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Abstract

We presenta methodfor deriving shapespaceparametersthat areconsistentwith immuno-
logical data,and illustrate the methodby deriving shapespaceparametersfor a model of
cross-reactive memory. Cross-reactive memoryresponsesoccurwhenthe immunesystemis
primedby onestrainof a pathogenandchallengedwith a related,but different,strain. Much
of thenatureof across-reactiveresponseis determinedby thequantityanddistribution of the
memorycells, raisedto the primary antigen,that cross-reactwith the secondaryantigen. B
cellswith above thresholdaffinity for anantigenlie in a region of shapespacethatwe call a
ball of stimulation. In a cross-reactive response,the intersectionof the balls of stimulation
of theprimaryandsecondaryantigenscontainsthecross-reactiveB cellsandthusdetermines
the degreeof cross-reactivity betweenthe antigens. We derive formulasfor the volumeof
intersectionof ballsof stimulationin differentshapespacesandshow that theparametersof
shapespace,suchasits dimensionality, have a large impacton thenumberof B cells in the
intersection.Theapplicationof ourmethodfor deriving shapespaceparametersindicatesthat,
for Hammingshapespaces,twentyto twenty-five dimensions,a threeor four letteralphabet,
andballsof stimulationof radiusfiveor six, arechoicesthatmatchtheexperimentaldata.For
Euclideanshapespaces,five to eight dimensionsandballs of stimulationwith radiusabout
twentypercentof theradiusof thewholespace,matchtheexperimentaldata.

Keywords: immunesystem,cross-reactivememory, originalantigenicsin,shapespace

1To appearin TheJournalof TheoreticalBiology.
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1 Introduction

Cross-reactivememoryisobservedwhenanindividualdevelopsmemorytoonestrainof apathogen
andis challengedwith a relatedstrain. Vaccinationwith cowpox to protectagainstsmallpoxis
anexampleof an earlyuseof cross-reactive memory(Jenner, 1798;Ada, 1993). Cross-reactive
memoryalsooccursin the naturalimmuneresponseto pathogensthat mutate. Francis(1953)
observed that the immuneresponseto influenzawas often a recall of the responseto a prior
influenzainfection. FazekasdeSt. Groth& Webster(1966)studiedthis phenomenonandcalled
it “original antigenicsin”. Their work, andthat of others(Deutsch& Bussard,1972;Gerhard,
1978;Yarchoan& Nelson,1984),revealedthatsomememorycellsspecificfor theprimaryantigen
werealsocross-reactivewith thesecondaryantigen.Cross-reactivememoryis oftenusefulin that
memoryto a onestrainof a pathogencanprotectagainstotherstrains.It hasalsobeensuggested
thatmemoryto theprimaryantigenmaybemaintainedby challengewith cross-reactive antigen
(Angelova & Shvartsman,1982; Matzinger, 1994). However, cross-reactive memorycan also
be a problembecausememorycells highly specificfor the secondaryantigenarenot formedif
the antigenis clearedtoo quickly by memorycells of the primaryantigen. The sameeffect can
potentiallycausevaccinefailure;a vaccinemight beclearedby memorycellsof a prior infection
without inducingmemoryto thevaccinecomponents.

Most of the experimentalwork on cross-reactive memoryhasbeenperformedusingtwo strains
of a singleorganism,or two relatedhaptens,asprimary andsecondaryantigens. Experiments
on morethantwo antigenswould beusefulin orderto betterunderstand,for example,sequential
infectionswith influenza(Angelova & Shvartsman,1982),pathogenesisof HIV andmultivalent
vaccinedesign. We have developeda modelandcomputersimulationof cross-reactive memory
in orderto performin machina multi-antigenexperimentswith thegoalof helpingto understand
theimmuneresponseto mutatingpathogensandsequentialmultivalentvaccines.An advantageof
computersimulationsis thatall of thedatain thesimulationareeasilymeasured;adisadvantageis
thatthesimulationmayomitordistortimportantaspectsof thesystembeingmodeled.Wedescribe
someof our efforts to calibratea modelwith immunologicaldatato make it closerto the in vivo
reality.

Much of thecharacterof a cross-reactive responseis determinedby thequantityanddistribution
of thepopulationof memorycells,raisedto theprimaryantigen,thatalsoreactwith thesecondary
antigen. Figure1 shows that if we considerthe cells that respondto the primaryandsecondary
antigensas sets,then the cells that reactwith both antigens,the cross-reactive cells, lie in the
intersectionof thesets.If theantigensarecloselyrelated,thentherearea largenumberof cellsin
theintersectionandtherewill probablybeastrongcross-reactiveresponse.If theantigensareless
closelyrelated,thenthenumberof cellsin theintersectionis small,andtherewill probablybeonly
a weakcross-reactive response.Becausethe numberanddistribution of cells in the intersection
playsa significantrole in the cross-reactive response,it warrantscarefulstudyin a modelbeing
usedto studycross-reactive responses.We would like to know how the intersectionvariesasa
functionof theantigenicdifferencesbetweentheprimaryandsecondaryantigen.Thenumberof
cellsin theintersectionwill dependonhow wechooseto modelantibody-antigeninteractions,and
whatparametersvalueswechoosefor thisaspectof themodel.In thispaperwederiveparameters,
from experimentaldata,for amodelof cross-reactivememory.
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This set consists of cells
that are stimulated by the
primary antigen

This set consists of cells
that are stimulated by the
secondary antigen

The cells in the intersection of these
sets are the cross−reactive clones that
can bind with both antigens, and which
initiate a cross−reactive response.

Figure1: The cells that causea cross-reactive responsearethosein the intersectionof the
setof cellsstimulatedby theprimaryantigenandthesetof cellsstimulatedby thesecondary
antigen.

2 Shape Space Model of Antibody-Antigen Interactions

Antibody-antigenbinding affinity2 is basedon complementaritybetweenregionsof the antigen
andantibody. An abstractmodelof thiswasintroducedby Perelson& Oster(1979).In thismodel
antibodiesandantigensareconsideredaspointsin a “shapespace”andthedistancebetweenan
antibodyand an antigenis a measureof their affinity for eachother. Thus, antibodieswithin
an affinity cutoff for clonal selectionby an antigenform a ball in shapespacecalleda ball of
stimulation.In across-reactiveresponse,eachantigenformssuchaball andtheintersectionof the
ballscontainsthecross-reactiveantibodies,thusdeterminingthedegreeof cross-reactivity between
theantigens.Consequently, theVenndiagramrepresentationin Figure1 canalsobeinterpretedas
ashapespacediagram.

In order to make shapespacemorequantitative Perelson& Oster(1979) representedthe “gen-
eralizedshape”of antibodiesandantigenswith a setof real valuedcoordinates��� 1 � � 2 ����� ���	� .
Thus,mathematically, eachantibodyandantigencouldberegardedasapoint in an 
 -dimensional
real-valued space. The affinity betweenan antigenand antibody was relatedto the distance
betweenthem, which was measuredas the squareroot of the sum of the squaresof the dis-
tancesbetweenthe valuesin eachdimension.For exampleif the coordinatesof anantibodyare���

1 � � 2 ����� ����� andthecoordinatesof anantigenare ��
 1 � 
 2 ����� 
���� , thenthedistancebetweenthem
is ����� � 1 � 
 1 � 2 � � � 2 � 
 2 � 2 � ����� � � ��� � 
�� � 2 � . Shapespacesthatusereal-valuedcoordinates,and
thatmeasuredistancethisway, arecalledEuclidean shapespaces(Segel& Perelson,1988;DeBoer

2We refer to thebindingof antibodiesandantigen,however, this analysiscouldalsobeappliedto thebindingof
theT cell receptorwith antigenpresentedonMHC.
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et al � , 1992).

An alternativeto Euclideanshapespaceis Hamming shapespace,in whichantigensandantibodies
arerepresentedassequencesof symbols(Farmeret al � , 1986;DeBoer& Perelson,1991;Seiden
& Celada,1992;Weisbuch& Oprea,1994;Hightoweret al � , 1995;Perelsonet al � , 1996;Detours
et al � , 1996).Suchsequencescanbecanlooselyinterpretedaspeptidesandthedifferentsymbols
aspropertiesof eithertheaminoacidsor of equivalenceclassesof aminoacidsof similar charge
or hydrophobicity. The mappingbetweensequenceand shapeis not fully understood,so for
the purposesof this paperwe assumethat sequenceandshapeareequivalent. This assumption
is reasonablein somesituations,for exampleChampionet al � (1975) showed that for azurins,
lysozymes,andalphasubunitsof tryptophansynthetase,thatsequencedifferencewascorrelated
with thedegreeof antigenicdifference.However, for someantigenicdeterminants,asingleamino
acid changecancausea large changein antigenicdifference.For suchcasesa differenttype of
analysiswouldbeneeded.

In orderto measuretheaffinity betweensequences,we needto definewhatsymbolsarecomple-
mentaryso the Hammingdistancecanbe calculated. Any choiceis equivalentmathematically,
hencefor simplicity we choosesymbolsto be complementaryto themselves. For example,let
CADBCADB beanantigenandCBDBCDDB anantibody, theseare“complementary”in six out of
eightplaces,andthushavea reasonablyhigh affinity for eachother. Shapespaceswhichmeasure
contiguouscomplementarysymbols(Percuset al � , 1993),or useotherrulesfor complementarity
betweensymbolsequences(Weisbuch& Oprea,1994;Detourset al � , 1996),havealsobeenused.

A shapespacewill havedifferentpropertiesdependingonthenumberof dimensions,
 , theradius
of a ball of stimulation,� , and,in thecaseof Hammingshapespace,on thenumberof symbolsin
eachdimension,� . As anexampleof how somepropertiesaresensitiveto 
���� and� , Figure2 plots
thevolumeof theintersectionof two ballsof stimulation,asa functionof thesequencedifference
betweentheantigens.Theformulafor theintersectionvolumeis derivedin appendixA. Thus,in
amodelwherethevolumeof theintersectionis important,asin amodelof cross-reactivememory,
shapespaceparametersmustbechosencarefully.

3 The Method and its Application

The methodof deriving shapespaceparametersfrom immunologicaldataconsistsof the fol-
lowing steps:(i) determinepropertiesthat areimportantto representcorrectlyin the model,(ii)
estimatedatavalues,from immunologicalexperiments,thatcharacterizetheseproperties,(iii) de-
rive equationsfor thesedatavaluesasa functionof the parametersof the model,(iv) equatethe
immunologicaldatavalueswith the modelequations,and(v) solve the equationsfor the model
parameters.For a modelof cross-reactivememory, animportantpropertyto representcorrectlyis
cross-reactivity, andtheidealdatavalueswouldbethenumberof B cellsin theintersectionof the
ballsof stimulationof antigensof varyingsequencedifferences.

Whenthesequencedifferenceiszero,theintersectionvolumeis thevolumeof aballof stimulation.
What hasbeenmeasuredexperimentallyis the proportionof B cells that respondto an antigen,
andfrom this we canestimatetheabsolutenumberof B cells in a ball of stimulation. Estimates
for the proportion,  �!#"%$ , rangefrom 10& 5 to 10& 4 (Edelman,1974;Nossal& Ada, 1971;Jerne,
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Figure2: Panels(a),(b) and(c) show thatas / or 0 increase,or as 1 decreases,theintersectionvolume,
asafunctionof thesequencedifference,fallsoff morequickly. Panel(a)showsthatthebinaryalphabet,032 2,hasanunusualproperty;everyotherincreasein sequencedifferencedoesnotcauseadecreasein
theintersectionvolume(Kanerva,1988).Panel(d) shows / � 0 � and 1 setatextremevaluesto illustrate
how muchthecurvescandiffer.

1974). Theequationfrom themodelfor theproportion,  , of B cellsresponding,is volumeof a
ball of stimulationdividedby thevolumeof thespace.Equatingtheexperimentaldatavaluesand
theformulafrom theHammingspacemodelwehave4

0 5768579;: � 6=<?> �A@ 1 B 6� � C 10& 5 to 10& 4 � > 1B
The size, D , of the shapespaceneedsto be sufficiently large to beableto representall possible
antibodies. Basedon the numberof genesegmentsusedto encodeantibodies,the numberof
possibleantibodies,DE!#"%$ is thoughtto be at least1010 (Berek& Milstein, 1988;Lodish et al � ,
1995). Includingtheeffectsof somatichypermutationthenumberof possibleantibodiesis many
ordersof magnitudehigher(Lodishet al � , 1995);for exampleit might beashigh as1016. Again
equatingtheexperimentaldatavaluesandtheformulafrom themodelwehave� � C 1010 to 1016 � > 2B
Anotherdatavaluethatcanbeextractedfrom experimentis thesequencedifferenceat which the
intersectionvolumeof theballsof stimulationgoesto zero,i.e. thesequencedifferenceat which
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two antigensno longercross-react.We call this distancethe “cross-reactioncutoff ”. It is more
intricatethantheaboveequationsandis derivedin thefollowing subsection.

3.1 Cross-Reaction Cutoff

Theexperimentaldatafor thecross-reactioncutoff comesfrom two sources:Eastet al � (1980)and
Championet al � (1975). Eastet al � (1980)primedrabbits3 with beefmyoglobinandsplit them
into five groups. Eachgroupreceiveda secondinjectionof myoglobinfrom oneof beef,sheep,
pig,whaleor chick. Theantibodytiter to beefmyoglobinwasplottedagainstthepercentsequence
differencebetweenthemyoglobinsgivenin theprimaryandsecondaryinjections.Thesedataare
almostideal,but notquite. Theantibodytiter wasmeasuredat thepeakof thesecondaryresponse,
however we needthe numberof cells at the beginningof the secondaryresponse.Thesevalues
arerelated,but thedynamicsof theimmuneresponsemakestherelationcomplex. Whenthereare
no cross-reactive antibodies,the relationis simple; we canassumetherewereno cross-reacting
cells at the beginning of the response,andthusdeterminethe cross-reactioncutoff. Eastet al �
(1980)estimatethis point, FG!#"%$ , to occurin therangeof 33 to 42%sequencedifferencebetween
theprimaryandsecondaryantigens.

A secondsourceof thedatavaluefor thecross-reactioncutoff comesfrom Championet al � (1975).
In theseexperiments,sevengroupsof rabbitswereprimedwith oneof sevenbacterialazurins.At
ten to twelve weekstherabbitswereboostedwith thesamestrainwith which they wereprimed.
At twentyto twenty-five weekstherabbitswereboostedagainon threesuccessive days,with the
samestrain,andthenbled oneweeklater andthe antiserapurified. Micro-complementfixation
assayswereusedtodeterminehow well eachantiserafixedcomplementtoeachof theheterologous
azurins.As with Eastet al � (1980),thesedataarealmostideal,but not quite. Theproblemis that
the distribution of antibodiesis not uniform, asit hasbeenbiasedby affinity maturationduring
thehyperimmunization.In orderto usethesedatawe would needto know thebiasdueto affinity
maturation,andthat is not available. We canhowever againdeterminethecross-reactioncutoff,
which this time is at40%sequencedifferencebetweentheantigens.

In orderto properlymatchthemodelto theexperimentalcross-reactioncutoff, weneedto takeinto
accountthatmemoryB cellsaremoreeasilystimulatedthannaiveB cells.Fishet al � (1989)showed
thatclonalexpansionof memoryB cellsrequiredaloweraffinity antibody-antigeninteractionthan
clonalexpansionof naiveB cells. In theirexperiments,A/J miceprimedwith p-azophenylarsonate
(Ars) respondedpredominantlywith clonesderivedfrom asingle HJI genesegment,HKIMLON7P?Q , and
whenprimedwith p-azophenylsulfonate(Sulf), no suchcloneswereelicited. However, in mice
primedwith Ars andchallengedwith Sulf, clonesoriginally encodedby the HJIMLRN P?Q werepresent.
We take thisgreatersensitivity of memoryB cellsinto accountby increasingtheradiusof theball
of stimulationof thesecondaryantigenasshown in Figure3. Thus,whenwecalculatethevolume
of theintersectionin themodel,wemusttaketheradiusof thefirst (naive)ball of stimulationas � ,
andtheradiusof second(memory)ball of stimulationas �TSVUW!#"%$ .
Two further factorsneedto be taken into accountbefore relating the cross-reactioncutoff in

3Valuesfor our other parameterswere taken from experimentsin mice, however this parameteris taken from
experimentsin rabbits.
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The VHIdCR gene segment exists in this   
region; inside the ball of stimulation of Ars, 
outside the naive ball of stimulation for  Sulf, 
and within the memory ball of stimulation 
of Sulf.

Due to the extra sensitivity of memory 
B cells, the ball of stimulation for memory 
B cells is larger than that for naive B cells.

Ball of stimulation for naive B cells.

Secondary antigen (Sulf).Primary antigen (Ars).

Figure 3: The extra sensitivity of memoryB cells resultsin a ball of stimulationfor the
secondaryantigenthatis largerthanthatof theprimaryantigen.Theamountthatthememory
ball of stimulationis greaterthanthenaiveball of stimulationis thevalue X !Y"%$ asexplainedin
themaintext.

experimentswith that in the model. First, vertebrateimmunesystemsonly expressa portion of
their total numberof possibleB cell specificitiesat any onetime. For themouse,this number, the
expressedrepertoire,Z[!Y"%$ , is in therange107 to5S 107 (Köhler, 1976;Klinmanet al � , 1976;Klinman
et al � , 1977). In contrastthe formulasin the modelgive answersin termsof the numberof all
possibleB cell specificities.Second,anexperimentmightnot beableto detectlessthana critical
numberof B cellsin theintersectionof ballsof stimulation,whereasthemodelcandetectasingle
B cell. We take thesefactorsinto accountby equatingthe ratio of the intersectionvolumeand
shapespacevolumein themodel,with theratioof thenumberof B cellsanexperimentcandetect
in theintersection(whichweassumeto beasingleB cell specificity)andthesizeof theexpressed
repertoire.Thuswehave L > 
����\�]���]��U^!#"%$���_`B� � C 1

107 to 108
� > 3B

where _ rangesfrom 33 to 42% sequencedifference,and wherethe intersectionvolume, L , is
definedin appendixA.
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3.2 Solving for Shape Space Parameters

Given valuesfrom experimentsfor U^!Y"%$ ,  �!Y"%$ , Za!#"%$ , DE!Y"%$ and FG!#"%$ , Equations1 through 3
canbe solved4 for the Hammingshapespaceparameters
���� and � . For example,reasonable
valuesto choosefrom currentimmunologicaldataare FG!#"%$ C 0 � 33 @ 0 � 42�� �!#"%$ C 10& 5 ��DE!Y"%$ C
1012 ��U^!Y"%$ C 1 � 2 and Za!#"%$ C 107 � which give shapespaceparametersb�
 C 20��� C 4 �]� C 5 c orb�
 C 25��� C 3 �d� C 6 c . Table1 showssolutionsfor differentvaluesof theimmunologicaldata.

e 2 1010 e 2 1012 e 2 1014 e 2 1016/ � 0 � 1 / � 0 � 1 / � 0 � 1 / � 0 � 1
6-13-3 5-17-5 4-23-7 4-27-9
7-12-3 6-15-5 5-20-7 5-23-8f 2 107 8-11-3 8-13-4 6-18-6 6-21-8g 2 10& 5 9-13-4 7-17-6 8-18-7

10-12-4 8-16-6 9-17-7Xh2 1 � 0 11-12-4f 2 108 3-21-4 3-25-6 3-34-10
4-17-3g 2 10& 4 f 2 107 2-33-6 2-47-10 2-53-13f 2 108 2-33-6 2-40-8 2-47-10f 2 107 3-21-4 3-25-6g 2 10& 5 4-17-3 4-20-5Xh2 1 � 2 f 2 108 2-47-9 2-53-11g 2 10& 4 f 2 107 2-33-6 2-40-8 2-47-10f 2 108

Table1: Thevaluesfor 0 , / and 1 , thatsatisfytheimmunologicaldata,in a Hammingshape
space,for differentvaluesof X !Y"%$ , g !#"%$ , f !#"%$ and

e !Y"%$ . Multiple entriesindicatedmultiple
solutionsandblankentriesindicateno solutions.

4 Using the Same Method on Euclidean Shape Space

The methodfor deriving shapespaceparameterscan be applied to other shapespaces,other
experimentaldata,andotherpropertieswe chooseto satisfy. As an example,we now usethe
methodto deriveparametersfor Euclideanshapespace.

After Perelson& Oster(1979),we placea limit on themagnitudeof eachshapespaceparameter
andnormalizedistanceswith respectto thisdistance,sothatdistancesarein therangezeroto one.
Weuseˆ� for thenormalizedradiusandˆ_ for thenormalizedcross-reactioncutoff.

4Weobtainsolutionsby consideringi ’s in therange2 to 20,andfor eachi , derive j and k from Equations2 and1
respectively, andacceptsolutionsthatgive l between0.33and0.42. Solutionsarenecessarilyapproximatebecause
only integervaluesmakesensein a Hammingshapespace.
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For Euclideanshapespace,equation1 becomes

ˆ� � C 10& 5 to 10& 4 � > 4B
wheretheleft handsideof thisequationisderivedattheendof appendixB, andequation3becomesL > 
�� ˆ�7� ˆ�mUn� ˆ_`B

Ball > 
�� 1 B C 1
107 to 108

� > 5B
where ˆ_ rangesfrom 0.33 to 0.42, L is now the EuclideanintersectionvolumeandBall > 
�� 1B is
thevolumeof then-dimensionalEuclideanshapespacenormalizedto radius1; bothquantitiesare
derivedin appendixB. o 2 0 � 33

o 2 0 � 36
o 2 0 � 42/Jp ˆ1 /Jp ˆ1 /Jp ˆ1g 2 10& 5 f 2 107 7/0.19 8/0.24 9/0.28Xh2 1 � 0 f 2 108 6/0.15 7/0.19 8/0.24g 2 10& 4 f 2 107 5/0.16 5/0.16 6/0.22f 2 108 5/0.16 5/0.16 6/0.22g 2 10& 5 f 2 107 7/0.19 7/0.19 8/0.24Xh2 1 � 1 f 2 108 6/0.15 7/0.19 7/0.19g 2 10& 4 f 2 107 5/0.16 5/0.16 6/0.22f 2 108 5/0.16 5/0.16 5/0.16g 2 10& 5 f 2 107 6/0.15 7/0.19 8/0.24Xh2 1 � 2 f 2 108 6/0.15 6/0.15 7/0.19g 2 10& 4 f 2 107 5/0.16 5/0.16 5/0.16f 2 108 4/0.10 5/0.16 5/0.16

Table2: Solutionsof Equations4 and5, for the modelparameters/ and ˆ1 , that satisfythe
immunologicaldatain a Euclideanshapespace,for differentvaluesof X !#"%$ � g !#"%$ � f !#"%$ ando !#"%$ .

Solutionsof Equations4 and5 (Table2) indicatethat 
 , the numberof dimensions,is not very
sensitiveto thebiologicalvalues;fivetoeightdimensionsis aboutright for aEuclideanshapespace
thatsatisfiesthe immunologicaldatafor a cross-reactive memorymodel. In general,thenumber
of dimensionsincreasesas: FG!Y"%$ increases,Za!#"%$ decreases, �!Y"%$ decreases,or U^!Y"%$ decreases.

5 Discussion

Theintersectionvolumebetweenballsof stimulationfor primaryandsecondaryantigenencounters
playsan importantrole in cross-reactive memoryresponses.Choicesof shapespaceparameters
have a significanteffect on the intersectionvolume predictedby our model. Thus, caremust
be takenwhenchoosingshapespaceparameters.We have selectedimmunologicaldatathatare
importantfor a modelof cross-reactive memory, andhave shown how we canderive shapespace
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parametersfrom thesedata. A comparisonof our findings for Euclideanand Hammingshape
spaces(Figure4) showsagreementin theintersectionvolumeatzerosequencedifferenceandzero
intersectionaswouldbeexpectedasthesewerethedatapointsfor whichtheequationsweresolved.
However, theintersectionvolumesdiffer betweenthesepoints.

Euc l i dean  n=8 ,  r=0 .24 .

H a m m i n g  n = 2 0 ,  k = 4 ,  r = 5 .q
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Figure4: A comparisonof the intersectionvolume,asa functionof sequencedifference,for
a EuclideanandHammingshapespace. For both spaces,the shapespaceparameterswere
derived from the immunologicaldata X !#"%$ 2 1 � 2 � g !#"%$ 2 10& 5 � f !#"%$ 2 107 � o !#"%$ 2 0 � 42,
and,for Hammingspace,

e !Y"%$ 2 1012.

Experimentscould be doneto test the qualitative relationshipsin this paper, if we assumethat
antigenicdifferenceis proportionalto sequencedifference.Idealdatawould give theintersection
volume,at varioussequencedifferences,for multiple antigens.As an example,Gerhard(1978)
measuredthedegreeof cross-stimulationbetweenvariousstrainsof influenzawith knownsequence
differences.Suchdatacouldbeusedto furtherdeterminethe appropriatechoiceof shapespace
parameters.

In prior work, Perelson& Oster(1979)estimatedthenumberof dimensionsfor aEuclideanshape
spaceto bebetweenfiveandten. Thisagreeswell with ourcalculationswhichsuggestfiveto eight
dimensions(Table2). Percuset al � (1993)usedavariationonHammingshapespacein which the
complementarysymbolshadto becontiguous.Usingself-nonselfdiscriminationarguments,they
predictedaboutafifteensymbolbindingregionfor stringsmadefrom athreesymbolalphabet,and
a nineteensymbolbindingregion whenthecomplementarysymbolscouldbe in two contiguous
regions.Herewe find thata twentysymbolbindingregion,with a four symbolalphabetandballs
of stimulationof radiusfive,whichgaveaminimumbindingregionof fifteensymbols,or atwenty-
five symbolbinding region, with a threesymbolalphabetandballs of stimulationof radiussix,
which gave a minimumbindingregion of nineteensymbols,to beconsistentwith immunological
dataoncross-reactivity. X-ray crystallographicanalysishasshown thata typicalantibody-antigen
bindingsiteis aboutseventeenaminoacids(Amit et al � , 1986),andthattheremightsomegapsin
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thebinding. This matcheswell with our derivationof a twentysymbolbindingregion,anda ball
of stimulationof radiusfive.

Segel & Perelson(1988) and DeBoeret al � (1992) simulatedimmunologicalprocessesin one
andtwo dimensionalEuclideanspacesbecauseit facilitatedanalysisandcomprehensionof the
dynamics.However, our calculationssuggestthata Euclideanshapespacebetweenfiveandeight
dimensionsis moreconsistentwith the immunologicaldataon cross-reactivity. Binary alphabets
arecommonwhenHammingshapespacesareused. Seiden& Celada(1992)useda Hamming
spacewith a binary alphabetand eight to fourteendimensions. This allowed them to express
the completerepertoirewhich wasimportantfor their experiments.Farmeret al � (1986)useda
binaryalphabetandthirty-two dimensions,andHightoweret al � (1995)usedabinaryalphabetand
sixty-four dimensions.Binary alphabetswith a multiple of thirty-two dimensionsareanobvious
choicefor the efficiency of computersimulations. However, binary alphabetshave a stair-step
intersectionvolume,asshown in Figure2a,andthusmight not bea goodchoicefor a modelof
cross-reactivememory.

It may be temptingto suggestthat real antibodiesandantigenscanbe characterizedby five to
eightEuclideanparameters,or by twentyor sofour-symbolHammingparameters.Eitherof these
statementsmay or may not be true, but they shouldnot be inferredby the work presentedhere.
What this work shows is how to chooseHammingand Euclideanshapespaceparametersof a
modelsothatthey will matchachosensetof immunologicalobservations.

We have shown, for Hammingshapespace,thatalphabetsizesof threeandfour, with thenumber
of dimensionsin themid to low twenties,andballsof stimulationof radiusfive to six, aregood
parametersfor usein amodelof cross-reactivememory. For Euclideanshapespacewehaveshown
that,for a wide rangeof immunologicaldata,five to eightdimensionsandballsof stimulationof
normalizedradius0.15to 0.22aregoodparameters.Wehavealsoshown that,for Hammingshape
space,binaryalphabetshavea stair-stepintersectionvolume,andthatlargealphabetsonly satisfy
theconstraintswhenwechooseextremevaluesof theimmunologicaldata.
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Appendix

A Intersection Volume in Hamming Shape Space

Consideran 
 -dimensionalHammingspacewith alphabetsize � . Let L and u bepoints(stringsof
 symbols)in thespaceatHammingdistancev from eachother. Let w beapointatdistancex fromL andy from u , andlet z 68{ | bethenumberof all suchpoints.Figure5 showsthethreestringsL , u ,
and w , structuredin a way to illustratethat thesymbolsof w canbepartitionedinto five groups.
Thesestringscan,without lossof generality, bemanipulatedto fit this template,becausethespace
hasanautomorphismwhichmapsany threepointsto thesetemplates;theorderof presentationof
thedimensions,andthechoiceof symbolsfor eachdimension,do not alterany of theaspectsof
thespacethatinterestus.

Thepartitions} , ~ , _ , N , and � of Figure5 canbedescribedin wordsasfollows:

a. thosethatarethesameasboth L and u .

b. thosethataredifferentfrom L and u in aplacewhereL and u arethesame.

c. thosethatarethesameas L in aplacewhere u differsfrom L .
d. thosethatarethesameas u in aplacewhereL differsfrom u .

e. thosethataredifferentfrom both L and u in aplacewhereL and u differ.

13



I

J

K

000...

000...

000...

111...

000... 111... 222...111...

n

s

a b c d e

t

Figure5: This figure shows the five groupingsof the symbolsof � , andhow thesegroups
relateto thegroupingsin � and � .

TheHammingdistancebetweentwo stringsis thenumberof symbolsthataredifferentbetween
thestrings.TheHammingdistancebetweenL and u is v , theHammingdistancebetweenw andL is thesumof ~ , N and � , andtheHammingdistancebetweenw and u is thesumof ~ , _ and �
(Figure5).

Thusfor w to beHammingdistancex from L and y from u wemusthave (Figure5)x C ~���N������ > 6B
and y C ~���_������ > 7B
Similarly thedistance,v , betweenL and u is thesumof thesizesof thepartitions _ , N and � , thus
wehave v C _���N������ > 8B
and � C }���~�� > 9B
Becauseof equations(8) and(9) andthatthelengthof thestringsis 
 , weget
 C � ��vm� > 10B
Let F bethesetof 5-tuples,b�}?��~���_���N?����c , thatsatisfyequations(6), (7), (8), (9) and(10). Then,

z 68{ | C ���� { ��{ ��{ �]{ !=�=� P
� �}?��~�� 1

� > �A@ 1 B � � v_���N?����� 1� 1� > �T@ 2B ! �
where � is thenumberof symbolsin thealphabet.
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If wewrite themultinomialsasbinomials,andsubstitutein a rearrangementof equation(10) for
�

weget z 68{ | C �� ��{ �]{ !��=� P��
� 
�@�v~ � > �T@ 1 B � � vN � � v[@�N� � > �T@ 2 B ! �

Thefive equations,(6) through(10),constrainthevaluesof thefive freevariablesof }?��~���_���N and� , to onedegreeof freedom,i.e. the choiceof either }?��~���_���N or � , will determinethe remaining
four values.If wechooseN asthefreevariable,then

by (7) minus(8) weget ~ C N��Wy�@�vm� > 11B
andby (11) into (6) weget � C x\��va@ 2N�@�ym� > 12B
whichgives

z 6�{ | C �
0 5R�]5O  � 
¡@�vN��^y�@¢v � > �T@ 1 B ��£¤| &   � vN � � va@�NxJ��v[@ 2N�@¥y � > �T@ 2 B 6¦£?  & 2� & | �

Let � 0 and � 1 betheradii of theHammingballs5 aboutL and u respectively. Thentheintersection
volumeis thesumof z 68{ | for all 0 §¨xM§¨� 0 and0 §�y©§n� 1, thusL > 
����\��v¤�d� 0 �]� 1 B C �

0 5768579 0
0 5�|�579 1

z 68{ | � > 13B
B Intersection Volume in Euclidean Shape Space

Thevolumeof theintersectionof two Euclideanballsof stimulationcanbecalculatedasthesum
of the two shadedsegmentsin Figure6. Beyer (1981)givesformulasfor 2- and3-dimensional
segments;herewederive thevolumeof 
 -dimensionalsegments.

Thevolumeof asegmentis theintegral,alongtheline D 1 D 0, from thecircumferenceof theball to

theline AB. Theintegrandis an 
©@ 1 dimensionalball with radius ª � 2 @ > ��@¬«	B 2, where« is the
distancefrom thecircumferencealong D 1 D 0. Thus,for asegmentof width «?­ ,

Segment > 
��d���®« ­ B C°¯ " �
0

Ball > 
�@ 1 � ª � 2 @ > ��@±«	B 2 B�N¤«²�
where

Ball > 
��]�¤B C C > 
²B�� �
5A Hammingball is thesetof pointsthatarewithin a distancek of a particularpoint. We call k theradiusof the

Hammingball. Theball andradius terminologyis by analogywith theusual,Euclidean,notionof ballsandradii.
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Figure6: Thetwo shadedsegmentsin this figure,whenaddedtogether, form theintersection
of the balls. The volumeof a segmentis calculatedby integratingalongthe line

e
0
e

1. The
key to thecalculationis thattheintegrandis aball in thenext lowerdimensionwhoseradiusis
thedistancefrom

e
0
e

1 to thecircumferenceof thesegment’s circle (which variesas ³ moves
along

e
0
e

1 duringtheintegration).

and

C > 
�B C 2́�µ ��¶ 2 ·
 Γ > 
¹¸ 2 B C 2
� ´�µºµ � & 1 · ¶ 2 · >d> 
�@ 1B�¸ 2 B !
 !

�
Thus

Segment> 
��]���d« ­ B C C > 
¡@ 1 B ¯ " �
0

: � 2 @ > ��@±«	B 2 < µ � & 1· ¶ 2 N¤«
Theintersectionis thesumof the D 0 segmentandthe D 1 segment,i. e. ,L > 
��]� 0 �]� 1 ��v�B C Segment> 
��d� 0 �®« 0 BE� Segment> 
��]� 1 �d« 1 B
where « 0

C min > 2� 0 � 2� 1 � max> 0 �®« ­0 BdB]�« 1
C min > 2� 0 � 2� 1 � max> 0 �®« ­1 BdB]�« ­0 C � 0 @�» 0 �
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« ­1 C � 1 @�» 1 �» 0
C v 2 @ > � 2

1 @±� 2
0 B

2v �
and » 1

C va@�» 0 �
Figure7 plotstheEuclideanintersection,asa functionof sequencedifferencefor 1, 2, 3, 5, 10and
20dimensions,with ˆ� C 0 � 5.
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Figure7: Theintersectionvolumeasafunctionof thesequencedifferencefor Euclideanballs
in 1, 2, 3, 5, 10and20dimensions,with ˆ1a2 0 � 5.

Theleft handsideof equation4, in themaintext, is derivedasfollows

Ball > 
�� ˆ�mB
Ball > 
�� 1 B C C > 
²B ˆ� �

C > 
�B 1� C ˆ� � �
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