
Marginal Probability Distribution

To computepX(k), we sumpXY(i, j) over
pairs ofi and j wherei = k:

pX(k) = ∑
{i, j | i=k}

pXY(k, j)

=
∞

∑
j=−∞

pXY(k, j).



Sum of Discrete r.v.’s

LetZ be a discrete random variable equal
to the sum of the discrete random vari-
ablesX andY. To computepZ(k), we
sumpXY(i, j) over pairs ofi and j where
i + j = k:

pZ(k) = ∑
{i, j | i+ j=k}

pXY(i, j).

Observe thati + j = k iff j = k− i. It
follows that

pZ(k) =
∞

∑
i=−∞

pXY(i,k− i)

If X andY are statistically independent,
then pXY(i, j) = pX(i)pY( j). It follows
that

pZ(k) =
∞

∑
i=−∞

pX(i)pY(k− i).



Sum of Discrete r.v.’s (contd.)

Thediscrete convolutionof f andg, writ-
ten f ∗g, is defined to be:

{ f ∗g}(k) =
∞

∑
i=−∞

f (i)g(k− i).

Accordingly, if Z = X +Y, then

pZ = pX ∗ pY.



Sum of Discrete r.v.’s (contd.)

Sincei + j = k iff i = k− j, we could
just as easily have writtenpZ(k) as fol-
lows:

pZ(k) =
∞

∑
j=−∞

pXY(k− j, j)

=
∞

∑
j=−∞

pX(k− j)pY( j).

It follows that

pX ∗ pY = pY ∗ pX

and that convolution (like addition) is
commutative.



Difference of Discrete r.v.’s

LetZ be a discrete random variable equal
to the difference of the discrete random
variablesX andY. To computepZ(k),
we sumpXY(i, j) over the pairs ofi and
j wherei− j = k:

pZ(k) = ∑
{i, j | i− j=k}

pXY(i, j).

Observe thati − j = k iff j = i − k. It
follows that

pZ(k) =
∞

∑
i=−∞

pXY(i, i−k).

If X andY are statistically independent,
then pXY(i, j) = pX(i)pY( j). It follows
that

pZ(k) =
∞

∑
i=−∞

pX(i)pY(i−k).



Difference of Discrete r.v.’s (contd).

The discrete correlationof f andg, is
defined to be:

{ f ∗g(−(.))}(k) =
∞

∑
i=−∞

f (i)g(i−k).



Marginal Probability Density

To computefX(z), we integratefXY(x,y)
along the linex = z:

fX(z) =
Z ∞

−∞
fXY(z,y)dy



Sum of Continuous r.v.’s

Let Z be a continuous random variable
equal to the sum of the continuous ran-
dom variables,X andY. To compute
fZ(z), we integratefXY(x,y) along the
line x+y = z or y = z−x:

fZ(z) =
Z ∞

−∞
fXY(x,z−x)dx.

If X andY are statistically independent,
then fXY(x,y) = fX(x) fY(y). It follows
that

fZ(z) =
Z ∞

−∞
fX(x) fY(z−x)dx.



Sum of Continuous r.v.’s (contd.)

Theconvolutionof f andg, written f ∗
g, is defined to be

{ f ∗g}(v) =
Z ∞

−∞
f (u)g(v−u)du.

Accordingly, if Z = X +Y, then

fZ = fX ∗ fY = fY ∗ fX.



Difference of Continuous r.v.’s

Let Z be a continuous random variable
equal to the difference of the contin-
uous random variables,X andY. To
computefZ(z), we integratefXY(x,y) along
the line wherex−y = z or y = x−z:

fZ(z) =
Z ∞

−∞
fXY(x,x−z)dx.

If X andY are statistically independent,
then fXY(x,y) = fX(x) fY(y). It follows
that

fZ(z) =
Z ∞

−∞
fX(x) fY(x−z)dx.



Difference of Continuous r.v.’s (contd.)

The correlation of f andg, is defined
to be

{ f ∗g(−(.))}(v) =
Z ∞

−∞
f (u)g(u−v)du

Accordingly, if Z = X−Y, then

fZ(z) = { fX ∗ fY(−(.))}(z)



Law of Large Numbers

Let X1, X2, ..., XN be samples of a ran-
dom variable,X. It follows thatX1, X2,
..., XN are independent, identically dis-
tributed (i.i.d.) random variables. Then

lim
N→∞

X1+X2+ · · ·+XN

N
= µ= 〈X〉 .

i.e., the mean of an infinite number of
samples of a random variable equals the
expected value.



Central Limit Theorem

Let X1, X2, ..., XN be samples of a ran-
dom variable,X. It follows thatX1, X2,
..., XN are independent, identically dis-
tributed (i.i.d.) random variables. Then

lim
N→∞

P

(

X1+X2+ · · ·+XN−Nµ

σ
√

N
≤ a

)

=

1√
2π

Z a

−∞
e−x2/2dx.

i.e., the sum of an infinite number of
i.i.d. random variables is a random vari-
able with Gaussian density.



Central Limit Theorem (contd.)

Multiplying numerator and denomina-
tor by 1

N yields:

lim
N→∞

P

(

X1+X2+···+XN
N −µ

σ/
√

N
≤ a

)

=

1√
2π

Z a

−∞
e−x2/2dx.


