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Cayley-Dickson doubling process

Define a sequence of power-associative algebras inductively

Ag=R, a"* =a, whereac R
A,={(a,b)| a,bc Ay_1}, neN

with multiplication (a, b) - (¢,d) =(a-c—d* - b,d-a+ b-c")
addition (a, b) + (c,d) = (a+ ¢, b+ d)
and conjugation (a, b)* = (a*, —b)

Theorem (Hurwitz, 1898)

The only normed division algebras over R are R (real numbers), C
(complex numbers), H (quaternions) and Q (octonions).

(ADAM 2012) Cayley-Dickson Loops June 13



Cayley-Dickson loops

Define Cayley-Dickson loops (Q,, -) inductively

Q = Ry={1,-1}
Qn = {(x,0),(x,1), x€ Qp-1}
For example
@ = C==+{(1,0),(1,1)}
@ = Hg=+{(1,0,0),(1,1,0),(1,0,1),(1,1,1)}

Multiplication Conjugation
(x,0)(y,0) = (xy,0) (x,0)" = (x,0)
(x,0)(y,1) = (yx, 1) (x,1)" = (-x,1)
(x, D)(y,0) = (", 1)

(x,1)(y,1) = (=y*x,0)

v
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Canonical generators

Definition

Let e =i, = (1g, ,,1) =(1,0,...,0,1) € Q,, then Q,

———
n—1

,iny. We call iy, ip,

and Q,, <i1,i2,...

Qn—l U (Qn—lin)v

..., I, canonical generators of Q,.

Complex group (abelian) Qg
Quaternion group (not abelian) @

Octonion loop (Moufang) @3

Sedenion loop (not Moufang) Q4

X€On-i

Cs=(h)={1,-1,i,—0}

Hg = (i1, ) = £{1, i1, 02, i1}
O16 = (i1, 2, i3) =

+{1, i, I, 1h2, i3, 113, i3, i1 ini3 }
Sz2 = (i1, i2, i3, ia)

xee€On-ie

1 -1 i -i

e

-e 1e -ie ..
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Let x,y € Qp
e Conjugate: x* = —x for x # £1, 1* =1, (-1)* = -1
o Inverse: x~1 = x*

Order: |x| =4 for x # 1, |1| =1, |-1| =2

Size: |Q,| =21

Embedding: (Q,_1,-) < (Qn,")

Diassociativity (Culbert, 2007): any two elements generate a group

(x,y) < Hg (quaternion group)

@ @, is Hamiltonian: any subloop S is normal in Q,
xS = Sx, (xS)y =x(Sy), x(yS)=(xy)S
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Center, commutators and associators

Let x,y,z € Qn.
Center Z(Q,) = {1,—1} when n> 1, Z(Q,) = Q, when n = 1.

Commutator [x,y] = —1 when (x,y) = Hg and
[x,y] =1 when (x,y) < Hg.

Associator [x,y,z] =1 or [x,y, z] = —1, moreover,
if (x,y,z) = Oz, then [x,y,z] = —1.
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Automorphism group

Size observation | Structure
t (C4) 2 Zo
ut Hg) 24 Sa

ut(Ssp) | 2688 = 1344 -2

Au (
(
t(@lﬁ) 1344 — 8 - 168
(

Aut(T64) 5376 = 2688 - 2

Aut(Q,,) 1344 .2n-3

Extension of (Z)3 by PSLy(7)
Aut(@16) X Lo
Aut(S32) X Lo

Aut( anl) X ZLip

X €QOn-i xee On-1e
e
Aut(On-1) l \ Aut(On-1)
e -e
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Inner mapping group

Elements of MIt(Q) are even permutations.

22"—2

Inn(Q) is an elementary abelian 2-group of order
Every f € Inn(Q) is a product of disjoint transpositions of the form (x, —x).

Inn(Q) = (T Te = (x, —x)(e, —e) | x € Q,x # £1, *+e).

22 ELEMENTS

X e
‘LF[XEDl icV \Tx Te l lEnVENol
X ||-X

-X ORX] €or-€

Nonassociative Cayley-Dickson loops are not automorphic, i.e., Inn(Q) £ Aut(Q).

(ADAM 2012) Cayley-Dickson Loops June 13 8 /28



Multiplication group

MIt(Q) = (Inn(Q) x Z(Q)) x K.
Mit(Q) 2 (Z2)2"~1 1 (Zs)".

2"2 ELEMENTS

I X e
,4/ \f.,n 1 ,4/ \me 1 lml
I |- X |-x

1L ox-1 I'XORx] |€0R-el

Inn(Q) x Z(Q)

K = (L; %, | im canonical generator of Q, %, € Inn(Q))
such that |x| =2 Vx € K. Then K is an elementary abelian 2-group of size 2".

(ADAM 2012) Cayley-Dickson Loops June 13 9 /28



Example Q = Q45

Inn(Q) % Z(Q) = (L1 T, Ty Ty, To To Tun Tos T Tos T Tios T T

39 3 33 n 12 139 n I3 139 ) 13 139 n 12 13

K= <Lf1¢1’ Lizw% Li3¢3>
Mit(Q) = (Inn(Q) x Z(Q)) x K
(n, k) (7, k) = (n(k~thk), kk), n, i€ Inn(Q) x Z(Q), k k€ K

LT, 1]1 0 0]1 0 O L_1T;
Ty Th 1/1 0 01 0 0O Ty Th
T, T 0j0 1 1|1 0 O T, T
(k1)7t Tii, Tiy k=| 0|0 1 1]1 0 0 Tii Ty
Tiis Tiy 0fo 0o o0 0 O Tais Tiy
Tiis Tiy 0jo0 0o o1 1 1 Tois Ty
Tiiis Tis 0/0 0 o1 1 1 Tiiis Ty

Table: Action of ki = L1, on the basis of Inn(Q) x Z(Q

~—
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Isomorphism classes of maximal subloops

’ Size(Q,) ‘ Max subloops | Isomorphism classes ‘ Representatives

Cq 1 1 R»

Hg 3 1 Cq

016 7 1 Hg

832 15 2 @16 and @16
Tea 31 4 Ss2, 85, §%,, S5,
Q128 63 8
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Octonion loop Oq4
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Quasioctonion loop Q44
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Sedenion loop Ss3,
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Quasisedenion loop S}
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32

Quasisedenion loop S
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Quasisedenion loop S
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Number of subloops

Qn/{1, -1} = (Z)".

Qn contains 1 subloop of orders 1 and 2, and

k-1 (2n7j+1 _ 1)

n(k) = Hm

=

subloops of order 2, 2 < k < n.

Also, n(k) = n(n— k +2).
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Subloop lattice of Q4
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Maximal subloops

x,0) x,1)
1 -1 i -ii ... |e -e Le-ie ..
O O O O O O O O
1 -1. e -e .
O O O O
1 -1. e -e.
O O O O

Let D be a subloop of Q,_1 of index 2. A subloop of Q, of index 2 is
either Qn—_1,

or B= DU Di,,
or C =DU(Qn-1\D) ipn.
C 2 Q,_1, and C 2 B.
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Associator-commutator calculus

Suppose that ¢/(Q) < 2 and Z(Q) has exponent 2. Then
[y 2lx vllx: 2yl 2lx, v, 2]z, y, x] = 1.
Thus in a Cayley-Dickson loop
[x,y,2] = [z,y,x].

Also, in a Cayley-Dickson loop

[x,xy.z] = [x,y.2],
[xy,y,xz] = ly,x,z].

The value of [xy, x, z] is invariant under any permutation of x, y, z. In
particular,

[xy,x,z] = [xy,y, 2]
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S is a subloop of order 2" in a Cayley-Dickson loop.
Want to extend it to a subloop T of order 2"+! by adjoining an

element u.
Then T =S U Su.
The multiplication in T is given by

Xy =xy,
x - yu=[x,y,u](xy)u,
xu-y =ly,xuly - xu = [y, xu]ly, x, ulyx - u = [y, xu][x, ylly, x, ulxy - u,
xu - yu = [y, ulxu - uy = [y, u]lx, u, uy]x(u - uy) = =[y, u][x, u, uy]xy
— (note: [x, u, uy] = [y, u,x] = [x, %, u]) = —Iy, ullxy, x, ],

where x, y € S.
We only need to know the associators [x,y, u] for x, y € S.
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Subloops of size 16

|S| =8, S ==+{1,a,b,ab}. The associators we need to know are:

[a, b, U],

[a,ab, u] = [a, b, u],

[b, a, u],

[b, ab, u] = [b, ba, u] = [b, a, u],
[ab, a, u],

[ab, b, u] = [ab, a, u].

All we need to describe T are the 3 associators [a, b, u], [b, a, u], [ab, b, u].
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Subloops of size 16

T X y Xy [z ] Xz [ yz [ vz ]

X -1 Xy -y xz -z [x,y.z](xy)z -[x,y.z]yz

y -Xy -1 X yz -[yx.z](xy)z -z [y, x,z]xz

Xy y -x -1 (xy)z [xyx,z]yz -[xy.x,z]xz -z

z -xz -yz -(xy)z -1 X y Xy

Xz z ly.x,z](xy)z -[xy.x,z]yz -X -1 [xy,x,z]xy -lyx,z]y

yz -[x,y.z](xy)z z [xy,x,z]xz -y -[xy,x,z]xy -1 [x,y,z]x
(xy)z [x.y.z]yz -[y.x.z]xz z -xy ly.x.zly “y.zx 1

If x,y,z are elements of Q, such that |(x,y,z)| = 16, then either

(x,y,z) =016 (octonion loop) or

(x,y,2) >~ 046 (quasioctonion loop).
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Subloops of size 32

Let Q,, be a Cayley-Dickson loop. Every subloop of size 32 of Q, is
isomorphic to a maximal subloop of Tea (the sedenion loop S3,, or one of
the quasisedenion loops S},,S3,,S3, ).
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Subloops of size 32

|S| =16, S=(a,b,c), u¢ S, T =SUSu.
To specify T we need [x,y, u],
where x, y € S = +{1,a, b, ab, c, ac, bc, (ab)c}.

We need:
[a, b, u], [ab, ac, u],
[a, c, u], [ab, bc, u] = [ab, ac, u],
[a, ab, u] = [a, b, u], [ab, abc, u] = [ab, ¢, u],
[a,ac, u] = [a, c, u], [ac, a, u],
[a, be, u], [ac, b, u],
[a, abc, u] = [a, bc, u], [ac, ¢, u] = [ac, a, u],
[b, a, u], [ac, ab, u],
[b, c, u], [ac, bc, u] = [ac, ab, u],
[b, ab, u] = [b, a, u], [ac, abc, u] = [ac, b, u],
[b, ac, u], [bc, a, u],
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Subloops of size 32

[b, be, u] = [b, c, u],
[b, abc, u] = [b, ac, u],
[c,a, u],

[c, b, u],

[c, ab, u],

[c,ac, u] = [c, a, u],
[c, be, u] = [c, b, u],
[c, abc, u] = [c, ab, u],
[ab, a, u],

[ab, b, u] = [ab, a, u],

[ab, c, u],

[be, b, u],

[be, ¢, u] = [be, b, u],
[bc, ab, u],

[be, ac, u] = [bc, ab, u],
[be, abe, u] = [bc, a, u],
[abc, a, u],

[abc, b, u],

[abe, c, u],

[abc, ab, u] = [abc, c, u],
[abc, ac, u] = [abc, b, u],

[abc, be, u] = [abc, a, u].
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More problems + references

If S is a subloop of a Cayley-Dickson loop Q,, then S is a maximal subloop of a
Cayley-Dickson loop Qx, k < n+ 1.

v

There are 2"~3 isomorphism classes of maximal subloops of a Cayley-Dickson
loop Q.
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Thank you!
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