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Algebraic reasoning with inequalities

Let f = 1−X2 and g1 = 2−X −X2, g2 = 2 +X −X2

How can we certify that f is nonnegative where both g1 and g2 are
nonnegative as well?
Notice that

If f1 and f2 are nonnegative over some set S, their sum
f1 + f2 and product f1f2 are also nonnegative in S

Sums of squares are nonnegative over R
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Algebraic reasoning with inequalities

With the above, is clear that
1
3(X

2 − 1)2 + 1
6(X + 1)2 · g1 + 1

6(X − 1)2 · g2 is nonnegative
over the intervals where both g1, g2 are nonnegative.

Furthermore,
f = 1

3(X
2 − 1)2 + 1

6(X + 1)2 · g1 + 1
6(X − 1)2 · g2, so f holds

the desired property.

This particular representation of f allows us to quickly check
the nonnegativity over a solution set.

How can we find such
representations for any nonnegative polynomial over an
arbitrary set of polynomials?
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Naive approach

Iteratively “find” real coefficients for m summands of degree d

f =

m∑
i=1

(a0,i,0 + a0,i,1X + · · ·+ a0,i,dX
d)2

+
m∑
i=1

(a1,i,0 + a1,i,1X + · · ·+ a1,i,dX
d)2 · g1

+
m∑
i=1

(a2,i,0 + a2,i,1X + · · ·+ a2,i,dX
d)2 · g2
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Naive approach

For m = d = 1, we have

1− a20,1,0 − 2a21,1,0 − 2a22,1,0 = 0

−2a0,1,0a0,1,1 + a21,1,0 − 4a1,1,0a1,1,1 − a22,1,0 − 4a2,1,0a2,1,1 = 0

−1− a20,1,1 + a21,1,0 + 2a1,1,0a1,1,1 − 2a21,1,1 + a22,1,0 − 2a2,1,0a2,1,1 − 2a22,1,1 = 0

2a1,1,0a1,1,1 + a21,1,1 + 2a2,1,0a2,1,1 − a22,1,1 = 0

a21,1,1 + a22,1,1 = 0

No solution exists for this system of equations
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Naive approach

# of partial
solutions Minimum Median Average Maximum Successful runs

6 0.015574 0.0191525 0.0192074 0.02764 84/84
5 0.016363 0.0200115 0.0217022 0.060212 126/126
4 0.017195 0.0278745 0.0769109 2.53658 120/126
3 0.01968 0.07222 0.4273 7.32189 72/84
2 0.336124 0.951686 3.46394 12.4142 16/36
1 N/A N/A N/A N/A 0/9

Table: Execution times of FindInstance with added partial solutions for
the Naive approach search.
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Extended Gram matrix approach

A polynomial f is a sums of squares if and only if there exists
a semidefinite positive matrix A such that f = vTAv for some
vector of monomials v

Uses semidefinite programming (SDP) to find the sums of
squares for the certificate

SDP solvers rely on interior points methods (numerical
methods), so the answer is an approximation
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Extended Gram matrix approach

Example

Consider f = 1−X +X2 −X3 +X4

Since

A =

 1 −1
2 0

−1
2 1 −1

2
0 −1

2 1

 =


1 −1

2 0

0
√
3
2 − 1√

3

0 0
√

2
3


T 

1 −1
2 0

0
√
3
2 − 1√

3

0 0
√

2
3

,

and

f =
(
1 X X2

)
A

 1
X
X2

, then f is a sums of squares

In fact, f =
(
1− 1

2X
)2

+
(√

3
2 X − 1√

3
X2

)2
+
(√

2
3X

2
)2
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Extended Gram matrix method

A0 =

 0.333333 2.783040 × 10−17 −0.333333

2.783040 × 10−17 3.871773 × 10−8 −2.073324 × 10−17

−0.333333 −2.073324 × 10−17 0.333334



A1 =

 0.166667 0.166667 −1.197158 × 10−14

0.166667 0.166667 2.533843 × 10−8

−1.197158 × 10−14 2.533843 × 10−8 2.533843 × 10−8



A2 =

 0.166667 −0.166667 −1.198342 × 10−14

−0.166667 0.166667 −2.533843 × 10−8

−1.198342 × 10−14 −2.533843 × 10−8 2.533844 × 10−8


m

T
=

(
1 X X2

)

f =
2∑

i=0

(m
T
Aim) · gi

≈ (0.57735 + 4.82037 ∗ 10
−17

X − 0.57735X
2
)
2

+ (0.000196768X + 3.60686 ∗ 10
−14

X
2
)
2
+ (0.000196768X

2
)
2

+ ((0.408248 + 0.408248X − 2.93243 ∗ 10
−14

X
2
)
2
+ (0.000253093X + 0.000100115X

2
)
2

+ (0.000123755X
2
)
2
) · g1

+ ((0.000253093X − 0.000100115X
2
)
2
+ (0.408248 − 0.408248X − 2.93533 ∗ 10

−14
X

2
)
2

+ (0.000123755X
2
)
2
) · g2

= 1 + 2.77705 ∗ 10
−16

X − X
2

−9.69776 ∗ 10
−17

X
3
+ 6.85159 ∗ 10

−8
X

4 − 2.36719 ∗ 10
−17

X
5 − 5.06769 ∗ 10

−8
X

6
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Literature about the problem

Constructive real algebraic geometry [LPR14; Lom92]

Complexity degree bounds for effective
Positivstellensatz [Sch02; PR01; NS07; Las01]

Membership checking using valuation theory [Jac99; JP01;
CP08; Wag09]

Certificate computation using symbolic-numeric
approaches [PP08; MS18; Kal+08]
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Preliminaries

Let A ⊆ R be the set of real algebraic numbers, and
A[X] = A[X1, . . . , Xn].

Given a polynomial f ∈ A[X], Z(f) denotes the real zeros of
f∑

A[X]
2
denotes

{∑n
i=1 f

2
i | fi ∈ A[X]

}
The semialgebraic set of G = {g1, . . . , gs} ⊆ A[X], denoted
by S(G), is defined by
S(G) := {x ∈ Rn | gi(x) ≥ 0, 1 ≤ i ≤ s}.
Given S ⊆ Rn, Pos(S) := {f ∈ A[X] | f(x) ≥ 0, ∀x ∈ S}.
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Preliminaries

Definition

A quadratic module in A[X] is a subset that is closed under addition, closed
under multiplication with squares in A[X], and contains 1.

Given a set of polynomials G = {g1, . . . , gs} ⊆ A[X], the quadratic module
generated by G (abbreviated QM(G)) is the set{

σ0 +

s∑
i=1

σi · gi | σi ∈
∑

A[X]
2
, 0 ≤ i ≤ n

}

A preordering in A[X] is a subset that is closed under addition, closed under

multiplication, and contains the sums of squares
∑

A[X]
2
of A[X].

The preordering generated by a set of polynomials G (abbreviated PO(G)) is the
set  ∑

(e1,...,es)⊆{0,1}s
σ(e1,...,es) · g

e1
1 · · · gess | σ(e1,...,es) ∈

∑
A[X]

2


A quadratic module Q is called Archimedean if Q contains a polynomial of the

form N −
∑n

i=1 X
2
i where N ∈ N+.
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∑

A[X]
2
, 0 ≤ i ≤ n

}

A preordering in A[X] is a subset that is closed under addition, closed under

multiplication, and contains the sums of squares
∑

A[X]
2
of A[X].

The preordering generated by a set of polynomials G (abbreviated PO(G)) is the
set  ∑

(e1,...,es)⊆{0,1}s
σ(e1,...,es) · g

e1
1 · · · gess | σ(e1,...,es) ∈

∑
A[X]

2


A quadratic module Q is called Archimedean if Q contains a polynomial of the

form N −
∑n

i=1 X
2
i where N ∈ N+.
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Problem statement

We refer to the sums of squares σi’s in the above definition as
the certificates.

The certificate problem for quadratic modules: Given a
set of generators G and a member f ∈ QM(G), to find the
sums of squares multipliers σ0, σ1, . . . , σs such that
f = σ0 +

∑s
i=1 σi · gi.

We refer to the polynomial f as the input polynomial.

This thesis is concerned with the computational aspects of
finding certificates for members in Archimedean quadratic
modules in A[X].
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Core ideas and main ingredients

The Membership Problem for quadratic modules with focus
on the one dimensional case [Aug08; Aug12]

Provides a decision algorithm to check membership in
Archimedean quadratic modules in R[X]

Computing Certificates of Strictly Positive Polynomials in
Archimedean Quadratic Modules [Sha+25]

Describes an algorithm to compute certificates of strictly
positive polynomials

Positivity, sums of squares and the multi-dimensional moment
problem [KM02]

Introduces natural generators

Positivity, sums of squares and the multi-dimensional moment
problem II[KMS05]

Introduces the Basic Lemma and a constructive proof of it
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Membership check

Definition

Let f be a non-zero polynomial in R[X]. Given a point a ∈ R,
the order of f at a, denoted orda(f), is the minimum natural
number n such that dnf

dXn (a) ̸= 0.

The epsilon-sign of f at a, denoted ϵa(f), is defined as 1 if
dnf
dXn (a) > 0 where n = orda(f) and −1 otherwise.

Definition

[[Aug08, p. 43]] Let G := {g1, . . . , gs} ⊆ R[X].

κa(G) := min
1≤i≤s

{orda(gi) | orda(gi) ∈ 2N, ϵa(gi) = −1}

κ+a (G) := min
1≤i≤s

{orda(gi) | orda(gi) ∈ 2N+ 1, ϵa(gi) = 1}

κ−a (G) := min
1≤i≤s

{orda(gi) | orda(gi) ∈ 2N+ 1, ϵa(gi) = −1}

Each of these functions take the value ∞ if there is no
polynomial gi in G satisfying the conditions.
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Membership check

Theorem ([Aug08, p. 47])

Let f ∈ R[X] and G = {g1, . . . , gs} ⊆ R[X] with S = S(G) bounded. Then
f ∈ QM(G) if and only if f |S ≥ 0 and

1 for every left boundary point a of S \ Sisol, we have orda(f) is even or
orda(f)− κ+

a (G) ∈ 2N0

2 for every right boundary point a of S \ Sisol, we have orda(f) is even or
orda(f)− κ−

a (G) ∈ 2N0

3 for every isolated point a of S, we have orda(f) is even and ϵa(f) = 1 or

Case 1: orda(f) ≥ κa(G) if κa(G) < κ+
a (G) and

κa(G) < κ−
a (G)

Case 2: (orda(f)− κ+
a (G) ∈ 2N0 and ϵa(f) = 1) or

orda(f) ≥ min{κa(G), κ−
a (G)} if

κ+
a (G) ≤ min{κa(G), κ−

a (G)}
Case 3: (orda(f)− κ−

a (G) ∈ 2N0 and ϵa(f) = −1) or
orda(f) ≥ min{κa(G), κ+

a (G)} if
κ−
a (G) ≤ min{κa(G), κ+

a (G)}
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The Certificate algorithm

It computes certificates in R[X]. It extends a semi-constructive
result in [Ave13].

Lemma

[Ave13, Lemma 7 p. 4] Let G = {g1, . . . , gs}, S := S(G), and let
f ∈ A[X] be strictly positive on S. Let B be a compact subset of
Rd. Then there exists g ∈ QM(G) such that f − g is strictly
positive on B.

The algorithm has a specialized version for the univariate case.

1 Computes a polynomial g in QM(G) with bounded
semialgebraic set.

2 Uses a constructive result of Lemma 7 in [Ave13] and a
generalization result of the latter which produces a polynomial
of the form f − g̃ that is strictly positive over R where
g̃ ∈ QM(G). The latter is a sums of squares in the univariate
case.
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of the form f − g̃ that is strictly positive over R where
g̃ ∈ QM(G). The latter is a sums of squares in the univariate
case.
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Natural generators

Definition

[KM02] For a given semialgebraic set S ̸= ∅, the natural
generators of S, denoted Nat(S), are the set of polynomials
including:

(i) If a ∈ S and (−∞, a) ∩ S = ∅, then X − a ∈ Nat(S). This
is called the left natural generator or simply the left
generator of Nat(S).

(ii) If b, c ∈ S, b < c, (b, c) ∩ S = ∅, then
(X − b)(X − c) ∈ Nat(S). This is called a quadratic
generator of Nat(S).

(iii) If d ∈ S and (d,∞) ∩ S = ∅, then −(X − d) ∈ Nat(S). This
is called the right natural generator or simply the right
generator of Nat(S).

(iv) Nat(S) has no other elements except these.

If S = ∅, then the set of natural generators is {−1}.
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The Basic Lemma

Theorem

[KMS05, Basic Lemma (Lemma 2.1)] Suppose f, g ∈ Pos(S(G))
are relatively prime. There exist strictly positive polynomials σ, τ
over S(G) such that 1 = σf + τg.

Theorem

[KMS05, Corollary 2.3 (i)] Given f, g ∈ Pos(S(fg)) being
relatively prime, where S(fg) is compact, there exists
σ, τ ∈

∑
R[X]2 such that 1 = σf + τg.
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The Basic Lemma

Input: f, g ∈ A[X]
S bounded ⊆ R

Find s, t such that
1 = sf + tg

s1 := s + Ng
t1 := t − Ng

δ = 9
10 maxx∈S(fg)

r := s1δf
∑k−1

i=0 (1− δfg)i

σ := s1 − rg
τ := t1 + rf

Find N > 0 such that
s + Ng > 0 over S ∩ S(−p)

Find ϵ > 0 and k ∈ N such that
f > 0, 1 > ϵδf, ϵt1 + s1f > 0,

ϵt1 + s1f > s1(1 − ϵδf)k over S ∩ S(ϵ − g)
1 > s1f(1 − ϵδf)k over S ∩ S(g − ϵ)

Figure: High-level description of the Basic Lemma construction
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Assumptions

For algorithmic results, we assume the polynomials considered
have rational coefficients

The real roots of the polynomials are obtainable [BPR06]

Sign conditions of the evaluation of a polynomials at algebraic
points is computable [BPR06], i.e., given f ∈ A[X] and
a ∈ A, we can decide whether f(a) is negative, zero, or
positive
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Notation

Definition

Let G = {g1, . . . , gs}, H = {h1, . . . , ht} be such that
QM(G) ⊆ QM(H) and f ∈ QM(G).

Assume that we have a
certificate of f = σ0 +

∑s
i=1 σi · gi in QM(G) and certificates for

each gi = σ0,i +
∑t

j=1 σj,i · hj in QM(H).
We refer to lifting f from QM(G) to QM(H) as the action of
obtaining a certificate of f in QM(H) by replacing the
certificates of each gi in QM(H) with the certificate of f in
QM(G), i.e., f = (σ0 +

∑s
i=1 σiσ0,i) +

∑t
j=1 (

∑s
i=1 σiσj,i) · hj .
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Notation

Notice that if we consider certificates as vectors of dimension
1× n+ 1 where n is the number of generators, lifting can be
formulated as a matrix multipliciation operation, i.e.,

(
σ0 σ1 · · · σs

)


1 0 · · · 0
σ0,0 σ1,1 · · · σt,1
...

...
. . .

...
σ0,s σ1,s · · · σt,s


=

(
σ0 +

∑s
i=1 σiσ0,i

∑s
i=1 σiσ1,i · · ·

∑s
i=1 σiσt,i

)
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Main Results
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Contributions

1 Compactification algorithm: This algorithm allows us to take
a polynomial f in QM(G) and compute another element h in
QM(G) such that

S(h) is bounded,
h have the same zeros of f
the order and ϵ sign conditions of f and h are the same

2 Solve the certificate problem of saturated quadratic modules
by lifting a certificate in the preordering structure using
natural geneators

3 Identify redundancies in the generator and input polynomial in
the monogenic case

4 Solve the certificate problem of monogenic quadratic modules
by combining the Basic Lemma and removing roots with even
multiplicities
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Contributions

5 We define the concept of pure and mixed polynomials with
respect to a set of generators

6 Introduce a set of intermediate generators Hf,G with the
property that certificates of products of its members are
computable

7 Solve the general certificate problem of Archimedean
quadratic modules in the univariate case with a symbolic and
exact algorithm

8 Certify the emptiness of a quadratic modules in the
multivariate case by computing a certificate of −1 for a single
generator
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Key Ideas, Constructions &
Examples
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Compactification

A specialized version of the Basic Lemma (Theorem 9),
further assumes that if S = S(fg) is bounded, then σ, τ can
be chosen to be sums of squares

If S(fg) is not bounded, we cannot use the SOS variant of
the Basic Lemma

Compactification aims to ensure we can use the SOS variant
of the Basic Lemma even though S(fg) is not bounded.
The method is a specialized and efficient version of the Basic
Lemma applied to the inputs f , ϵ− f for some ϵ > 0, and a
set of generators G
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Compactification

Given a polynomial f ∈ QM(G), the compactified polynomial
of f , denoted compactG(f), is a polynomial such that
S(compactG(f)) is bounded and compactG(f) satisfies the
same order and sign conditions at the roots of f .

To accomplish the latter, we find an auxiliary strictly positive
polynomial h such that fh satisfies the above properties of
compactG(f); therefore, we define compactG(f) := fh.
Consequently, compactG(f) ∈ QM(G).

We distinguished three cases:

When S(f) is unbounded to the right
When S(f) is unbounded to the left
When S(f) is unbounded on both sides
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Compactification with S(f) unbounded to the right

Algorithm 1: Computing auxiliary polynomial h when S(f) is
unbounded to the right

Input: f ∈ A[X], bound ∈ A
Output: σ ∈ A+ and τ, h ∈ A[X]
Requires: deg(f) = n is odd and the leading coefficient of f is positive
Ensures: 1 = σf + τh, σ, τ ∈

∑
A[X]2

1 if f has r1 < · · · < rn as roots then
2 Let C be the Cauchy bound of f ;
3 else
4 Let C be the Cauchy bound of d

dX
f ;

5 I := [−C,max(bound,C)];
6 ϵ := maxx∈I(f);
7 α := real root of ϵ− f of odd degree;

8 σ := 1
ϵ
;

9 h := −(X − α);
10 τ := σ · quotient(ϵ− f, h);
11 return σ, τ, h;
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Compactification with S(f) unbounded to the right

Example

1 Let G = {−(X + 1)(X − 1)} and
f = (X + 2)(X − 2)(X − 3).

2 The semialgebraic set of G is [−1, 1] while
S(f) = [−2, 2] ∪ [3,∞).

3 We calculate the Cauchy bound of f , which is 20. Then we
compute the maximum value of f over I, which is 6732 at
x = 20, that is, at the right end point of I.

4 We have ϵ− f = 6720 + 4X + 3X2 −X3 =
(336( 17

672X + 1)2 + 1055
1344X

2) · (−(X − 20)). Hence,
h = −(X − 20), which is strictly positive over S(G).
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Certificate problem for saturated quadratic modules

A saturated quadratic module contains all the nonnegative
polynomials over the associated semialgebraic set S(G)

Equivalently, the signature only admits single multiplicities at
the end points [KMS05, Theorem 3.2]

Our approach lifts a certificate in the preordering structure
using natural generators by computing certificates of the
products of the natural generators and obtaining certificates
of the natural generators in terms of the original generators
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Certificate problem for saturated quadratic modules

Example

The natural generators are n1 = X + 1 and n2 = −(X − 1).

Then, we compute the certificate of f in terms of the
preordering generated by the natural generators PO(n1, n2). In
this case, we note that f is the product of n1 and n2.
To lift the certificate of f from PO(n1, n2) to QM(n1, n2), we
compute the certificate of the product of n1 and n2 in
QM(n1, n2). For the latter, we obtain
n1n2 =

1
2(X − 1)2 · n1 +

1
2(X + 1)2 · n2.
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Certificate problem for saturated quadratic modules

Example

To obtain a certificate of f in the quadratic modules generated
by G, we obtain certificates of natural generators in terms of
QM(G).

This step is done using the Basic Lemma construction
as follows:

1 First, we obtain a certificate of n1 using g2 applying the
Basic Lemma with n1 and g2

n1
= −(X − 2). We obtain

1
3n1 +

1
3
g2
n1

= 1; therefore, multiplying n1 by the previous

equation we have n1 =
1
3n

2
1 +

1
3 · g2, which is a certificate of

n1 in QM(g2).

2 Now, we obtain a certificate of n2 using g1 applying the
Basic Lemma with n2 and g1

n2
= (X + 2). We obtain

1
3n2 +

1
3
g1
n2

= 1; therefore, multiplying n2 by the previous

equation we obtain n2 =
1
3n

2
2 +

1
3 · g1, which is a certificate

of n2 in QM(g1).
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Certificate problem for saturated quadratic modules

Example

Finally, we lift the certificate of f from QM(n1, n2) to QM(G)
substituting the certificates of n1 and n2, respectively. We
obtain

f =
1

2
(X − 1)2 · n1 +

1

2
(X + 1)2 · n2

=
1

2
(X − 1)2(

1

3
n2
1 +

1

3
· g2) +

1

2
(X + 1)2(

1

3
n2
2 +

1

3
· g1)

= (
1

6
((X − 1)(X + 1))2 +

1

6
(X − 1)2 · g2)

+ (
1

6
((X + 1)(X − 1))2 +

1

6
(X + 1)2 · g1)

=
1

3
((X − 1)(X + 1))2 +

1

6
(X + 1)2 · g1 +

1

6
(X − 1)2 · g2
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Comparison with alternative approaches

Example

Consider f = X + 2 and g1 = −(X + 2)(X + 1)(X − 1)(X − 3)

Our approach: X + 2 = s0 +
1
15 · g1 where

s0 =
3
5((X + 2)(− 5

18X + 1))2 + 11
540((X + 2)X)2. In

expanded form, the degrees of the certificates are
deg(s0) = 4 and deg(s1) = 0.
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Comparison with alternative approaches

Example

Shang’s et al approach: We obtain the certificates
X + 2 = s2 + s3 · g1 where

s2 =
63
125 ((X+2)( 521

559872X
4+ 13513

435456X
3− 61819

483840X
2− 16

63X+1))2+
2153239
10080000 ((X + 2)( 39646495

2092948308X
4 − 3092335

38758302X
3 − 558449

2153239X
2 +

X))2 + 21390631747541989
428635813478400000 ((X + 2)( 21685151003276690

577547057183633703X
4 −

25691071038847010
64171895242625967X

3+X2))2+ 202747529142388112939383
89820118333198713490560000 ((X+

2)(− 923471009955226677313145
3649455524562986032908894X

4 +X3))2 +
59573723983908118887294869491

13791788753274864784463186035584000 ((X + 2)(X4))2

s3 = 1
15

(X−(−1))2

(−2−(−1))2
(X−1)2

(−2−1)2
(X−3)2

(−2−3)2

In expanded form, the degrees of the certificates are
deg(s2) = 10 and deg(s3) = 6.
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Comparison with alternative approaches

Example

Extended Gram matrix approach: We obtain the
certificates

f = ((m3)TA0m
3) + ((m3)TA1m

3) · g1
≈ (1.5492 + 0.344267X − 0.21517X2)2 + (0.+ 0.000581784X2)2

+ (0.+ 0.285441X + 0.14272X2)2

+ ((0.258205 + 1.75314 ∗ 10−6X − 0.0000967477X2)2

+ (0.+ 0.00708567X + 6.68609 ∗ 10−6X2)2

+ (0.+ 0.000136995X2)2) · g1

In expanded form, the degrees of the certificates are
deg((m3)TA0m

3) = 4 and deg((m3)TA1m
3) = 4.
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Experimental comparison

The following benchmark compares CertSatQM with RealCertify

and MomentPolynomialOpt.

We use monogenic generator of the form g = −
∏k

n=1 (X
2 − n2)

and strictly positive polynomials of the form (X + k) + 1 and
−(X − k) + 1.
We use the multivsos command from RealCertify with settings
1 algo = 1, gmp = true allowing RealCertify to find exact
certificates;
We use the sos decompose command from
MomentPolynomialOpt with settings
exact = true, round = 10000 to obtain exact certificates and
allow the software to handle high-precision terms.

1These are interval variables of the package
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Experimental comparison

RealCertify MomentPolynomialOpt CertSatQM

k Time Degree Time Degree Time Degree

1 0.03 4 0.071 2 0.094 2
2 0.06 4 0.289 4 0.021 4
3 0.012 6 0.085 6 0.029 6
4 0.027 8 0.104 8 0.035 8
5 0.037 10 0.124 10 0.044 10
6 N/A N/A 0.154 12 0.055 12
7 N/A N/A 0.173 14 0.068 14
8 N/A N/A 0.191 16 0.083 16
9 N/A N/A 0.221 18 0.094 18
10 N/A N/A N/A N/A 0.161 20

Table: Computing certificates of strictly positive polynomials of the form
(X + k) + 1
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Experimental comparison

RealCertify MomentPolynomialOpt CertSatQM

k Time Degree Time Degree Time Degree

1 0.03 4 0.115 2 0.093 2
2 0.005 4 0.261 4 0.019 4
3 0.012 6 0.086 6 0.027 6
4 0.027 8 0.102 8 0.04 8
5 0.036 10 0.122 10 0.046 10
6 N/A N/A 0.146 12 0.056 12
7 N/A N/A 0.176 14 0.067 14
8 N/A N/A 0.2009 16 0.083 16
9 N/A N/A 0.214 18 0.095 18
10 N/A N/A N/A N/A 0.157 20

Table: Computing certificates of strictly positive polynomials of the form
−(X − k) + 1
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Certificate problem for monogenic quadratic modules

A monogenic quadratic module is generated by a single
generator

Our approach separates concerns by simplifying the input
polynomial based on the signature structure and “factoring
out” a strictly positive polynomial and “in-between” factors

The remaining part of the input polynomial is processed using
the SOS variant of the Basic Lemma in order to compute a
certificate of such factor from the generator

Finally, we combine the previous certificates for each factor
mentioned to obtain a certificate of the input polynomial
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Certificate problem for monogenic quadratic modules

Example

Let G = g where g = −(X + 1)2(X − 1)2 and the input
polynomial f = (X + 1)3.

The common isolated point of even multiplicity is −1. Hence,
we work on the problem of finding a certificate of f1 := X +1 in
QM(−(X − 1)2). Since f1 is strictly positive over
S(−(X − 1)2) = {1}, we use Certificate to compute a certificate,
we obtain f1 = s0 + s1 · (−(X − 1)2) where

s0 =
19
10(−

4
19X + 1)2 + 31

38(X)2

s1 =
9
10

Multiplying (X + 1)2 by the certificate of f1, we obtain
f = (X + 1)2s0 +

9
10(X + 1)2 · g.
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Experimental comparison

This benchmark uses a monogenic generator
gn := −

∏n
m=1 (X

2 −m2)2 whose semialgebraic set consists of
only isolated points; the semialgebraic set of gn is

⋃n
m=−n {m}.

We compute certificates for the left generalized natural generator
(X + n)3 and the intermediate generalized natural generator
(X + 1)3(X − 1)3.
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Experimental comparison

Shang’s general method MonogenicCert

n Degree Time (seconds) Degree Time (Seconds)

1 6 0.009 4 0.008

2 10 0.016 8 0.015

3 14 0.024 12 0.020

4 18 0.045 16 0.032

5 22 0.037 20 0.072

6 26 0.049 24 0.052

7 30 0.062 28 0.074

8 34 0.093 32 0.087

9 38 0.087 36 0.171

Table: Benchmark for left generalized natural generator (X + n)3
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Experimental comparison

Shang’s general method MonogenicCert

n Degree Time (seconds) Degree Time (Seconds)

1 8 0.014 8 0.003

2 12 0.020 8 0.090

3 16 0.027 12 0.102

4 20 0.036 16 0.234

5 24 0.055 20 0.369

6 28 0.057 24 1.549

7 32 0.078 28 0.950

8 36 0.107 32 1.524

9 40 0.106 36 2.328

Table: Benchmark for intermediate generalized natural generator
(X + 1)3(X − 1)3
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Certificate problem for general univariate quadratic
modules

We extend the simplification procedure introduced in the
monogenic case to handle multiple polynomials

Introduce the following concepts:

Matching, pseudo-matching, and pair-matching
Pure and mixed polynomials using LocalRelativeGens and
RelativeGens

Introduce the intermediate set of generator Hf,G to recover
the input polynomial by making products of its members
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Certificate problem for general univariate quadratic
modules

Definition

Let f, g, h ∈ A[X], and a ∈ A.
1 f matches g at a if

orda(f) is even and ϵa(f) = 1, or
0 ≤ orda(f)− orda(g) is even and ϵa(f) = ϵa(g)

2 f pseudo-matches g at a if

f(a) > g(a), or
orda(g) + 1 ≤ orda(f) is odd, orda(g) is even, and
ϵa(g) = −1

3 f pair-matches (g, h) at a if the following hold

max(orda(g), orda(h)) + 1 ≤ orda(f) is even,
orda(g), orda(h) are odd, and
ϵa(gh) = ϵa(f) = −1
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Certificate problem for general univariate quadratic
modules

1 matching: this case detects when f is a local sums of squares
at a, or identifies the generators with same order parity and
signs with f at a.

2 pseudo-matching: this case detects when f is a strictly
positive polynomial over S(G), particularly at a, or identifies
the generators with even order, orda(f) is odd and the sign of
the associated generator g at a is negative.

3 pair-matching: this case identifies the pairs of generators
with both odd orders and orda(f) is even, and the sign with f
at a is negative.
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Certificate problem for general univariate quadratic
modules

Definition

Let G = {g1, . . . , gs} ⊆ A[X] and f ∈ A[X]. Let us define
LocalRelativeGens(f,G, a) and RelativeGens(f,G) as subsets of G as

LocalRelativeGens(f,G, a) := {g ∈ G | f matches or pseudo-matches g at a}

RelativeGens(f,G) :=
⋂

a∈Z(f)

LocalRelativeGens(f,G, a)

We say that f is pure with respect to G if RelativeGens(f,G) is not empty. We

say that f is mixed with respect to G if f is not pure with respect to G or there

are gi, gj ∈ G and a point a ∈ Z(f) such that f pair-matches (gi, gj) at a.

The motivation for the above definitions allows us to distinguish
two cases of members in a quadratic module. If f ∈ QM(G) is
pure and f ≥ 0 over S(compactG(g)) for some
g ∈ RelativeGens(f,G), then f ∈ QM(compactG(g)).
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Certificate problem for general univariate quadratic
modules

The intermediate set of generators Hf,G satisfies the following
conditions:

1 The strictly positive factor fpos of f is strictly positive over
S(Hf,G).

2 Let fnon−neg := f
fpos

. S(Hf,G) ⊆ S(fnon−neg) ∩ [α, β] for

some α < S(G) < β.

The first condition allows us to simplify the input polynomial, as
the method processes the real roots of the input polynomial.
The second condition ensures that the semialgebraic set of Hf,G is
bounded and fnon−neg remains nonnegative over S(Hf,G).
Additionally, we can use the Certificate algorithm to compute a
certificate of fpos in QM(Hf,G).
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Certificate problem for general univariate quadratic
modules

Example

Let f = (X + 1)(X − 1) with the set of generators G = {g1, g2}
where g1 = −(X + 2)(X + 1)3(X − 1)(X − 2) and
g2 = (X + 1)(X − 1)3.

We obtain
Hf,G = {X +3, (X +1)X, (X + 1

2)(X − 1
2), X(X − 1),−(X − 3)}

and their certificates in QM(G).
The certificate of the product (X + 1)X,X(X − 1) in
QM(Hf,G) is
(X+1)X2(X−1) = 1

2(X−1)2 · (X+1)X+ 1
2(X+1)2 ·X(X−1).

Now, we apply the BasicLemma algorithm with inputs f,X2

and Hf,G to obtain σ, τ strictly positive over S(Hf,G) such that
1 = σf + τX2. We obtain:
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Certificate problem for general univariate quadratic
modules

Example

σ = 1
360(

−1440−19X2+19X4

1440 )160(−1
4 +X2)(−(−1440− 19X2 +

19X4))

τ = 1− 4(−1 +X)(1 +X) + 19
1440(−1 +

4X2)
∑160

i=0 (1−
19(−1+X)X2(1+X)

1440 )i((X + 1)(X − 1))2

We check τ is a nonnegative polynomial over R so it can be
decomposed into a sums of squares. On the other hand, σ is not
nonnegative over R as S(σ) ≈ [−3.03646,−1

2 ] ∪ [12 , 3.03646] but
only strictly positive over S(Hf,G); hence, we compute a
certificate of σ in QM(Hf,G) using the Certificate algorithm.
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Certificate problem for general univariate quadratic
modules

Example
We obtain
σ = s0 + s1 · (X + 3) + s2 · (X + 1)X + s3 · (X + 1

2
)(X − 1

2
) + s4 · X(X − 1) + s5 · (−(X − 3))

where

s0 = 4
1440

(−1440−19X2+19X4

1440
)160( 130387

8442
((− 1

2
− X)2( 1

2
− X)2(3 − X)2(− 1279974

2567725
−

426658X
2567725

)140) + 130387
8442

((− 1279974
2567725

+ 426658X
2567725

)140(− 1
2

+ X)2( 1
2

+ X)2(3 + X)2))

s1 = 4
1440

(−1440−19X2+19X4

1440
)160( 130387

8442
(− 1

2
− X)2( 1

2
− X)2(3 − X)2(− 1279974

2567725
−

426658X
2567725

)140(
71(1− 12X

71
)2

210
+ 2X2

213
) + 130387

8442
(− 1279974

2567725
+ 426658X

2567725
)140(−3 +

X)2(− 1
2

+ X)2( 1
2

+ X)2(
71(1+ 12X

71
)2

210
+ 2X2

213
))

s2 = 0

s3 = 4
1440

(−1440−19X2+19X4

1440
)160(1440 − ( 651935

804
(3 − X)(− 1279974

2567725
−

426658X
2567725

)140) + 19X2 − 19X4 − ( 651935
804

(− 1279974
2567725

+ 426658X
2567725

)140(3 + X)) +

( 130387
1407

(3 − X)2(− 1279974
2567725

− 426658X
2567725

)140(3 + X)2( 71
210

(1 − 12X
71

)2 + 2X2

213
)) +

( 130387
1407

(3 − X)2(− 1279974
2567725

+ 426658X
2567725

)140(3 + X)2( 71
210

(1 + 12X
71

)2 + 2X2

213
)))

s4 = 0

s5 = 4
1440

(−1440−19X2+19X4

1440
)160(( 130387

8442
(−3 − X)2(− 1

2
− X)2( 1

2
−

X)2(− 1279974
2567725

− 426658X
2567725

)140(( 71
210

(1 − 12X
71

)2) + 2X2

213
)) + ( 130387

8442
(− 1279974

2567725
+

426658X
2567725

)140(− 1
2

+ X)2( 1
2

+ X)2(3 + X)2(( 71
210

(1 + 12X
71

)2) + 2X2

213
)))
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Certificate problem for general univariate quadratic
modules

Example

We obtain a certificate of f ∈ QM(Hf,G) by multiplying f to the equation
1 = σf + τX2. We obtain

f = f2σ + τX2f

= f2(s0 + s1 · (X + 3) + s3 · (X +
1

2
)(X −

1

2
) + s5 · (−(X − 3)))

+ τ(
1

2
(X − 1)2 · (X + 1)X +

1

2
(X + 1)2 ·X(X − 1))

= f2s0 + f2s1 · (X + 3) +
1

2
τ(X − 1)2 · (X + 1)X

+ f2s3 · (X +
1

2
)(X −

1

2
) +

1

2
τ(X + 1)2 ·X(X − 1) + f2s5 · (−(X − 3))

Finally, we obtain a certificate of f ∈ QM(G) by lifting from QM(Hf,G) to

QM(G).
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Conclusions & Future work
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Conclusions

This thesis develops a method for computing certificates of
members in Archimedean univariate quadratic modules
specified by a finite set of generators in the univariate case.

We started our study with simpler cases, such as the
saturated and monogenic case. These cases provided
interesting insights to tackle the general problem; the
methods developed in the saturated case allow us to compute
certificates of products that were possible to generalize to
multiplicities greater than 1, and the monogenic case, in
combination with the compactification method, provides a
framework for computing certificates of nonnegative factors.

The proposed methods are novel, symbolic, and obtain
certificates in terms of the original generators.
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Future work

The Basic Lemma is a fundamental tool in the algorithms presented in this

thesis, especially for the problems in the univariate case. However, the original

result from Theorem 8 applies to the multivariate case. We believe that this

result can be further optimized for the univariate case.

Similarly, the Certificate algorithm from [Sha+25] is widely used in the

algorithms of this thesis. The fundamental constructive results of the Certificate

algorithm are a Lemma by Averkov [Ave13] and a technique to approximate

non-negative polynomials as sums of squares by Lasserre in [Las07]; both of

these results hold for the multivariate case.

Although the univariate case does not benefit from specializing Lasserre’s

approximation theorem, improving the construction of Averkov’s lemma to the

univariate case would optimize different aspects of certificate computation of

strictly positive polynomials over compact semialgebraic sets in the univariate

case.

Special algorithms of this kind would also make the complexity analysis of them

more suitable.
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