Marginal Probability Distribution

To compute px(k), we sum pyy (i, j) over
pairs of i and j where i = k:



Sum of Discrete r.v.’s

Let Z be a discrete random variable equal
to the sum of the discrete random vari-
ables X and Y. To compute pz(k), we
sum pxy (i, j) over pairs of i and j where
I+ j=k:

pz(k)= Y pxr(i,)).

{i.j | i+j=k}

Observe that i+ j=kiff j=k—1i. It
follows that

pok)= Y purlick—)

]|——0Q

If X and Y are statistically independent,

then pxy(i,j) = px(i)py(j). It follows
that

pz(k) = i px(i)py(k—1).

|——©00



Sum of Discrete r.v.’s (contd.)

The discrete convolution of f and g, writ-
ten f * g, 1s defined to be:

(Fre})= Y Flgl—i.

|——00

Accordingly, if Z =X 4 Y, then

Pz = Px * Py-



Sum of Discrete r.v.’s (contd.)

Since i+ j =k iff i = k — j, we could
just as easily have written pz(k) as fol-
lows:

pz(k) = i pxy(k—j,j)

J=—0o0
= Y px(k—j)pr(j)-
j:—oo
It follows that

Px * Py = Py * Dx
and that convolution (like addition) is
commutative.



Difference of Discrete r.v.’s

Let Z be a discrete random variable equal
to the difference of the discrete random
variables X and Y. To compute pz(k),
we sum pxy(i, j) over pairs of i and j
where i — j = k:

pz(k)= Y pxr(i,)).

{i.j | i—j=k}

Observe thati — j=kiff j=i—k. It
follows that

pz(k) = i pxy(i,i —k).

|——00

If X and Y are statistically independent,

then pxy(i,j) = px(i)py(j). It follows
that

pok) =Y. px(i)pr(i—k).

|——©00



Difference of Discrete r.v.’s (contd).

The discrete correlation of f and g, 1s
defined to be:

{frg(=(N}Hk) =Y fli)gli—k).

[——o0



Marginal Probability Density

To compute fx(z), we integrate fxy(x,y)
along the line x = z:

@) = [ furzy)dy



Sum of Continuous r.v.’s

Let Z be a continuous random variable
equal to the sum of the continuous ran-
dom variables, X and Y. To compute

fz(z), we integrate fyy(x,y) along the
linex+y=zory=z—x:

f2(2) = /_O;fXY(X,Z—X)dx.

If X and Y are statistically independent,

then fxy(x,y) = fx(x)fy(y). It follows
that

foe) = [ S fyla— )



Sum of Continuous r.v.’s (contd.)

The convolution of f and g, written f *
g, 1s defined to be

{f*g}(v) / flu)g(v—u)d

Accordingly, it Z =X 4 Y, then

fz=Jfx*fr = fr* fx.



Difference of Continuous r.v.’s

Let Z be a continuous random variable
equal to the difference of the contin-
uous random variables, X and Y. To
compute f7(z), we integrate fyy(x,y) along
the line where x—y=zory=x—z:

f2(2) = /_O;fXY(X,X—Z)dx.

If X and Y are statistically independent,

then fxy(x,y) = fx(x)fy(y). It follows
that

f2(2) = /_o;fx(x)fy(x—z)dx.



Difference of Continuous r.v.’s (contd.)

The correlation of f and g, 1s defined
to be

(Fre-(I0) = | fl

Accordingly, if Z =X —Y, then

f2(2) = {fx* fr(=())}1(2)



Expected Value of Sum and Product

The expected value of X +Y 1s

(X+Y) = /m/oo (x+y) fxy(x,y)dxdy

— / / fonydxdy—l—/ / Y fxy(x,y)dxdy
— / / fXnydyd)H—/ / fxy (x,y)dxdy
— /_mfo dx+/_oony

= (X)+(Y).

When X and Y are independent, the ex-
pected value of XY 1s

XY) = /_Z/_ZX)’fxy(x,y)dxdy
B /_Z/_nyfX(x) fr(y)dxdy
— /_o;xfx(x)dx/:oyfy(y)dy

— (X)(1).



Law of Large Numbers

Let x;...xy be samples of ar.v., X. It
follows that x; . .. xy are independent, iden-
tically distributed (1.1.d.) random vari-
ables. The Law of Large Numbers states
that

N
Zi:1 Xi

lim =
N—o0 FX
1.e., the average of an infinite number
of samples equals the expected value.

Now define a new random variable Y:
Y =(X —.UX)2
where y; = (x; — uy)?. Observe that N

samples of y;...yy are also 1.1.d. ran-
dom variables. Consequently,

N N 2
: —1Yi : i=1\Xi —
lim Yi=1) = gy = hmz 1 (6 — pix) :G)z(.
N—oo N N—so0 N




Variance of Sum of Continuous r.v.’s

Let X and Y be two independent zero
meanr.v.’sand let Z = X +7Y, then
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Central Limit Theorem

If x; ...xy are independent samples of a
random variable X and 1if

N .
%ﬂzz:l% =ux =0
and N o
tim 2 63—
then
: Z]‘\lei
F — ’ < =
(@) lyggoP< L

1 a —22 /2
N /_ ) e dz.
In other words, the distribution of the
sum Z of an infinite number of samples
of a random variable X with zero mean

and unit variance 1s normal.



Central Limit Theorem (contd.)

Assume that there exists a p.d.f. fz char-
acterizing the distribution of the sum Z.
Now define

7 i Zi‘vzlx%
= 11m
cven N—oo \/N
N
7 . — lim 21 X2i+1
dd —
© N—ro0 /N
2N
D Jraie® 7
Zboth = lim = ! l.
N—o0 ON

Since Zeven, Zodds Zboth and Z are all
sums of infinite numbers of samples of
X, 1t follows that

P(Zeven S Cl) — P(Zodd S a) — P(Zboth S Cl) — Fz<Cl)

where

Frla) = [ fu2)dz.



Central Limit Theorem (contd.)

Now, observe that

N . N . 2N ..
lim Zi:1x21 4 lim Zl:1x21+1 — lim lelxl
N—o0 \/N N—o0 \/]V N—o0 \/N
) \ﬁ 21251 Xi
Leven T Zodd = z\lll_rgo m
= V2 Zbotn-

It follows that
P(Zeven + Zodd < a) — P<\/§ Zboth < Cl).



Central Limit Theorem (contd.)

Given the above, and since the p.d.f. of
a sum of independent r.v.’s i1s the con-
volution of the p.d.f.’s of its addends, it
follows that

f2(87' ()
Jz*xfz=
g'(¢7'(2))
where g(z) = V2 z. It follows that f;
characterizing Z, the sum of an infinite

number of samples of X, must satisfy

fro fr = %fz (%) .




Convolution of Two Gaussians

For independent r.v.’s X and Y, the dis-
tribution Z = X +Y equals the convolu-
tion of fx and fy:

fal2) = /_ el x)frx)d

Substituting the normal density

N(0,1) = fx(x) = fr(x) = \/lz_nexz/z

into the convolution integral yields




Convolution of Two Gaussians (contd.)

* 1 0 1 K2
fZ<Z) — \/ﬁe > \/T

- Lol a5

- ’ I (x—3)
_ /w\/le(z)eXp[;z)]m(l) | 2(%)2

dx

? ” (x=3)
— 2] exp [—ﬁ] /_c><> 2751(#) exp —2( )2 dx

which 1s normal with twice the variance.



Maximum of Exponential r.v.’s

An apple tree and a peach tree stand
on a hilltop. The trees drop fruit at ran-
dom times. On average, one must wait
1 /p; minutes for an apple to drop and
1 / p> minutes for a peach to drop. How
many minutes on average must a per-
son wait to collect both an apple and a
peach?
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Figure 1: a) Distribution of a random variable. b) Distribution of sum of two
i.i.d. random variables. ¢) Distribution of sum of three i.i.d. random variables. d)
Distribution of sum of four i.i.d. random variables.



