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We describe a linear-time algorithm for computing the likelihood
that acompletion joining two contour fragments passes through any
given position and orientation in the image plane. Our algorithm is
a resolution-pyramid-based method for solving a partial differen-
tial equation (PDE) characterizing a distribution of short, smooth
completion shapes. The PDE consists of a set of independent advec-
tion equations in (x, y) coupled in the 8 dimension by the diffusion
equation. A previously described algorithm used a first-order, ex-
plicit finite difference scheme implemented on a rectangular grid.
This algorithm required O(n®m) time for a grid of size n x nwith m
discrete orientations. Unfortunately, systematic error in solving the
advection equations produced unwanted anisotropic smoothing in
the (x, y) dimension. This resulted in visible artifacts in the com-
pletion fields. The amount of error and its dependence on 8 have
been previously characterized. We observe that by careful addition
of extra spatial smoothing, the error can be made totally isotropic.
The combined effect of this error and of intrinsic smoothness due to
diffusion in the 8 dimension is that the solution becomes smoother
with increasing time, i.e., the high spatial frequencies drop out. By
increasing Ax and At on a regular schedule, and using a second-
order, implicit scheme for the diffusion term, it is possible to solve
the modified PDE in O(n?m) time, i.e., time linear in the problem
size. Using current hardware and for problems of typical size, this
means that a solution which previously took 1 h to compute can
now be computed in about 2 min. @ 1999 Academic Press

1. INTRODUCTION

shape of this contour is described by the curve of least er
ergy, i.e., the curve which minimizes a functional of the form
E= fr(oucz(s) + B) ds(see Horn [5]). The curve of least energy
can be regarded as a maximum likelihood estimate of the shay
of the completion. However, humans do not experience a sharp
defined, well localized illusory contour when presented with &
stimulus such as the Ehrenstein figure or Kanizsa Triangle (se
Fig. 1). In a recent paper, Williams and Jacobs [11] argue the
our perception more closely resembles the distribution of pos
sible shapes and not simply the most likely shape. According t
this view, the degree of sharpness is related to the variance
this distribution. In an earlier paper, Mumford [6] proposed that
the distribution of completion shapes could be modeled as th
set of paths followed by particles traveling with constant spee
in directions described by Brownian motions. He showed tha
the maximum likelihood paths followed by such particles are
curves of least energy and gave a partial differential equatio
(PDE) which describes the evolution in time of the probability
density function describing a particle’s position and direction
i.e., aFokker—Planck equatiorWilliams and Jacobs [12] sub-
sequently proposed a neural mddet illusory contour shape,
salience, and sharpness based on a finite difference scheme
integrating this PDE. Although the dynamics of this model are
consistent with known human visual psychophysics, the algc
rithm is fairly slow, requiring over an hour for a problem of
typical size on a modern workstation. Being able to solve thi
PDE efficiently will allow it to be applied profitably to problems

The prObIem of computing the shape of the contour joining Other models of illusory contour formation are described by Grossberg an

a pair of boundary fragments was first examined by Ullmafingolia [2], Guy and Medioni [3], Heitger and von der Heydt [4] and Geiger
in 1976. It has since become conventional wisdom that theal.[1].
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(a) (b) per unit time. This represents our prior expectation on the leng

of gaps—most are quite short.

” The algorithm for computing the source field described b
Williams and Jacobs is based on a first order, explicit schen
for integrating the Fokker—Planck equation,

STEP 1:

t t H
Pxveo — Px_axye 11€0SE >0
(+1/4 t Y X—AX,Y,
‘ ’ Py = Pys —COSH - {

¢ .
Ptaxy.o — Pxy.e ifcosd < 0

FIG. 1. (a)Ehrenstein figure. (b) Kanizsa triangle. STEP 2:
t+1/4 t+1/4 e
. o . . t+2/4 t+1/4 . Pxyo — Pxy-aye ifsing >0
in computer vision, e.g., to the problem of identifying smooth Px.y.s = Px.ys — SINo - t11/4 SETIR 0
closed shapes amid background clutter. Poytays = Poyo 1TSING <
STEP 3:

2. STOCHASTIC COMPLETION FIELDS s

px,y,0 = )‘pLTLyZ,/G{Ae + (1 - 2)‘) p:(+y2/64 + )‘p;TLyZ,/QiA(-)

Given (1) a set of position and orientation constraints (aIS%TEP 4:
known askeypoint}’ representing the beginning and ending '
points of a set of contour fragments and (2) a probability disp;’,' = ™47 - "7,
tribution of completion shapes, the magnitude of stechastic
completion fieldat (x, v, 6) is the probability that a completion Wherea =o02/2(A0)? < 1/2 andAt = Ax = Ay=1. The four
from this distribution will pass through(y, 8) on a path join- steps corres_pond_to the fgur terms of the PI_D_E. The first two ste
ing two of the contour fragments. The probability distributiofMPIoy upwind differencingo ensure stability (see [7]). The
of completion shapes is modeled as the set of paths followed${fd Step is stable when < 0.5 and the fourth step is uncondi-
particles traveling with constant speed in directions describlgnally stable. By repetition of the above four stepf, y, 6; t)
by Brownian motions. Williams and Jacobs [11] showed th&8" be compuoged for increasing valuestofrhe source field,
the stochastic completion field could be factored inparce  P'(%. ¥, 60)= Jo~ dt p(x, y, 6;1), is computed using the recur-
fieldand asink field The source fieldp/(x, v, #), represents the '€Nce equation
probability that a contour beginning at a keypoirg (Yy, fp) / / .
will pass through, y, 6) and the sink fieldg'(x, y, 6), repre- Py 6) < Px.y.6) + p(x.y. 6:1).
sents the probability that a contour beginningaty, 6) will Since the amount of remaining probability mass
reach a keypointg, Yq., 0q)- [[[dxdydp(x,y,0;t)=e", is typically sufficiently

Given a probability density function describing a set of pasmall fort > n, the time complexity of this method ®(n®m).
ticles’ positions and directions at time zena(x, y, 9; 0), the Due to the way in which the advection equations are finite
probability density function describing their positions and ddifferenced on a rectangular grid, the above method introduc
rections at time is computed by integrating the Fokker—Planckdditional non-isotropic, spatial smoothing (see Fig. 2). It i

equation described by Mumford [6], straightforward to show that after one time-step, the expect
values and variances of a particle’s position (with respect to i
U oap(x, y, 0;t revious position) are given b
0

(x(6)) = cosh, (y(6)) = siné
P P . 0P 292p 1
— = —C0SH— —sinf— + g - =P 02,(0) = |cosh|(1 — |cosA)),

ot ax y 2902 T _ _
0 %en(0) = |SINO|(1 — [sing)).

where P = p(x, y, 8;t). This PDE can be viewed as a set of
independenadvectionequations inX, y) (the first and second Note thatthis error is highly non-isotropioa%srrhasaminimum
terms) coupled in the dimension by theliffusionequation (the value of 0 wher) =0° and a maximum value of 0.25 when
third term). The effect of the advection equations is to translale= 60°. This means that the PDE which Williams and Jacob
probability mass in thé direction with unit speed. The diffusion actually solve more closely resembles
term models the Brownian motion in direction. Finally, the effect 52
of the fourth term is that a constant fraction of particles decay A _Cosgﬁ — Singﬁ + ook 1

ot ax y 2 902 ¢
2We adopt this term used in [4]. A keypoint can represent either of the two o2 (9) 52p o2 (9) 52p
orientations at a corner or the normal orientation at a line termination. These are xerr yer .
points where it is likely that one surface occludes the boundary of another. 2 X2 2 8y2
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FIG. 2. Demonstration of the anisotropic nature of the advection error and its correction. Left: The initial condition consists of eight impulses spdosudly
around the circumference of a circle and in directions tangent to the circle. For illustration purposes, there is no diffiisiimio decay. After 12 time-steps, the
mass traveling in the 45135, 225, and 315 directions is noticeably dispersed. The mass traveling inth@®, 180°, and 270 directions remains concentrated.
Right: Advection error after correction.

This non-isotropic advection error in the source and sink fieldsThe modified PDE is
leads to visible artifacts in the completion fields (see Figs. 4 and
P AP o%9°P 1

P
5 below). — = —cos— —SiNf— + —— — =
ot X y 2962 <t

3. ALINEAR-TIME METHOD o2 92P 02 2P
Xy Y

The basic idea underlying our new algorithm is to selectively 2 9x? 2 9y?
increase spatial smoothing to make the advection error isotroaliﬁeregz_ 2 (0)+02 (0)=Lando?=o2 (6)+02. (8)=
X —rxerr Xcorr 4 y — “yerr ycorr -

and then to increaset andAx on aregular schedule as the highy . ) 4 !
spatial frequencies drop out of the solution. Undersampling in 1N€ Varancesyye,(6) andog.,.(6), are the correction fac-

this manner will lead to a linear-time algorithm. tors needed to make the advection error isotropic. Their value
We begin by describing how the PDE and finite-differencing® 9iven by the expressions

scheme are modified to make the advection error isotropic. Then 1

we describe the undersampling procedure used to pass the prob- oxzcorr(é)) =2" |cosh|(1 — |cos)),

ability density function (p.d.f.) up the resolution pyramid from

a finer to a coarser grid, and the interpolation procedure used to

recover the source field on the finer grid from that on the coarser

grid. The question of how many time steps one should evolve

the p.d.f. on a fine grid before passing it up to a coarser gn¢hich were derived by linear interpolation of the variances

is answered, with the aid of the Shannon—Whittaker Samplifey the maximum and minimum error directions. The modi-

1 . .
O—)gcorr(e) =2 [sind|(1 — |sing|),

Theorem, in Section 4 below. fied PDE can be solved using the finite-differencing scheme
Py — P axy.0 if cosf > 0
STEP 1:p;fy%/96 = p;,y,e — cosf - { :y x :y |
pX+AX,y,9 - p)(,yﬁ if cosgd <0
t+1/6 t+1/6 .
A L+2/6 t+1/6 . Pxy.6 — Pxy—aye if sind >0
STEP 2.px,y,e = Pxyo — sing - 16 e o .
Px.y+ay.o — Py if sinf <
. +3/6 t+2/6 t4+2/6 t+2/6
STEP 3% = aeplS o + (1 — 200 P20 + acpl28
. 14/6 t+3/6 t+3/6 t+3/6
STEP 4-px,y,9 = )&y px,y_Ay,g + (1 - 2)")/) px,y,@ + )»y pX,y+Ay,9
A 1+5/6 t+4/6 t+4/6 t+4/6 i 1
STEP 5'pXTy,{9 = )‘pr,ry,é—Ae +(1-2) prry.,a/? + kpry,é+A9 T2 <3
t+5/6 t+5/6 t+5/6
- )‘px,y,(ﬂ-AG + (1 + 2)‘) px,y,g - )‘-px’yﬁ_AG =
t+4/6 t+4/6 t+4/6 . 1
AP g+ (L — 20l 4 apliME A= ]

STEP 6p,/0y = e 2. pi®,
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where i = 302At/(A0)?, Ay = 307c0,(6) @Nd Ay = 30%,,.(6). PI(X, Y, 0) < pl(X,y,0) + pi(X Y, 0;t).

(Note thatay is independent oAt and Ax since, for a grid  After ¢ time-steps ! (x, y, #) will hold the partial sum for the
spacing ofAx and a time step size oht, the variance of a iy, jevel:

particle’s position is given by2,(9)(Ax)?/At.) As long as .

AX/At = Ay/At = 1, the firsttwo steps will be stable. Since our (X, Y, 0) = Z p(X, Y, 0:1).

undersampling schedule described below ensuregthat At, =

this condition will always hold. Because the maximum valu . o . .
y !I:‘he only thing that remains is to combine the partial sums fc

of 0%0on(0) and oy, (0) is 0.25, it follows thatix < 0.5 and . . , o
Ay <0.5. Consequently the third and fourth steps will alwaygaCh level. This is accomplished using repequegection op-

be stable. More care is required to implement @hdiffusion erationsto push the partial sums down the resolution pyramid
since At is increased each time we undersample, and so itfég i = L downto 1 do

possible that. could exceec%, in which case the first order ex-

plicit scheme described in Section 2 will become unstable. To ~ B{_1(X, ¥, 0) < pi_1(X, ¥, ) + Proj(p)(x, y, 6)
overcome this problem, in the fifth step, when % we switch

to a second order implicit scheme, i.e., the Crank—Nichols&rl1do

method (see [7]), which is stable for all values)ofAlthough where

the Crank—Nicholson method is more expensive than the explicit

method, in practice this is often not an issue. For example, tReoj(p/)(X, y, 0) <

completion fields in this paper are of size 26@56 with 36 dis-

crete orientations and have a variance of orde?10hey were P (3. 3.9) if X, y even

produced with 18 time steps per level and required a pyramidi¢ o (x y-1 4 (% YL g if % even v od

with five levels. So itis only on the last level or two thamight ARG 7 0) R 50 nyodd

exceed;. Hol (552 4.0) + P (%52, 3.0)} if x odd, y even
After c time steps are performed at a given resolution thil -1 y—1 X1 y4l

p.d.f., p, is spatially undersampled with a matching increase i Z{ I(T’ 2 9) TP (T 2 9)

the speed of evolution gb. This is accomplished by doubling + p{(%l, y%l 9) + p{(%l, %1 9)} if x, y odd

AX, Ay, andAt and by means of theeduction operation

The addition of extra spatial smoothing in Steps 3 and 4 ir

Pi+1(X. Y, 0;1) < pi(2x, 2y, 0;¢). troduces an undesirable artifact in the completion field whic

we call “moonwalking” (so called because it is due to probabil

wherei andi + 1 are successive levels in a resolution pyramidty mass moving backwards); see Fig. 3. This artifact is cha
Using the above strategy we can efficiently simulate the evaeterized by the property that near where the initial p.d.f. i
lution of the PDE for a sufficient length of time. However, tanonzero the completion field is greater than expected in dire
compute the source field, we must still compute the integral tdns roughly perpendicular to the direction of motion. For ex
the probability over all time. Within a given level, the probabilityample, consider the case where the initial p.d.f. is nonzero or
can be accumulated as before, using the recurrence equatioat (0 0, 7). As expected, the completion field is greatest alon

FIG. 3. Demonstration of the moonwalking artifact. Left: The completion field due to a six-stick Ehrenstein initial stimulus computed using the lineal
method of this paper. The moonwalking artifact is visible in a neighborhood of each of the keypoints (cf. FIG. 5). Right: The region inside the ifiex] hagn
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the y axis. However, it is also quite strong in a small interval IPR(p) — pll,
about the origin on the axis. This is because the combined Cpll,
effect of Steps 3 and 4 is to move a small but significant frac-

tion of the initial probability mass around small loops, therebyheree is the given tolerance level and whejrg||, := ffooo ffcoo
propagating mass backwards. Consequently the source and sinl, y)|2 dx dydenotes thé 2-norm in the spatial variables.
fields, and hence the completion field, are greater than expectetfo make the calculation aftractable we make two simplify-
on thex axis. Put succinctly, the moonwalking artifact is dugng assumptions. First we assume that the interpolation functio
to the short-term interaction between the source and sink fielgsed in the projection operation is the full sinc function rathel
The simplest way to remove this artifact is to subtract the proghan the small kernel approximation for it which we actually
uct of short-term source and sink fields from the completiagsed. This assumption allows us to easily apply the Samplin
field. More precisely, the source fiefil(x, y, 0) is decomposed Theorem. Second, we assume that the ppiX, y, 6; t) is sim-
asp’' = ps+ p{, where theshort-term source fieldog, is given  ply a function, p(x, y;t), evolving according to the spatial dif-
by integrating the p.d.fp, up to a timeTs, i.e., ps= fOTS pdt fusion equation,

Then the stochastic completion field is redefined to be

(4.1)

C=pq —psUs=psa. + pPLas+pa. (31 ot 8

9P 1(9%P . 2P
ax2  9y?

; (4.2)

whereq’ =qs+q denotes the corresponding decomposition @hat is, we ignore the advectiogi;diffusion and decay terms
the sink field. In the examples presented in Section 6 below Wgice, as numerical experiments confirm (see below), these terr
needed the short-term source and sink fields to be about eigbtnot increase the spatial frequency content of the p.d.f. Th

time steps long to completely remove the moonwalking artifaghite-differencing scheme used to implement Eq. (4.2) is
from the completion field.

STEP3 pii/® = §Ph1m+ 3Phm+ 5Phism w3
4. AN ANALYSIS OF THE RESOLUTION :
. oAtl 1 .t+1/2 3 At+1/2 1 .t+1/2
PYRAMID ALGORITHM STEP4 piii = 3Pnm1+ 3P’ >+ §Poms1

The aim of this section is to analyze how well the multilevevheren andm are integers. _ _
resolution pyramid algorithm presented in the previous sectionGiven these assumptions we have the following result, whicl
computes the completion field by comparing it to the completida proved in the Appendix.

field obtained by evolving the same six step finite-differencing Theorem 4.1, Suppose that a.d. f. p(x, y;t) evolves on

scheme on the bottom level of the pyramid. In particular, give% N x N grid according to the finite-differencing sche(des).

a tolerqnce levek, we will estimate the number of time S,tEpSThen the number of time steps per leeetequired for Eq(4.1)
¢, required to evolve the p.d.f, on each level before passipg to hold with relative errore, is determined by the inequality

up to the next level of the pyramid in order for the relative error
between the multilevel and single level solutions to be less than 1 5 32
the tolerance level. We will show thatc depends primarily on > (3c0sF" +3) 5
the tolerance leved; i.e., itis essentially independent of the grid [nI=N/4 >4/1— <

. . N/2-1 2
size and the parameters in the PDE. ) (; cosZn 4 §)2c

To state the problem more precisely, [gx, y, 6;t) be the et N A

p.d.f. obtained by evolving an initial p.d.f. on the bottom level
of the pyramid for time, and let PRp) (x, y, 6;t) be the p.d.f.  For largeN the left hand side of this inequality is a good
on the base-level grid obtained (by interpolation) from the uapproximation to the ratio of two integrals and so is essentiall
dersampled values qf on a grid which is twice as coarse in theindependent oN. Table 4.1 shows the relationship between the
spatial variables andy, i.e., PRQ) (x, y, 0; t) is the projection number of time steps per leve, and the reconstruction error,
back to the base level of the reduction pfx, y, 6;t) to the ¢, for a grid of size N = 256.
next level of the pyramid. As time increases the high-frequencyin the experimental results in Section 6 we used18 time
content ofp decreases (due to the extra spatial diffusion intrgteps per level, which corresponds to a relativieerror of
duced in Steps 3 and 4 of the finite-differencing scheme) and
so PR() is a better approximation tp as time increases. The
degree to which PRY) approximate9 can be estimated using TABLE 4.1
the Shannon-Whittaker Sampling Theorem [8]. The conditiom ———
we use to estimate the number of time steps per leyéd,that  Re/aiveL” erore 11% 8% 5% 3% 2% 1% 05%
by time c, the probability density functions PR(and p are  \ymper oftime stepsper level, 8 9 11 12 14 16 18
relatively close in thé_2-norm, in that

(4.4)
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€ =0.5%. We required such a small relative error because of tthee resolution pyramid is

simplifying assumptions made in Theorem 4.1. For instance, the

theorem does not account for the fact that the projection opera- 1 1 2

tion was implemented with a small kernel of width 3, rather than <F Tyt 1) nm

with a large kernel approximation to the sinc function. However,

the following numerical experiment suggests that our simpliffGonsequently, the total amount of time required by both stag
ing assumptions produce a model which approximates the fie-

quency evolution of the p.d.f. very well. The initial p.d.f. for our
experiment was a six-stick Ehrenstein figure on a grid of size(C +1). <
256 x 256 with 36 discrete orientations. The p.d.f. was evolved

for 16 time steps using the six-step finite-differencing scheme

in Section 3. Using the small width-3 kernel approximation teo that the time complexity of the new algorithnO¢nm), i.e.,
the sinc function, we found that the relatil€ error in recon- linear in the problem size. In practice, we have observed th
structing p on the fine grid from its values on the coarse grigroblems which previously took over an hour to finish< 256
was 5%. We also observed that the projection of the p.d.f. frommdm = 36) can now be computed in about 2 min.

the coarse grid back to the fine grid was more spatially dispersed

than the p.d.f. on the fine grid. (A wide kernel approximation to
the sinc function gives a relatiie? error of <1%. However, we

did not use such a kernel to compute completion fields since, if

th diti fthe S lina Th t met quit In this section we present examples of stochastic completic
€ conditions oTIhe Sampling 1heorem are NotMEe quIte ack s constrycted using the linear-time algorithm described
rately enough, the lack of locality in the wide kernel can res

. q dati fih letion field ection 3 and compare them to completion fields construct
n gfsevere egra a.f'%? 0 de} compietion Ile )I d b using the algorithm of Williams and Jacobs, recalled in Section
course, even It the p.d.1. on a given level could De per- ., "o 50p example the completion field is represented by «

fectly reconstructed from its reduction to the next level, thgrray of size 256« 256 36. In the figures brightness encodes
finite-differencing scheme used to further evolve the p.d.f. : )

e sum over all orientations. In each figure completion fielc

1 1 5 4 5
1+Z+~-~+p)-n m<§(c+1)-n m,

6. EXPERIMENTAL RESULTS

on the finer grid. We observed that evolving the p.d.f. on tr{
coarser grid and then projecting back to the finer grid resultg
in some additional spatial dispersion of the p.d.f., and hence
the completion field (see Figs. 6 and 7 below).

e algorithm in this paper. In the multilevel resolution pyramic

orithm 18 time steps were performed at each level of tt

ramid and (unless otherwise stated) 8 time steps were us

in the short-term source to ensure that the moonwalking artifa

was removed.

5. TIME COMPLEXITY _ Asafirstdemonstratio_nwg considerthgs_tochasticcompleti(
field due to an Ehrenstein stimulus consisting of four sticks (c

Given ann x n image withm discrete orientations, i.e., a[11]). The variance is*=0.0004/y* and the decay constant

problem of sizen?m, the number of levels in the resolutionis T =160y, where the speed of propagationyis=1. Figure 4
pyramid is (left) shows the completion field computed using the method ¢

Williams and Jacobs, both clipped above at3@he horizontal
and vertical straight edges are due to the anisotropic nature
the advection error. Figure 4 (right) shows the completion fiel
computed using the linear-time algorithm, scaled 510

L =1+ log,(n/c)

and the cost at theth level to perfornc time-steps is In our second demonstration the initial stimulus is an Ehrenste
figure with six sticks. The variance? and decay rate are

n2m the same as for the four-stick Ehrenstein initial stimulus. Th

C- 71 completion fields are shown in Fig. 5, both clipped above ¢

3 x 1077. Notice that the completion field on the right is a little
It follows that the total cost of running the PDE forward in timéjuller apd 'S more dispersed half way between each stimulus
is comparison with t_hat on the left. o S
Finally we consider the completion field due to an initial distri-

bution consisting of two points, at (3228 30°) and (224 128,
c- (1 + 1 4ot i) . n?m. —30°). Figure 6 shows the completion fields, which are concer

4 4--1 trated along the arc of a circle. In this case= 0.0004/y2 and

7 =160y, where the speed was chosen tohe 1.92 since the

The total cost of pushing the partial sums for each level dowadius of the circular arcis 1.92 times the radius of the Ehrenste
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FIG. 4. Left: Stochastic completion field for a four-stick Ehrenstein figure computed using the method of Williams and Jacobs [11]. Right: The sam
computed using the linear-time method described in this paper.

FIG.5. Left: Stochastic completion field for a six-stick Ehrenstein figure computed using the method of Williams and Jacobs [11]. Right: The same, bait con
using the linear-time method described in this paper.

FIG. 6. Stochastic completion fields for a two-point initial distribution wjgh= (32, 128 30°) and p; = (224, 128 —30°).
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7e-10
7e-10

6e-10 [ l
Be-10

4e-10 | L
4e-10

2e-10 2610 [

1 1 1 I
0 100 200 255 %y 100 200 255

0

FIG.7. Sections of the completion fields in Fig. 6. The horizontal axes of these graphs corresponds to the verticad ii8shown in Fig. 6. Notice that the
section on the right is somewhat more dispersed since by the time probability mass reaches the midpoint of the arc the Fokker—Planck equatibreis deing
a very coarse grid.

initial stimuli discussed above. Twelve time steps were requir&ampling Theorem,
to remove the moonwalking artifact. Both completion fields are

clipped above at & 10~°. The interesting thing to note herePR(p)(x, y; t)

is that even with such a large distance between the two initial o

points the completion field constructed with only 18 steps per — Z p(2n, 2m; t)sinc((x — 2n)£> sinc((y — 2m)f>,
level looks quite good. See also Fig. 7. n,m=—co 2 2

7. CONCLUSION where sinc) := % The (continuous) Fourier transform of
PR(p) is
In two recent papers, Williams and Jacobs [11, 12] have de- ®)
scribed a representation of visible and occluded image contours_ o0
called a stochastic completion field. The stochastic completi®RP)(w. n;t) = x(@.n) Y plw—nm.n—mr;t), (A1)
field is based on the idea that the distribution of contour shapes n,m=—oo
can be modeled by the paths of particles traveling with constant ) o _
speed in directions described by Brownian motions. The alggheréx (w, n) is the indicator function of the squafe| < 7,
rithm described in the more recent paper [12] is based on a simple=< % - Since the high frequencies drop out as time increas
finite-differencing scheme for integrating the partial differentiaV® may assume that
equation given by Mumford [6]. The time-complexity of the al- 37
gorithm described in [12] i©(n®m) (for ann x nimage withm p(w, n)is negligible forlw|or|n| > —. (A.2)
discrete orientations). Their solution also introduced unwanted, 2
anisotropic smoothing which resulted in noticeable artifacts { calculation of p shows that this assumption is reasonable.

the completion fields. In our approach, we carefully add smootiihis assumption implies that PBYis well approximated by
ing so as to make the error isotropic. We then decrease the spatial

and temporal sampling rate as the high spatial frequencies drop . 1

out of the evolving solution. The result is &(n’m) method. PR(p) ~ x Z P,
In practical terms, the previous algorithm took over an hour to n,m=-1
produce an answer (for a problem of size 25856 x 36) and

wherep ,n:t)=plw — nz, n — mr;t), and so
the new method takes about 2 min. Prm(e, 1) = Pl 7 )

PRE) - p~@A—x)p+x Y. Pum (A3
APPENDIX (n.m)el

In this appendix we prove Theorem 4.1. The calculation @fheretheindexsetis={(n, m) : |n|, |m| <1, (n, m) # (0, 0)}.
IIPR(p) — pll, proceeds as follows. First recall thieR(p) — A second application of the assumption (A.2), together wit|

—

pll, =IPR(p) — Pll, by Plancherel’s theorem. Second, by théhe fact that thep, m are translates op, implies that the two
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terms in Eq. (A.3) are approximately equal, and so A similar formula holds forpy(m;t). The required inequal-
— . . ity (4.4) now follows from Condition (A.4) using elementary
PR(p) — p~2(1—x)p. algebra.
Consequently our condition (4.1) forcan be reformulated as
1@ — x)pl2 € ACKNOWLEDGMENTS
—_—t < —. (A.4)
Pl V2

The authors thank Achi Brandt for suggesting the use of a multiresolutior
To calculate the time evolution 0@ let p evolve on an method. Joachim Weickert also offered helpful comments.
N x N grid according to the finite-differencing scheme given
by Steps 3and 4 in Eq. (4.3), and letp(n, m;t) denote the
discrete Fourier transform gf, i.e., p(n, m;t) is the compo-
nent Ofp with X'frequency Zn/N and Y'frequenc}’ Zm/N. 1. D.Geiger, K. Kumaran, and P. Parida, Visual organization for figure/grounc
HereN is assumed to be even andm are integers in the range  separation, iProc. IEEE Conf. on Computer Vision and Pattern Recoghi-
—N/2<n,m=<N/2 - 1. A calculation ofp(n, m;t) presented tion (CVPR '96), San Francisco, CA, 1996
below shows that, if the p.d.fp is initially concentrated at a 2. S.Grossbergand E. Mingolla, Neural dynamics of form perception: Bound
single point of the grid, then condition (A.4) is equivalent to the ary completion, illusory figures, and neon color spreadPgychol. Rev.
inequality (4.4) given in Theorem 4.1. 92,1985, 1;3‘211'(]' f ool | oo
; ; ~ . 3. G. Guy and G. Medioni, Inferring global perceptual contours from loca
Thg discrete Fourier transforf(n, m, ;t) of the p.d.f.,p(n, featuresintl, J. Comput. Visior20, 1096, 113133,
m; t), is calculated as follows. Lgty(n; t) and py(m;t) evolve _ .
. , . . . 4. R.Heitger and R. von der Heydt, A computational model of neural contoul
according to Steps’&nd 4 of the finite-differencing scheme

) " . processing, figure—ground and illusory contoursRiac. of 4th Intl. Conf.
(4.3), respectively. Since Stepss®d 4 commute it follows that on Computer Vision, Berlin, Germany, 1993

5. B. K. P. Horn, “The Curve of Least Energy,” MIT Al Lab Memo No. 612,
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