Matrix Vector Product is Linear

Let x andy be vectors of length\l, and
let A be anN x N matrix and where:

y = AX.

Matrix-vector product isinear because
it satisfies the following two constraints:

1.A(X+Y) =AX+ Ay
2.A(cX) = cAX
for scalar constant.



Matrix Vector Product is Linear (contd.)

It IS IS easy to show that matrix-vector
product satisfies the first constraint:

;All Xj+Yj) = ;A, iXj =+ ;Auyj

...and the second;:

N—1 N—1
Z}Ajj CXj=2C ;Ainj.
J= ]=



Kronecker Delta Function

TheKronecker delta function is defined
as follows:

. 11f1=0
ol) = { 0 otherwise



Shift Matrix
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P =5(i—j—0mod 4 =

St=8(i—j—1mod4 =

S=08(i—j—2mod 4 =
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Shift Matrix (contd.)
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Shift-invariance

If for matrices,A andB, it is the case
that:
AB = BA

then we say that the matrix produwcim-
mutes. This property can be depicted
using acommutative diagram:

B
X —— BX

LA LA

Axiy



Shift-invariance (contd.)

What structure must a8 3 matrix, A,
possess Iif its product with each &¥
for 1 <n<3istocommute?
‘abc
A= |def
ghi |

We observe that because:
=gt s

n

It suffices to show thah commutes with
St




Shift-invariance (contd.)

Let’s look at the effect of multiplyingh

by St:

ASH =

SIA =

‘abc][001
def 100
'ghi][010
...and multiplyingS* by A:
(001| [abc
100| |def
1 010f |ghi |




Shift-invariance (contd.)

Clearly, AS' = S'A, iff:

‘bca
efd|=
_hig_

M O =

|
C
f

D_QJ(Q

Let’s see If we can see any pattern in
these equalities:

abclabc]abc
def |def|def
ghi |ghi]ghi




Shift-invariance (contd.)

What structure must aN x N matrix,
A, possess if its product with each of
S'for 1 <n<Nistocommute?

A(l, J) =A(i+nmodN, j+nmodN)

8 & ... an_1|
A — aN=—1 ao aN=—2
A dy ... do

A matrix Wi'[_h the above struct_ure IS termed
circulant.



Shift-invariance (contd.)

abcd]

dabc
AS’=SA = cdab
_bcda_

‘bcdal
abcd
dabc
' cdab

‘cdab
bcda
abcd
‘dabc

‘dabc]

cdab
AS’ =SA = bcda

_abcd_

AS! = SlA =

AS? = SPA =




Discrete Convolution

Recall that for a circulant matri¥d, the
following is true for alln:

A(l, ) =A(l+nmodN, j+nmodN).
In particular, it is true whem = —|:
A(l, J) =A(i — ] modN,0).

Recall thaty = Ax can be written:

N—1
yi = ) A, )X
| J; j
N—1

= ) A(i— ] modN,0)x;.
J; |



Discrete Convolution (contd.)

Let
h(i — j modN) = A(i — j modN,0)

then
N—1
yi= Y h(i— ] modN)x;.
. J; J

We say thaty is the discrete periodic
convolution of h andx:

y =hxX.



Example

The weight matrix for a D artificial
led to a simple step pattern:
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Example (contd.)

The convolution kernel is the first col-
umn of the weight matrix:

© O OO0opk

—1

N—-1

yi= Y h(i—] modN)x;
i J; j



Operators

An operator is a function which takes
one or more functions as arguments and
returns a function as its value.

e The gradient operator:

f L, f/

wheref’(x) = df(x)/dx.
e The addition operator:
f.g— {f+g}
where{f +g}(x) = f(x) +g(x).
e The convolution operator:
f,g— {f*g}
where{ f «g}(x) = 7., f(y)g(x—y)dy.



Digression on High Level Languages

One advantage of high level languages
(like Scheme) Is that you can actually
write operators:

(defi ne op+
(l anbda (f g)
(1 anmbda (x)

(+ (T x) (9 x)))))



Linear Operators

Let f andg be functions and let be
an operator:

f 25 4 f

g—— ag.
An operator idinear if and only If:
l.a{f+g}=af+ag
2.a{c-f}=c-af
for scalar constant.



Examples

The gradient operator is linear:

f+g — f+d

c.-f— c-f



Examples (contd.)

The convolution withh operator is lin-
ear:

f+g -, fxh4+g=xh
c-f -2 {c-{fxh})

({f+gphi = [ Z[f(y)m(y)]h(x—y)dy

—/f h(Xx— ydy+/ g(y)h(x—y)dy

= {fxh-+gxh}( )
and

{{e-theht = [ cHyhix—y)dy

:c/:f(y)h(x—

= {C-1fxhj}(x)



Linear Operators

Linear operatorz , takes functionf, as
Input and returns functiomgy, as output:

o(t) = /_ O:OA(t,T)f(T)dT.

It is easy to verify thatz Is linear:

| AR +g()]dt =
/_w Alt,T) f (T)dT + /_OO At, T)g(T)dr

and

/_oo At,T) c f(T)dt =
c /_OO At, 1) (T)dT



Shift Operator

Theshift operator, s,, takes a function,
f, as argument, and returns the same
function shifted to the right b:

f 22, f,

where fa(t) = f(t —A). An operator,
4, Is shift-invariant, if and only if it
commutes with the shift operator. This
property can be depicted using a com-
mutative diagram:

SA
— fa

|l a | a

af =& g



Linear Shift-invariant Operators

Linear operatorz , takes functionf, as
Input and returns functiomgy, as output:

— /_oo At,T)f(T)dt

Letsaf = fa andsag=ga. If 2 Is shift-
Invariant, then:

= /_oo A(t, 1) fa(T)dT.

However,fa(T )isjustf(T A) andga(t)
IS justg(t — A)

/AtT (T—A)drt.

Adding A to t andt throughout:
_ / At +A,1+4)f(T)dT.



Linear Shift-invariant Operators (contd.)

We conclude that the following must be
true if 2 Is shift-invariant:

At,T) = At +A,T+A).

Observe thaf\(t, 1) is unchanged by adding
A to both arguments. This means that
the 2D function, A(t, 1), is equal to a
1D function of the difference of and
T.

Alt,T) =h(t—1).
Consequently,

g(t) = /_O:Oh(t _ 0 f(n)dr.

This is theconvolution integral. Con-
sequently:

g=hxf.



Linear Shift-invariant Operators (contd.)

Deep Thought: All linear shift invariant
operators can be represented as convo-
lutions.



