ~2
F(Zs1), o, I ),y -, T (80)) = TH(1).

6. Let soié—h”g\R,Ho _’Es\s o ~g¢ to. Using 3., 4., and 5., I'(s0) ~5 o ~7
o ~g I'(to). Using 1. and 2. this implies sZ'(0) ~5 0 ~} o ~g o -k
tT' (o). O

Proof (Theorem 61). Standard by making use of Lemma 60.6. a

Before proving Lemma 66, some auxiliary results need to be obtained. Lemma
66 will be shown by well-founded induction using the following relations. This is
similar to [13].
Definition 72 (32,9+2). Let s,t be terms and. Then s 32t iff s —a\sUDet
and s %2 t Zﬁ S —E\S U iThHS\'R,/L U [>5;P« t.

In order to use 352 and %2 for inductive proofs, they need to be well-founded
when restricted to the relevant terms.

Lemma 73.

1. If s is terminating and s 92 t, then t is terminating.
2. ©2 is well-founded.
3. 2 is well-founded on terminating terms.

Proof.

1. If s —g\s t, then t is terminating by Corollary 22.2. If s if]’h”g\fg,ﬂ t then
t is clearly terminating if s is terminating. If s ¢, ¢ then ¢ is terminating

. . S S
due to the inclusion >g , 0 =g e\rR.u S —7H|E\R, 1 © €, from the proof
of Theorem 46.
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2. Assume that 32 is not well-founded. Then, there exists an infinite —a\s
U > g-sequence. Since >¢ is well-founded by Lemma 45.2, this sequence con-
tains infinitely many — ¢\ s-steps. Using the inclusion >g 0 —g\s € —g\s
o >¢ from the proof of Theorem 46, an infinite —¢\ s sequence is obtained,
contradicting the assumption that —g\s is terminating.

3. Assume that 9= is not well-founded on terminating terms. Then, there exists
an infinite in”g\n’u U —g\s U D¢ y-sequence containing only terminating
terms.

If this sequence contains only finitely many i']‘h” &\R,u-steps, then an infinite
—e\s U g -sequence is obtained. Since ¢, is well-founded by Lemma
45.2, this sequence contains infinitely many — g\ s-steps. Using the inclusion
Deu © —as © —ea\s © gy from the proof of Theorem 46, an infinite
—g\s-sequence is obtained, contradicting the assumption that —g\s is ter-
minating.

Otherwise, the sequence contains infinitely many in” &\Rr,u-steps. Using the
inclusions —g\s © if]’h||g\7g7ﬂ - iﬁng\m# o —>§\S from Lemma 21.3 and
Deu O i']‘h||g\7g7ﬂ C i’]‘h”g\R“u o g, from the proof of Theorem 46, an

infinite ifz’h” £\R,u-Sequence starting with a terminating term is obtained,
which is clearly impossible. a

The first property will be used freely in the following.

Proof (Lemma 66). The first claim is proved by induction on 32, which, by
Lemma 73.2, is well-founded.

If t € V then Z%(t) = t and nothing needs to be shown. If ¢t = f(t1,...,t,)
with f € A? then Z%(t) = f(Z%(t1),...,Z2%(t,)) and the inductive assumption
implies that Z2(¢;) is a finite term for all 1 < i < n. This implies that Z2(t) is
a finite term. Finally, assume root(t) ¢ A?. Then the sets Red%(t) and Eq2(t)
are finite since — ¢\ s is finitely branching by Lemma 71 and & is size preserving,
which implies that the £-equivalence classes are finite. By the inductive assump-
tion, Z2(#') is a finite term for any Z?(¢') € Red%(t) and Z2(t;) is a finite term
for any g(Z%(t1),...,2Z%(tm)) € E¢%(t) and all 1 < i < m. But then Z2(¢) is a
finite term as well.

Similarly, the second claim is proved by induction on 4+2, which, by Lemma
73.3, is well-founded on terminating terms.

If t € V then Z%(t) = t and nothing needs to be shown. If t = f(t1,...,t,)
with f € A% then Z%(t) = f(t1,...,,) and the inductive assumption implies
that #; = Z2(t;) is a finite term for all 1 < i < n with i € u(f). If 1 <14 <n with
i & u(f), then T; = Z%(t;), which is a finite term by the first claim. Together,
this implies that Z?(t) is a finite term. Finally, assume root(t) ¢ A2. Then the
sets Red%(t), Redx (t), Eq3(t), and Eq2(t) are finite since —¢\ s and gf]’h||g\7g7ﬂ
are finitely branching by Lemma 71 and & is size preserving, which implies that
the £-equivalence classes are finite. By the inductive assumption, Z2(#') is a
finite term for any Z2(t') € Red%(t) U Red% (t) and 7; is a finite term for any
g1, ... tm) € E¢2(t) and all 1 < i < m as above. Furthermore, Z%(s) is a finite
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term for all Z%(s) € Ezq% (t) by the first claim. But then Z?(¢) is a finite term as
well. a

Next, some simple notation is introduced.

Definition 74. For any term t and any terminating substitution o define the
substitution oy as o(z) = I%(o(x)) if v € VH(t) and o¢(z) = Z%(o(x)) otherwise.

Lemma 75. If so is terminating and V*(s) N V¥(s) = 0, then sos = [s,0].
Proof. Trivial. a

Proof (Lemma 67). Let s,t € T(FUFr,V) and let o be a Th-based substitution
such that s,t, so are terminating.

1. Z?(so) = sI?(o) is proved by induction on s. If s € V then this is im-
mediate by the definition of Z?(c). Otherwise, s = f(s1,...,s,) with f €
A?. But then Z2(s0) = Z%(f(s10,...,8,0)) = f(T?(510),...,Z%(s,0)) =
f(51Z%(0),...,5,2%(0)) = sZ?(o) by the inductive assumption.

2. I?(so) = [s, 0] is proved by induction on s. If s € V then this is immediate
by the definition of [s,o]. Otherwise, s = f(s1,...,s,) with f € A? and thus
I%(so) = I?(f(s10,...,8,0)) = (3510, ...,3,0). For i € u(f), the inductive
assumption gives 5,6 = I2(s;0) = [s;,0]. For i & u(f), 1. implies 5;0 =
T2(s;0) = 5,2%(0). Together this implies Z2(s0) = f(317, . ..,3,0) = [s, o).

3. I%(s0) —%,, sI?(0) is proved by induction on s. If s € V then this is imme-
diate by the definition of Z?(¢). Otherwise, s = f(s1,...,8,). If f € A? then
T%(so) = f(T%(s10),...,I%(sn0)) =%, [(s1Z%(0),...,snL%(0)) = sI?(0)
by the inductive assumption. Otherwise, Z?(so) = Compyort(so) (Red%(so) U
S_qz(sa)l) Notice that i(fQ(sla), . .;,TQ(SnU)) € S_qz«(sg), which gives the
desired Z%(so) —%  f(T%(510),...,2%(sn0)) =5, f(512%(0),...,8.2%(0))
using Lemma 59 and the inductive assumption.

4. I*(so) —%,, |s,0] is proved by induction on s. If s € V then this is imme-
diate by the definition of [s,c]. Otherwise, s = f(s1,...,s,). If f € A%
then Z%2(so) = Z%(f(s10,...,58,0)) = f(310,...,3,0). If f & A2 then
[(510,...,5,0) € E¢%(so) and thus I?(so) _’721 f(s10,...,5,0) by Lemma
59. For i € p(f), the inductive assumption implies 5;6 = Z%(si0) —%,,
[si,0]. For i & pu(f), 8. implies 556 = Z?(s;0) —%,, :Z°(c). Together this
implies Z%(s0) =%, f(510,...,5.0) =%, [s,0].

5. The statement is proved by induction on s. If s € V then Z?(s) = s = Z2(s).
Otherwise, s = f(s1,...,8,). If f € A% C A2, then by definition Z%(s) =
T%(f(s1,-.-,8n)) = f(31,...,5,). For i € p(f), the inductive assumption
implies 5; = Z%(s;) —%,, Z°(si). If i & p(f), then 57 = T%(s;) is immedi-
ate. Therefore, I%(s) —%,, F(T2(s1), ..., I%(sn)) = Z%(s). If f ¢ A2, then
T%(s) € Eq¢%(s) and thus Z?%(s) —>;§n 7?(s) by Lemma 59.

6. It suffices to show that s Hg ¢ implies Z2(s) Heaz) T?2(t) since the statement
then follows by induction on the number of Hg-steps in s ~¢ t.
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Thus, let s He ¢ and perform an induction on the position p where the step
takes places. If root(s) ¢ A?, then root(t) ¢ A? as well by the definition
of A%, Since s ~¢ t, the strong E-coherence of —¢\s implies that whenever
s —g\s &, then t —g\s t' for some t' ~g s'. Thus, Red%(s) C Red3(t).
Similarly, if s ~g g(s1,...,8n), then t ~g g(s1,...,8,), which immedi-
ately implies £q¢%(s) = £qZ(t). Using these properties, Red%(s) U Eq%(s) C
Red%(t) U Eg(t). Since the same reasoning can be applied with s and ¢ in-
torchanged, Comprere(s) (Red3 () U EGA(5)) = Compuon (s (Red3 () UEG ()
and thus Z2(s) = Z2(t).

Otherwise, root(s) € A2 If p = A, then there exist an equation u ~ v
(or v & u) in £ and a substitution o such that s = uo and ¢ = vo. By
the definition of A% u,v € T(A% V) and hence u ~ v (or v ~ u) is in
E(A?%) = E(A?). Thus, I2(s) = I?(uo) = uZ*(0) Heg(az) vI?*(0) = I%(vo) =
T2(t) by 1. If p# A then s = f(51,...,86,...,8n), t = f(S1,.-stir. ., 8n),
and s; Hg t;. Furthermore, Z?(s) = f(Z?(s1),...,Z°(si),-..,Z°(sn)) and
T2(t) = f(T?%(s1)y- .-, I2(ti), ..., Z%(sn)). Now Z2(s;) H?(AZ)TQ(ti) by the
inductive assumption and thus Z2(s) He(a2) T2(t).

It suffices to show that s Hg ¢ implies Z2(s) He(a2) T?(t) since the statement
then follows by induction on the number of FHg-steps in s ~¢ t.

Thus, let s Hg t and perform an induction on the position p where the step
takes places. If root(s) ¢ A2, then root(t) ¢ A? as well by the definition
of A?. Since s ~¢ t, the strong £-coherence of —¢\s implies that whenever
s —g\s &, thent —g\ s t’ for some ¢’ ~¢ s'. Thus, Red%(s) C Red(t). Simi-
larly, Lemma 21.2 implies Red% (s) C Redx (t). Finally, if s ~¢ g(s1, .., sn),
then t ~¢ g(s1,...,s,), which immediately implies Eq¢Z(s) = EgZ(t). Also,
Eq2(s) = Eq(t) since s ~¢ t. Using these properties, Red%(s) U Red% (s) U
EqE(s) UEGE(s) C Red%(t) U Red% (t) U Eq2(t) U Eq%(t). Since the same
reasoning can be applied with s and ¢ interchanged, Compgore(s) (Red%(s) U
Red%(s)ugqg(s)ug_qg(s)) = Compsors(1) (’Red%(t)URed%(t)Uqu(t)UE_q% (1)
and thus Z2(s) = Z2(t).

Otherwise, root(s) € A2. If p = A, then there exist an equation v ~ v (or
v &~ u) in £ and a substitution ¢ such that s = uo and ¢ = vo. By the
definition of A2, u,v € T(A?,V). Since £ is strongly conservative, uo, =
[u, 0] and vo, = [v, 0] by Lemma 75. Moreover, for all variables x, Definition
18.2a implies o, (z) = o, (x), i.e., o, = 0. Hence,

T2(s)

72 (uo)
= [u,0] by 2.
= uoy
= uogy,
Hg(Az) VOy
= [U’ U]
= TI%*(vo) by 2.
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=1%(t)

Ifp £ Athens = f(s1,..-,8i---8n),t = f(S1,-. ., iy, 8n), and s; Hg ¢;.
Notice that Z%(s) = f(31,...,5:,..-,8n) and Z2(t) = f(31,...,ts,...,55). If
i € u(f), thens; = Z%(s;) Hea2) T2(t;) = t; by the inductive assumption. If
i & p(f), thens; = Z%(s;) Hz a2 T2(t;) = t; by 6. Thus, Z2(s) Hz a2 T2(t)
in either case.

. It suffices to show that s —g\s ¢ implies Z?(s) ~»1 Z2(t) since the statement
then follows by induction on the number of —¢\ s-steps in s —>;\ st

Thus, let s —g\s ¢ and perform an induction on the position p where the
reduction takes places. If root(s) ¢ A2, then Z%(t) € Red%(s), which implies
Z%(s) =%, Z*(t) by Lemma 59.

If root(s) € A2, first consider the case p = A. Then, there exist a rule [ —
r € S and a substitution o such that s ~¢ lo —s ro = t. Since root(s) € A,
the definition of A% implies that root(l) € A%, | — r € S(A?%) = S(A?), and
reT(A%V). Using 1., ., and 6., I%(s) ~g(a2) Z2(lo) =%, 1I%(0) —s(a?)
rZ%(0) = I?(ro) = I%(t), and thus Z2(s) ~; Z2(t). If root(s) € A? and
p # A, then s = f(s1,...,8i,...,8n) and t = f(s1,...,t;,...,8,), where
5; —g\s ti- By the inductive assumption, T?(s;) ~»1 Z%(t;) and therefore
T2(s) = f(.. ., Z%(85)y .- o) ~1 f (oo, T2 (), .. ) = T2(1).

. It suffices to show that s —g\s ¢ implies Z?(s) ~»1 Z2(t) since the statement
then follows by induction on the number of —¢\s-steps in s _"*s\s t.

Thus, let s —g\s ¢ and perform an induction on the position p where the
reduction takes places. If root(s) ¢ A?, then Z%(t) € Red%(s), which implies
2(s) —>7'§” 7%(t) by Lemma 59.

If root(s) € A?, first consider the case p = A. Then, there exist a rule
Il — r € § and a substitution ¢ such that s ~¢ lo —s ro = t. By the
definition of A2, root(l) € A% I — r € S(A?), and r € T(A?%,V). Since
S(A?) is strongly conservative, lo; = [I,0] and ro, = [r,o] by Lemma 75.
Moreover, 0;(x) —%, or(x) for all variables x. To see this, notice that by
strong conservativeness of S (AQ), the substitutions o; and o, differ at most
on variables # € V¥#(I) — V¥(r). For these variables oy(z) = Z*(o(x)) —%,,
7%(o(z)) = o, (z) by 5. Hence,

IQ(S) ~E(A2) I2(ZO') by 7.
Ry o] by 4.
= lUl
%” lo,
—s(A2) TOr
= [T’, 0]
I2(ro) by 2.
0

—

Ifp# A, then s = f(s1,...,84...,5,),t = f(s1,...,ti,...,50),and 8; —g\s

t;. Also, 7%(s) = f(31,...,54,...,5,) and Z2%(t) = f(51,...,ts,...,5n). If
i € u(f), then 37 = Z?(s;) ~»1 Z2(t;) = &; by the inductive assumption. If
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i & p(f), then 37 = Z%(s;) ~»1 Z2(t;) = ; by 8. Thus, Z2(s) ~»1 Z2(t) in
either case. s

10. It suffices to show that s =75, e\r,, ¢ implies T2(s) ~»o I2(t) since the
statement then follows by induction on the number of ﬁ)ThH &\R,u-Steps in

S
§ Tnl|e\Ru -
Thus, let s gf]’h||g\7g7ﬂ t and perform an induction on the position p where
the reduction takes places. If root(s) ¢ A?, then Z2(t) € Redk(s), which
implies Z2(s) —%  Z*(t) by Lemma 59.
If root(s) € A?, first consider the case p = A. Then, there exist a rule

I = r[¢] € R and a Th-based substitution o with s = f(s*) >—A>!5\5 o i/g‘

lo —r ro = t such that o is Th-valid. Since root(l) = root(s) = f and
f € A2 the definitions of A? and A? implies that | — r[p] € R(A?),
r € F(A%)V), and F*(r) C A2 Since R(A?) is strongly conservative, lo; =
[l,0] and ro, = [r,o] by Lemma 75. Moreover, o;(z) —%  or(z) for all
variables z. To see this, notice that by strong conservativeness of R(A?),
the substitutions o; and o, differ at most on variables z € V¥(I) — V¥*(r).
For these variables, o(x) = I%(0(z)) —%, Z*(o(z)) = o.(z) by 5. Also,
notice that @o, is Th-valid since o,.(xz) = o(x) for variables of sort base
since o is Th-based. Hence,

T?(s) ~1 0 ~g(a2y I2(lo) by 7. and 9.
— Ry [l,0] by 4.
= loy
—Ru loy
TR(A2),u TOr
= [Tv U]
= I3(ro) by 2.
= T3(t)

If p # A, then s = f(s1,...,8i,...,8n), t = f(s1,...,ti,...,8,), with
1 € u(f) such that s; i’]‘h”g\'RJL t;. Also, Z%(s) = f(31,...,%i,.-.,5,) and
I2(t) = f(31,. ., tiy- .-, By) where 3; = I2(s;) ~»2 Z%(t;) = %; by the induc-
tive assumption.

11. If sg*Th”g\R?H o _)!5\5 o ~g t, then Z?(s) ~3 0 ~1 0 ~g(a2) Z2(t) using 7.,
9., and 10. a

Proof (Theorem 68). In the second case soundness is obvious. Otherwise, it
needs to be shown that every infinite minimal (P,R,S, &, u)-chain only con-
tains finitely many dependency pairs from P’. Thus, assume s1 — t1[p1], s2 —
tap2], - . . is an infinite minimal (P, R, S, &, u)-chain with the Th-based substitu-
tion o. This means that t;o g:‘](*h”g\f]gﬂl o >—A>!g\5 o 2112 si+10 and ;o is Th-valid
for all i > 1. By the definition of A%, root(t;) € A for all t} ¢ V such that t;>,,t,.
Similarly to the proof of Lemma 67.11 and using Lemma 67, t;0y, = [t;,0] =
Iz(tio) W; © WT 0 ~eg(A2) Iz(siJrlJ) _>72n [si+170] = Si+10s;44 _’%n Si+10t;44
since P is strongly conservative. The remaining proof is now standard. a
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