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Abstract

We presenta methodfor deriving shapespaceparametershat are consistenwith immuno-
logical data, and illustrate the methodby derving shapespaceparametergor a model of
cross-reactie memory Cross-reactie memoryresponsesccurwhenthe immunesystemis
primedby onestrainof a pathogerandchallengedvith arelated but different,strain. Much
of the natureof a cross-reactie responsés determinedy the quantityanddistribution of the
memorycells, raisedto the primary antigen,that cross-reacwith the secondanantigen. B
cellswith above thresholdaffinity for anantigenlie in aregion of shapespacehatwe call a
ball of stimulation. In a cross-reactie responsethe intersectionof the balls of stimulation
of the primaryandsecondanantigenscontainghe cross-reactie B cellsandthusdetermines
the degreeof cross-reactity betweenthe antigens. We derive formulasfor the volume of
intersectiorof balls of stimulationin differentshapespacesandshav thatthe parametersf
shapespace suchasits dimensionality have a large impacton the numberof B cellsin the
intersection.Theapplicationof ourmethodfor deriving shapespaceparametersmdicateghat,
for Hammingshapespacestwentyto twenty-five dimensionsathreeor four letteralphabet,
andballsof stimulationof radiusfive or six, arechoiceghatmatchtheexperimentabata. For
Euclideanshapespacesfive to eightdimensionsandballs of stimulationwith radiusabout
twenty percenpf theradiusof thewhole spacematchthe experimentabata.
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1 Introduction

Cross-reactie memoryis obsenedwhenanindividualdevelopsmemoryto onestrainof apathogen
andis challengedwith a relatedstrain. Vaccinationwith covpox to protectagainstsmallpoxis
an exampleof an early useof cross-reactie memory(Jenner1798;Ada, 1993). Cross-reactie
memoryalso occursin the naturalimmuneresponsdo pathogenghat mutate. Francis(1953)
obsenred that the immune responsdo influenzawas often a recall of the responseo a prior
influenzainfection. Fazekagle St. Groth& Webster(1966)studiedthis phenomenomndcalled
it “original antigenicsin”. Their work, andthat of others(Deutsch& Bussard,1972; Gerhard,
1978;Yarchoar& Nelson,1984),revealedthatsomememorycellsspecificfor theprimaryantigen
werealsocross-reactie with the secondargantigen.Cross-reactie memoryis oftenusefulin that
memoryto a onestrainof a pathogercanprotectagainsiotherstrains. It hasalsobeensuggested
thatmemoryto the primary antigenmay be maintainedby challengewith cross-reactie antigen
(Angelova & Shvwartsman,1982; Matzinger 1994). However, cross-reactie memory can also
be a problembecausanemorycells highly specificfor the secondaryantigenare not formed if
the antigenis clearedtoo quickly by memorycells of the primary antigen. The sameeffect can
potentiallycausevaccinefailure; a vaccinemight be clearedoy memorycells of a prior infection
withoutinducingmemoryto thevaccinecomponents.

Most of the experimentalwork on cross-reactie memoryhasbeenperformedusingtwo strains
of a single organism,or two relatedhaptensas primary and secondaryantigens. Experiments
on morethantwo antigenswvould be usefulin orderto betterunderstandfor example,sequential
infectionswith influenza(Angelova & Shvartsman,1982), pathogenesisf HIV and multivalent
vaccinedesign. We have developeda modeland computersimulationof cross-reactie memory
in orderto performin machina multi-antigenexperimentswith the goal of helpingto understand
theimmuneresponsdo mutatingpathogengandsequentiamultivalentvaccines An adwvantageof
computersimulationds thatall of thedatain thesimulationareeasilymeasuredadisadwantagds
thatthesimulationmayomit or distortimportantaspect®f thesystenbeingmodeled. We describe
someof our efforts to calibratea modelwith immunologicaldatato make it closerto thein vivo
reality.

Much of the characteof a cross-reactie responses determinedy the quantityanddistribution
of the populationof memorycells,raisedto the primaryantigen thatalsoreactwith thesecondary
antigen. Figure 1 shaws thatif we considerthe cellsthatrespondo the primary andsecondary
antigensas sets,thenthe cells that reactwith both antigens the cross-reactie cells, lie in the
intersectiorof thesets.If theantigensarecloselyrelated thentherearealarge numberof cellsin
theintersectiorandtherewill probablybea strongcross-reactie responself theantigensareless
closelyrelated thenthenumberof cellsin theintersections small,andtherewill probablybeonly
a weakcross-reactie response.Becausdhe numberanddistribution of cellsin theintersection
playsa significantrole in the cross-reactie responseit warrantscarefulstudyin a modelbeing
usedto study cross-reactie responsesWe would like to know how the intersectiorvariesasa
function of the antigenicdifferencedetweerthe primary andsecondanantigen. The numberof
cellsin theintersectiorwill dependcnhow we chooseéo modelantibody-antigeimteractionsand
whatparametergalueswe choosdor thisaspecof themodel. In thispapemwe derive parameters,
from experimentaldata,for amodelof cross-reactie memory



The cells in the intersection of these
sets are the cross—reactive clones that
can bind with both antigens, and which
initiate a cross-reactive response.
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Figurel: The cellsthat causea cross-reactie responsare thosein the intersectionof the
setof cells stimulatedby the primary antigenandthe setof cells stimulatedby the secondary
antigen.

2 Shape Space M odel of Antibody-Antigen Interactions

Antibody-antigenbinding affinity? is basedon complementaritypetweenregions of the antigen
andantibody An abstractnodelof this wasintroducedoy Perelsor& Oster(1979).In thismodel
antibodiesandantigensare consideredspointsin a “shapespace’andthe distancebetweenan
antibodyand an antigenis a measureof their affinity for eachother Thus, antibodieswithin
an affinity cutoff for clonal selectionby an antigenform a ball in shapespacecalleda ball of
stimulation.In a cross-reactie responsegachantigenformssucha ball andtheintersectiorof the
ballscontainghecross-reactie antibodiesthusdetermininghedegreeof cross-reactity between
theantigens.ConsequentljtheVenndiagramrepresentatiom Figurel canalsobeinterpretedas
ashapespacediagram.

In orderto make shapespacemore quantitatve Perelson& Oster(1979)representedhe “gen-
eralizedshape”of antibodiesandantigenswith a setof real valuedcoordinates<as, as. .. a, >.
Thus,mathematicallyeachantibodyandantigencouldberegardedasapointin ann-dimensional
real-valued space. The affinity betweenan antigenand antibody was relatedto the distance
betweenthem, which was measuredas the squareroot of the sum of the squaresof the dis-
tancesbetweenthe valuesin eachdimension. For exampleif the coordinatef an antibodyare
<ay,as-..a,> andthecoordinate®f anantigenare<by, b, . . . b, >, thenthedistancebetweerthem
isv/{(a1 — b1)? + (a2 — b2)?> + ... + (an — bs)?}. Shapespaceshatusereal-\aluedcoordinatesand
thatmeasuralistanceahisway, arecalledEuclidean shapespace$Segel & Perelson1988;DeBoer

2We referto the binding of antibodiesandantigen,however, this analysiscould alsobe appliedto the binding of
theT cell receptowith antigenpresenteein MHC.



etal., 1992).

An alternatveto Euclidearshapespacas Hamming shapespacein whichantigensandantibodies
arerepresenteassequencesf symbols(Farmeret al., 1986;DeBoer& Perelson1991;Seiden
& Celada1992;Weishuch& Oprea,1994;Hightoweret al., 1995;Perelsoret al., 1996;Detours
et al., 1996). Suchsequencesanbecanlooselyinterpretedaspeptidesandthe differentsymbols
aspropertiesof eitherthe aminoacidsor of equivalenceclasseof aminoacidsof similar chage
or hydrophobicity The mappingbetweensequenceand shapeis not fully understoodso for
the purposef this paperwe assumehat sequencand shapeare equivalent. This assumption
is reasonablen somesituations,for example Championet al. (1975) shoved that for azurins,
lysozymes andalphasulunits of tryptophansynthetasethat sequencelifferencewascorrelated
with thedegreeof antigenicdifference.However, for someantigenicdeterminantsa singleamino
acid changecan causea large changein antigenicdifference. For suchcasesa differenttype of
analysisvould be needed.

In orderto measurehe affinity betweensequencesye needto definewhatsymbolsarecomple-
mentaryso the Hammingdistancecan be calculated. Any choiceis equivalentmathematically
hencefor simplicity we choosesymbolsto be complementaryo themseles. For example,let
CADBCADB beanantigenandCBDBCDDB anantibody theseare“complementary’in six out of
eightplacesandthushave areasonabhigh affinity for eachother Shapespacesvhich measure
contiguouscomplementargymbols(Percuset al., 1993),or useotherrulesfor complementarity
betweersymbolsequence@Meishuch& Oprea,1994;Detourset al., 1996),have alsobeenused.

A shapespacewill have differentpropertiedependingnthenumberof dimensionsy, theradius
of aball of stimulation,r, and,in the caseof Hammingshapespace pnthe numberof symbolsin

eachdimensionf. As anexampleof how somepropertiesaresensitveto n, k£ andr, Figure2 plots
thevolumeof theintersectiorof two ballsof stimulation,asafunctionof thesequencélifference
betweerthe antigens.Theformulafor theintersectionvolumeis derivedin appendixA. Thus,in

amodelwherethevolumeof theintersections important,asin amodelof cross-reactie memory
shapespaceyarametermustbe chosercarefully

3 TheMethod and its Application

The methodof derving shapespaceparametersrom immunologicaldata consistsof the fol-

lowing steps: (i) determinepropertiesthat areimportantto representorrectlyin the model, (ii)

estimatedatavalues from immunologicalexperimentsthatcharacterizéheseproperties(iii) de-
rive equationdor thesedatavaluesasa function of the parametersf the model, (iv) equatethe
immunologicaldatavalueswith the modelequationsand (v) solve the equationsor the model
parameterskor amodelof cross-reactie memory animportantpropertyto representorrectlyis
cross-reactity, andtheidealdatavalueswould bethe numberof B cellsin theintersectiorof the
ballsof stimulationof antigenf varyingsequencelifferences.

Whenthesequencdifferencds zero,theintersectiorvolumeis thevolumeof aball of stimulation.
What hasbeenmeasuredxperimentallyis the proportionof B cells that respondto an antigen,
andfrom this we canestimatethe absolutenumberof B cellsin a ball of stimulation. Estimates
for the proportion, P,,,, rangefrom 10~ to 10~* (Edelman,1974;Nossal& Ada, 1971;Jerne,
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Figure2: Panels(a), (b) and(c) shav thatasn or k increasepr asr decreasesheintersectiornvolume,
asafunctionof thesequenceifferencefalls off morequickly. Panel(a) shavsthatthebinaryalphabet,
k = 2, hasanunusuaproperty;every otherincreasen sequencédifferencedoesnotcauseadecreasé
theintersectionvolume(Kanena, 1988). Panel(d) shavs n, k, andr setatextremevaluesto illustrate
how muchthe curvescandiffer.

1974). The equationfrom the modelfor the proportion, P, of B cellsrespondingijs volumeof a
ball of stimulationdividedby the volumeof the space Equatingthe experimentaldatavaluesand
theformulafrom theHammingspacenodelwe have

osi= (kz( S 1051010 (1)

Thesize, S, of the shapespaceneedsto be sufficiently large to be ableto representll possible
antibodies. Basedon the numberof genesegmentsusedto encodeantibodies,the numberof

possibleantibodies,S.., is thoughtto be at least10'° (Berek & Milstein, 1988;Lodish et al.,

1995). Includingthe effectsof somatichypermutatiorthe numberof possibleantibodiess mary

ordersof magnitudehigher(Lodishet al., 1995);for exampleit might be ashigh as10'®. Again
equatinghe experimentadatavaluesandthe formulafrom themodelwe have

k™ = 10°t0 10%. (2)

Anotherdatavaluethatcanbe extractedfrom experimentis the sequencelifferenceat which the
intersectionvolumeof the balls of stimulationgoesto zero,i.e. the sequencealifferenceat which
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two antigensno longercross-react.We call this distancethe “cross-reactiorcutoff”. It is more
intricatethanthe above equationsandis derivedin the following subsection.

3.1 Cross-Reaction Cutoff

Theexperimentablatafor the cross-reactiosutoff comesrom two sourcesEastet al. (1980)and
Championet al. (1975). Eastet al. (1980) primedrabbits with beefmyoglobinand split them
into five groups. Eachgroupreceved a secondnjection of myoglobinfrom one of beef,sheep,
pig, whaleor chick. Theantibodytiter to beefmyoglobinwasplottedagainsthe percentsequence
differencebetweerthe myoglobinsgivenin the primaryandsecondarynjections. Thesedataare
almostideal,but notquite. Theantibodytiter wasmeasureatthe peakof thesecondaryesponse,
however we needthe numberof cells at the beginning of the secondaryesponse.Thesevalues
arerelated put thedynamicsof theimmuneresponsenakestherelationcomplex. Whenthereare
no cross-reactie antibodies the relationis simple; we canassumeherewere no cross-reacting
cells at the beginning of the responseandthus determinethe cross-reactiorcutoff. Eastet al.
(1980)estimatethis point, C.,,, to occurin the rangeof 33 to 42% sequencelifferencebetween
the primaryandsecondanantigens.

A secondsourceof thedatavaluefor thecross-reactiosutoff comesrom Champioret al. (1975).
In theseexperimentssevengroupsof rabbitswereprimedwith oneof sevenbacterialazurins.At
tento twelve weeksthe rabbitswere boostedwith the samestrainwith which they wereprimed.
At twentyto twenty-five weeksthe rabbitswereboostedagainon threesuccessie days,with the
samestrain,andthenbled oneweeklater andthe antiserapurified. Micro-complemenfixation
assaysvereusedo determinéhow well eachantiserdixedcomplemento eachof theheterologous
azurins.As with Eastet al. (1980),thesedataarealmostideal, but not quite. The problemis that
the distribution of antibodiesis not uniform, asit hasbeenbiasedby affinity maturationduring
the hyperimmunizationln orderto usethesedatawe would needto know the biasdueto affinity
maturation andthatis not available. We canhowever againdeterminethe cross-reactiorcutoff,
whichthistime is at40% sequenceélifferencebetweertheantigens.

In orderto properlymatchthemodelto theexperimentaktross-reactionutoff, we needo take into
accounthatmemoryB cellsaremoreeasilystimulatedhannaiveB cells. Fishet al. (1989)shaved
thatclonalexpansiorof memoryB cellsrequiredalower affinity antibody-antigemteractionthan
clonalexpansiorof naive B cells. In theirexperimentsA/J miceprimedwith p-azopheglarsonate
(Ars) respondeghredominantlywith clonesderivedfrom asingleVy genesegment,V; 1d°%, and
whenprimedwith p-azopheglsulfonate(Sulf), no suchcloneswereelicited. However, in mice
primedwith Ars andchallengedwith Sulf, clonesoriginally encodedy the V; 1d“F werepresent.
We take this greatersensitvity of memoryB cellsinto accountby increasingheradiusof the ball
of stimulationof the secondarantigenasshownn in Figure3. Thus,whenwe calculatethevolume
of theintersectiornin the model,we musttake theradiusof thefirst (naive) ball of stimulationasr,
andtheradiusof secondmemory)ball of stimulationasr x M.,,.

Two further factorsneedto be taken into accountbefore relating the cross-reactiorcutof in

Svaluesfor our other parametersvere taken from experimentsin mice, however this parameteiis taken from
experimentsn rabbits.



The VHIACR gene segment exists in this DU {0 the extra sensitivity of memory
region; inside the ball of stimulation of Ars, E ce”s,_thle ball ?r‘: St'%“'f‘]f'on for mgmolrly
outside the naive ball of stimulation for Sulf,® C€llS 1S larger than that for naive & cells.
and within the memory ball of stimulation
of Sulf.

/ Ball of stimulation for naive B cells.

Primary antigen (Ars). Secondary antigen (Sulf).

Figure 3: The extra sensitvity of memoryB cells resultsin a ball of stimulationfor the
secondanantigenthatis largerthanthatof the primaryantigen. Theamountthatthe memory

ball of stimulationis greatethanthe naive ball of stimulationis thevalue M., asexplainedin
themaintext.

experimentswith thatin the model. First, vertebratdmmunesystemsonly expressa portion of
their total numberof possibleB cell specificitiesat any onetime. For the mousethis numbeythe
expressedepertoire £, isin therangel 0’ to 5x107 (Kdhler, 1976;Klinmanet al., 1976;Klinman
et al., 1977). In contrastthe formulasin the model give answerdn termsof the numberof all
possibleB cell specificities.Secondanexperimentmight not be ableto detectlessthana critical
numberof B cellsin theintersectiorof ballsof stimulationwhereaghe modelcandetectasingle
B cell. We take thesefactorsinto accountby equatingthe ratio of the intersectionvolume and
shapespacevolumein the model,with theratio of the numberof B cellsanexperimentcandetect

in theintersectionwhichwe assumeo beasingleB cell specificity)andthesizeof theexpressed
repertoire.Thuswe have

I(n, k7,7 Megp,c) 1 3)
km 10" to 108’
wherec rangesfrom 33 to 42% sequencalifference,and wherethe intersectionvolume, I, is
definedin appendixA.




3.2 Solving for Shape Space Parameters

Given valuesfrom experimentsfor M..,, Peyp, Eezp, Sewp and C.,, Equationsl through3
canbe solved" for the Hammingshapespaceparameters:, k£ andr. For example,reasonable
valuesto choosefrom currentimmunologicaldataareC.,, = 0.33 — 0.42 P,,, = 107>, S,,, =
10*, M.,,, = 1.2 andE,,, = 10’, which give shapespaceparameter§n = 20,k = 4,7 = 5} or
{n =25k = 3,r = 6}. Tablel shows solutionsfor differentvaluesof theimmunologicaldata.

S=10"0] S=10"%| s=10"" | §=10'°
n—k—-r|\n—-k—-r|n—-k—r|n—k-—r
6-13-3 5-17-5 4-23-7 4-27-9
7-12-3 6-15-5 5-20-7 5-23-8
E =10 8-11-3 8-13-4 6-18-6 6-21-8
P=10° 9-13-4 7-17-6 8-18-7
10-12-4 8-16-6 9-17-7
M =10 11-12-4
E =10 3-21-4 3-25-6 3-34-10
4-17-3
P=10%| E =10 2-33-6 2-47-10 | 2-53-13
E =10 2-33-6 2-40-8 2-47-10
E =10 3-21-4 3-25-6
P=10° 4-17-3 4-20-5
M=12 E =10 2-47-9 2-53-11
P=10*| E=10 2-33-6 2-40-8 2-47-10
E=10°

Tablel: Thevaluesfor k£, n andr, thatsatisfytheimmunologicaldata,in a Hammingshape
spacefor differentvaluesof M..p, Pezp, Fezp andSe,,. Multiple entriesindicatedmultiple
solutionsandblankentriesindicateno solutions.

4 Using the Same M ethod on Euclidean Shape Space

The methodfor derving shapespaceparametersan be appliedto other shapespaces.other
experimentaldata, and other propertieswe chooseto satisfy As an example,we now usethe
methodto derive parameter$or Euclideanshapespace.

After Perelsor& Oster(1979),we placealimit onthe magnitudeof eachshapespaceparameter
andnormalizedistancesvith respecto this distancesothatdistancesrein therangezeroto one.
We user for thenormalizedradiusand¢ for thenormalizedcross-reactiocutoff.

4We obtainsolutionsby consideringc’sin therange2 to 20, andfor eachk, deriven andr from Equation2 and1
respectiely, andacceptsolutionsthatgive C' betweer0.33and0.42. Solutionsarenecessarilyapproximatebecause
only integervaluesmake sensén a Hammingshapespace.



For Euclidearshapespacegquationl becomes

7 =10"t0 104 (4)

wheretheleft handsideof thisequatioris derivedattheendof appendixB, andequatior3 becomes

I(n,7,7M,C) 1
Ball(n,1)  10"to 108’

(5)

whereé rangesfrom 0.33to 0.42, I is now the EuclideanintersectionvolumeandBall(n, 1) is
thevolumeof then-dimensionaEuclidearshapespacenormalizedo radiusl; bothquantitiesare
derivedin appendixB.

C=033|C=036|C=042

P=10"°| E =10 7/0.19 8/0.24 9/0.28

M=10 E=10° 6/0.15 7/0.19 8/0.24
P=10*| E =10 5/0.16 5/0.16 6/0.22

E=10| 5/0.16 5/0.16 6/0.22

P=10"°| E =10 7/0.19 7/0.19 8/0.24

M=11 E =10 6/0.15 7/0.19 7/0.19
P=10*| E =10 5/0.16 5/0.16 6/0.22

E=10° 5/0.16 5/0.16 5/0.16

P=10"°| E=10 6/0.15 7/0.19 8/0.24

M =12 E=10° 6/0.15 6/0.15 7/0.19
P=10*%| E =10 5/0.16 5/0.16 5/0.16

E=10° 4/0.10 5/0.16 5/0.16

Table2: Solutionsof Equations4 and5, for the modelparameters. and7, that satisfythe
immunologicaldatain a Euclideanshapespace for differentvaluesof Mcyp,, Pezp, Fezp and
Cexp-

Solutionsof Equations4 and5 (Table 2) indicatethat», the numberof dimensionsjs not very
sensitveto thebiologicalvaluesfiveto eightdimensionss aboutright for aEuclidearshapespace
that satisfiesheimmunologicaldatafor a cross-reactie memorymodel. In general the number
of dimensionsncreasess: C.,, increasesk,,, decreases;.,, decreasesyr M.,, decreases.

5 Discussion

Theintersectiorvolumebetweerballsof stimulationfor primaryandsecondarantigenrencounters
playsanimportantrole in cross-reactie memoryresponsesChoicesof shapespaceparameters
have a significanteffect on the intersectionvolume predictedby our model. Thus, care must
be taken whenchoosingshapespaceparameters We have selectedmmunologicaldatathatare
importantfor a modelof cross-reactie memory andhave shovn how we canderive shapespace
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parametergrom thesedata. A comparisonof our findingsfor Euclideanand Hammingshape
spacegFigure4) shavs agreemenin theintersectionvolumeat zerosequencédifferenceandzero
intersectioraswouldbeexpectedasthesewverethedatapointsfor whichtheequationsveresolved.
However, theintersectionvolumesdiffer betweerthesepoints.

,_.
J

== Fuclidean n=8, r=0.24.

"t Hamming n=220, k=4, r=5|

o <] o
S o o]

Intersection/Ball Volume

o
N

o

Percent Sequence Difference

Figure4: A comparisorof theintersectiorvolume,asa function of sequencelifference for
a Euclideanand Hammingshapespace. For both spacesthe shapespaceparametersvere
derived from the immunologicaldata M., = 1.2, P.,;, = 1072, E,,, = 107, C,,p, = 0.42,
and,for Hammingspace Se., = 1012,

Experimentscould be doneto testthe qualitatve relationshipsn this paper if we assumehat
antigenicdifferences proportionalto sequencelifference.ldealdatawould give theintersection
volume, at varioussequencalifferencesfor multiple antigens. As an example,Gerhard(1978)
measurethedegreeof cross-stimulatiobetweervariousstrainsof influenzawith known sequence
differences.Suchdatacould be usedto further determinethe appropriatechoiceof shapespace
parameters.

In prior work, Perelsor& Oster(1979)estimatedhe numberof dimensiongor a Euclidearshape
spacdo bebetweerfive andten. Thisagreesvell with our calculationsvhich suggestiveto eight
dimensiongTable2). Percust al. (1993)useda variationon Hammingshapespacen whichthe
complementargymbolshadto be contiguous.Usingself-nonselidiscriminationargumentsthey
predictedcaboutafifteensymbolbindingregionfor stringsmadefrom athreesymbolalphabetand
a nineteersymbol binding region whenthe complementarngymbolscould bein two contiguous
regions. Herewe find thata twenty symbolbindingregion, with a four symbolalphabetndballs
of stimulationof radiusfive, whichgave aminimumbindingregion of fifteensymbols or atwenty-
five symbolbinding region, with a threesymbolalphabetand balls of stimulationof radiussix,
which gave a minimumbinding region of nineteensymbols to be consistentvith immunological
dataon cross-reactity. X-ray crystallographi@nalysishasshovn thatatypical antibody-antigen
bindingsiteis aboutseventeeraminoacids(Amit et al., 1986),andthattheremight somegapsin

10



thebinding. This matcheswell with our derivationof a twenty symbolbindingregion, anda ball
of stimulationof radiusfive.

Sajel & Perelson(1988) and DeBoeret al. (1992) simulatedimmunologicalprocessesn one
andtwo dimensionalEuclideanspacedecausat facilitatedanalysisand comprehensioof the
dynamics.However, our calculationssuggesthata Euclideanshapespacebetweerfive andeight
dimensionss moreconsistentvith theimmunologicaldataon cross-reactity. Binary alphabets
arecommonwhenHammingshapespacesreused. Seiden& Celada(1992)useda Hamming
spacewith a binary alphabetand eight to fourteendimensions. This allowed themto express
the completerepertoirewhich wasimportantfor their experiments. Farmeret al. (1986)useda
binaryalphabetandthirty-two dimensionsandHightower et al. (1995)usedabinaryalphabetnd
sixty-four dimensions.Binary alphabetsvith a multiple of thirty-two dimensionsarean obvious
choicefor the efficiency of computersimulations. However, binary alphabetshave a stairstep
intersectionvolume,asshovn in Figure 2a, andthusmight not be a goodchoicefor a model of
cross-reactie memory

It may be temptingto suggesthat real antibodiesand antigenscan be characterizedy five to

eightEuclideanparametersyr by twenty or sofour-symbolHammingparametersEitherof these
statementsnay or may not be true, but they shouldnot be inferred by the work presentedhere.
What this work shaws is how to chooseHammingand Euclideanshapespaceparameter®f a

modelsothatthey will matcha chosersetof immunologicalobsenrations.

We have shavn, for Hammingshapespacethatalphabesizesof threeandfour, with the number
of dimensionsan the mid to low twenties,andballs of stimulationof radiusfive to six, aregood
parameterfor usein amodelof cross-reactie memory For Euclidearshapespaceve have shovn
that,for a wide rangeof immunologicaldata,five to eightdimensionsandballs of stimulationof
normalizedradius0.15to 0.22aregoodparametersWe have alsoshowvn that,for Hammingshape
spacebinaryalphabetdiave a stairstepintersectionvolume,andthatlarge alphabet®nly satisfy
the constraintavhenwe chooseaxtremevaluesof theimmunologicaldata.
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Appendix

A Intersection Volumein Hamming Shape Space

Considerann-dimensionaHammingspacewith alphabesizek. Let I and.J bepoints(stringsof
n symbols)n thespaceatHammingdistances from eachother Let K beapointatdistance from
I andj from J, andlet N; ; bethenumberof all suchpoints. Figure5 shavsthethreestrings!, J,
and K, structuredn away to illustratethatthe symbolsof K canbe partitionedinto five groups.
Thesestringscan,withoutlossof generalitybe manipulatedo fit thistemplate pecaus¢he space
hasanautomorphisnmwhich mapsary threepointsto thesetemplatesthe orderof presentatiomf
the dimensionsandthe choiceof symbolsfor eachdimensiondo not alterary of the aspectof
thespacehatinterestus.

Thepatrtitionsa, b, ¢, d, ande of Figure5 canbedescribedn wordsasfollows:

a. thosethatarethesameasboth 7 and.J.

b. thosethataredifferentfrom 7 and.J in aplacewherel and.J arethesame.
c. thosethatarethesameas! in aplacewhereJ differsfrom I.

d. thosethatarethesameas.J in aplacewhere! differsfrom J.

e. thosethataredifferentfrom both 7 and.J in aplacewherel and.J differ.
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' 000...
t S
J 000... 111...
a b C d e
K 000... 111... 000... |111... |222..

Figure5: This figure shawvs the five groupingsof the symbolsof K, andhow thesegroups
relateto thegroupingsn I and.J.

The Hammingdistancebetweenwo stringsis the numberof symbolsthataredifferentbetween
the strings. The Hammingdistancebetweenl and.J is s, the Hammingdistancebetweenk and
I is thesumof b, d ande, andthe Hammingdistancebetweenk and.J is the sumof b, ¢ ande

(Figureb).

Thusfor K to beHammingdistance from I and; from J we musthave (Figure5)
i=b+d+e, (6)

and
j=b+c+e. (7)

Similarly thedistance s, between/ and.J is the sumof the sizesof the partitionsc, d ande, thus
we have

s=c+d+e, (8)

and
t=a-+b. (9)

Becausef equationg8) and(9) andthatthelengthof the stringsis n, we get

n=t+s. (10

Let C bethesetof 5-tuples{a, b, c, d, e}, thatsatisfyequationg6), (7), (8), (9) and(10). Then,

Nij= 2 ( tb> 1%k - 1)”<c’ 2) 6) 1°1%(k — 2)°,

{a,b,c,d,e}eC

wherek is thenumberof symbolsin thealphabet.
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If we write the multinomialsasbinomials,andsubstituten arearrangemeniaf equation(10) for ¢

we get
n—s s\ (s—d
SN L e
! {b,d,e}eC’ b d €

Thefive equations(6) through(10), constrainthe valuesof thefive freevariablesof a, b, ¢, d and
e, to onedgyreeof freedom,i.e. the choiceof eithera, b, ¢, d or e, will determinethe remaining
four values.If we choosel asthefreevariable then

by (7) minus(8) we get
b=d+j—s, (11)

andby (11)into (6) we get
e=i+s—2d—j, (12)

which gives

n—s d+j—s [ S s—d its—2d—j
7 0£5<d+j—s>( ) <d)<z+s—2d—]>( )

Let rq andr; betheradii of the Hammingballs® about/ and.J respectiely. Thentheintersection
volumeis thesumof N, ; forall 0 < i < rgand0 < j < rq, thus

I(n,k,s,ro, 7‘1) = Z Ni,j- (13)
OS’iSTO
0<j<r

B Intersection Volumein Euclidean Shape Space

Thevolumeof theintersectiorof two Euclideanballs of stimulationcanbe calculatedasthe sum
of the two shadedsegmentsin Figure6. Beyer (1981)givesformulasfor 2- and 3-dimensional
segmentsherewe derive thevolumeof n-dimensionasegments.

Thevolumeof asegymentis theintegral, alongtheline S1.5,, from the circumferencef the ball to

theline AB. Theintegrandis ann — 1 dimensionaball with radiusy/2 — (r — z)?, wherez is the
distancdrom the circumferencalong.S;,Sy. Thus,for a segmentof width a7,

Segment(n,r,z") = /w Ball (n — 1, m) dz,
0

where
Ball(n,r) = C(n)r"

5A Hammingball is the setof pointsthatarewithin a distancer of a particularpoint. We call r theradiusof the
Hammingball. Theball andradius terminologyis by analogywith theusual,Euclideannotionof ballsandradii.
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X0 [ x1

ho hl

|

Figure6: Thetwo shadedseggmentsin this figure,whenaddediogetherform theintersection
of the balls. The volumeof a seggmentis calculatedby integratingalongthe line SpS;. The

key to the calculationis thattheintegrandis a ball in the next lower dimensiorwhoseradiusis

the distancefrom Sp.5; to the circumferenceof the segments circle (which variesasx moves
along.Sp.S; duringtheintegration).

and
27/ np((n=1/2) (1, — 1) /2)!

- nl(n/2) n!

C(n

Thus

zI

Segmentn,r,z') = C(n — 1)/ <T2 —(r— I)z)(n—l)/z .

0

Theintersections thesumof the S segmentandthe S; segment,i. e.,

I(n,ro,m1,s) = Segmentn, ro, z9) + Segmentn, r1, 1)

where
xo = mMin(2rg, 2r;, max0, xy)),
x1 = min(2ry, 2r;, max0, x7)),

/
2y = 1o — ho,
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!
xy =11— h,

82 . (7"2 . 7"2)
h — 1 0
0 25 )
and
hl =S5 — ho.

Figure7 plotsthe Euclideanntersectionasa functionof sequencéifferencefor 1, 2, 3,5, 10and
20dimensionswith 7 = 0.5.
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Figure7: Theintersectionvolumeasa functionof thesequencélifferencefor Euclidearballs
in1,2,3,5,10and20dimensionswith 7 = 0.5.

Theleft handsideof equatiord, in themaintext, is derivedasfollows

Ball(n, ) _ C(n)r" _

Ball(n,1) C(n)ln
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