Marginal Probability Distribution

To computepy (K), we sumpxy (i, j) over
pairs ofi and ] wherel = k:




Sum of Discrete r.v.'s

LetZ be adiscrete random variable equal
to the sum of the discrete random vari-
ablesX andY. To computepz(k), we
sumpxy(i, j) over pairs of andj where
14+ ] =k

k)= Y pxv(i.]).

{i,i [1+]j=k}

Observe that+ | =k iff j=k—1. It
follows that

Pz (K) :_i Pxy(i,k—1)

|=—00

If X andY are statistically independent,

thenpxy(i, j) = px(i)py(j). It follows
that

p2(k) = 3 px(i)pr(k—i).

|=—00



Sum of Discrete r.v.’s (contd.)

Thediscrete convolutioof f andg, writ-
tenf xq, Is defined to be:

{fxg}(Kk) Z f(i

|——OO

Accordingly, ifZ=X+Y, then

Pz = Px * Pv.



Sum of Discrete r.v.'s (contd.)

Sincei+ j =kiff i =k— |, we could
just as easily have writtep; (k) as fol-
lows:

pz(k) = Z Pxv(K—1],])

It follows that

Px * Py = Pv * Px
and that convolution (like addition) is
commutative



Difference of Discrete r.v.'s

LetZ be adiscrete random variable equal
to the difference of the discrete random
variablesX andY. To computepz(k),
we sumpxy(i, j) over the pairs of and
] wherel — | = Kk:

k)= 5 pxv(i]).

{i,i [1=]j=k}

Observe that— | =kiff j=1—k. It
follows that

pz(kK) = i pxy(I,1 —K).

|=—00

If X andY are statistically independent,

thenpxy(i, j) = px(i)py(j). It follows
that

p2(k) = 3 px(i)pr(i — k).

|=—00



Difference of Discrete r.v.’s (contd).

The discrete correlationof f andg, is
defined to be:

{fxa(=() k)= > f(i)ali—k).



Marginal Probabllity Density

To computefy (z), we integrateyy(X,y)
along the linex=z

fx(2) = /_o:o fxv(zy)dy



Sum of Continuous r.v.’s

Let Z be a continuous random variable
equal to the sum of the continuous ran-
dom variablesX andY. To compute
fz(z), we integratefyy(x,y) along the
inex+y=zory=z—x

fz(z) = /_o:o fxv(X,z—Xx)dx

If X andY are statistically independent,
then fxv(X,y) = fx(X) fy(y). It follows
that

f5(2) = /_ 0; (%) fy (2— X)dx



Sum of Continuous r.v.’s (contd.)

Theconvolutionof f andg, written f «
g, Is defined to be

{fxg}(v) / f(u

Accordingly, ifZ= X +Y, then

fZ: fx*fY: fy*fx.



Difference of Continuous r.v.'s

Let Z be a continuous random variable
equal to the difference of the contin-
uous random variables andY. To
computefz(z), we integratefxy (X, y) along
the line wherex—y=zory=x—z

fz(z) = /_o:o fxv (X, Xx—2z)dx

If X andY are statistically independent,
then fxv(X,y) = fx(X) fy(y). It follows
that

f5(2) = /_ 0; f () fy (X — 2)dx



Difference of Continuous r.v.'s (contd.)

The correlation of f andg, is defined
to be

{f*xg(— / f(u

Accordingly, ifZ= X -Y, then

fz(2) = 1Txx v (=())}(2)



Law of Large Numbers

Let X1, Xo, ..., Xy De samples of a ran-
dom variable X. It follows thatXy, X5,

..., Xy are independent, identically dis-
tributed (i.i.d.) random variables. Then

im X+ Xo+ -+ Xy _
N—o0 N
l.e., the mean of an infinite number of
samples of a random variable equals the
expected value.

h=(X).



Central Limit Theorem

Let X1, Xo, ..., Xy De samples of a ran-
dom variable X. It follows thatXy, X5,

..., Xy are independent, identically dis-
tributed (i.i.d.) random variables. Then

N—oo

. Xy +Xo+ -+ +Xy— Ny )
im P <al|=
( ov'N o

1 a
L[ e
2TTJ —oo
l.e., the sum of an infinite number of
I.1.d. random variables is a random vari-

able with Gaussian density.



Central Limit Theorem (contd.)

Multiplying numerator and denomina-
tor by < yields:

X1+Xo+-+XN T
lim P N <al| =
N—o0 ( O-/\/N T >

i/a e Z/de
V211 —o0 '




