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Abstract

Polynomials have been found to be a powerful tool over hundreds of years for

modeling problems in numerous applications in science, engineering, medicine, and

other domains. In the context of formal methods, polynomials arise in modeling

in aerospace software and robotics, cyber-physical and hybrid systems, autonomous

vehicles and controllers based on neural networks.

A quadratic module is a linear combination of polynomials in a set of generators

(including the constant 1) with sum of squares polynomials as multipliers. The mem-

bership problem for a finitely generated quadratic module can be decided; however,

computing a certificate exhibiting why it is nonnegative under the assumption that

the generators are nonnegative, can be nontrivial.

A new symbolic algorithm is presented to compute sums of squares multipliers

(certificates) to witness the membership of univariate polynomials in Archimedean

quadratic modules. An algorithm is presented to compute a certificate for −1 in

inconsistent quadratic modules in A[X].
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Chapter 1

Introduction

Hilbert’s 17th problem asks whether a nonnegative multivariate polynomial can be

represented as a sums of squares of rational functions. This problem was solved in

the affirmative by Artin [2]. A natural generalization of Hilbert’s problem extends to

check the nonnegativity of a given polynomial over semialgebraic sets, which are the

solution set of a system of polynomial inequalities. In [40, 85] Krivine and Stengle

independently provided an algebraic characterization of this problem in the cele-

brated Positivstellensatz theorem. Ever since Krivine-Stengle’s work, there has been

considerable interest in finding algorithmic implementable solutions for special cases.

Noteworthy are the results by Schmüdgen for preorderings [78], Putinar for quadratic

modules [72], developing representations of positive and nonnegative polynomials on

a semialgebraic set defined by a finite set of generators.

The complexity results in [63, 79] gave upper bounds on the degree of multi-

pliers that appear in the representations of a polynomial in terms of the original

generators. However, there has been limited progress in developing implementable

algorithmic solutions for computing certificates exhibiting membership of a poly-

nomial in a quadratic module; a notable exception is RealCertify, a package in

1



Chapter 1. Introduction

Maple, which is capable of computing certificates for strictly positive polynomial

over Archimedean quadratic modules.

The importance of certificates that exhibit the details of a result produced by a

computer algebra system has long been emphasized, especially by Kahan, Fateman,

[29] and recently Davenport [28], among others. Certificate computation has received

particular attention in the SMT (Satisfiability Modulo Theories) [13, 14], theorem

proving [30], and more recently, in deep learning networks [39, 83, 84] due to the

ability of such software to solve very large problems in numerous applications in

engineering, hybrid systems, and other safety-critical systems. The dependence on

the reliable results produced by such software in life-critical applications further

emphasizes the need for certificates exhibiting the correctness of the results.

1.1 Motivation

Formal verification employs algorithms to provide high-level assurance of hardware

and software systems by validating specifications, checking correctness properties,

and ruling out undesirable critical states. Typically, these algorithms use logical or

algebraic methods or a combination of both. How can we be sure that the algorithms

used for this purpose do not contain errors? This fairly innocuous trust issue can

be ameliorated by extending verification algorithms with checkable properties or

certificates that can be processed by simpler mechanisms which, in principle, should

be easier to verify.

Logical-based methods have been successful in producing certificates. Techniques

such as proof logging [59, 62, 64], proof checking [32, 90], and others allow efficient

extraction of certificates to validate the results obtained by these algorithms.

On the other hand, most algebraic-based methods have not been able to replicate

2



Chapter 1. Introduction

a similar situation in producing certificates. An exception of this is the theory of

Gröbner bases as it is able to produce algebraic certificates of membership in ideals

or infeasibility proofs in systems of equations via Nullstellensatz [38, 73]. Arguably,

workflows involving computer algebra systems are limited to finding solutions to di-

verse problems, and the algorithms developed for these tasks are reasonably more

complex, making it harder to replicate the same level of success using similar meth-

ods to logical methods. However, recent interest in integrating computer algebra

techniques in reasoning tasks requires a better adaptation of the algebraic method

to validate this combination. Our proposed work aims to contribute to closing the

bridge for these requirements.

Existing solutions, as mentioned in 2.2.6, use SDP solvers. Although this ap-

proach offers good performance approximating results, projection and rounding rou-

tines [31, 36, 68, 74] are often needed to obtain exact results that are based on various

conditions. Additionally, the dependency on SDP solvers can impact the implemen-

tation since it is necessary to find a suitable configuration to many parameters in

these solvers. The proposed methods in our work avoid using SDP solvers in order

to find exact certificates using symbolic techniques.

Similarly, the certificates problem can be adapted in proof-producing satisfiability

modulo theory (SMT) solvers. An SMT solver aims to either find a satisfiable solution

or a proof of unsatisfiability to a logical formula in some language like equality theory,

theory of integers/reals, theory of arrays, etc. Typically, it combines a logic engine

and several theory solvers, which effectively communicate in order to solve or refute a

given logical query. For efficiency purposes, some theory solvers do not provide fully

constructive proofs, as it is acknowledged that some facts must be included in the

theories involved [60]. The methods addressed in this thesis leverage this situation

by providing fully constructive methods.

3



Chapter 1. Introduction

1.2 Preliminaries

Let A ⊆ R be the set of real algebraic numbers, and A[X] = A[X1, . . . , Xn]. Given

a polynomial f ∈ A[X], we denote with Z(f) the real zeros of f . Let
∑

A[X]
2

denote
{∑n

i=1 f
2
i | fi ∈ A[X]

}
which is the set of sums of squares in A[X]. The

semialgebraic set of G = {g1, . . . , gs} ⊆ A[X], denoted by S(G), corresponds to a

subset of Rn defined by S(G) := {x ∈ Rn | gi(x) ≥ 0, 1 ≤ i ≤ s}. Given S ⊆ Rn,

let Pos(S) (resp. Pos+(S)) denote the set of nonnegative polynomials (resp. strictly

positive) over S, i.e., Pos(S) := {f ∈ A[X] | f(x) ≥ 0, ∀x ∈ S}.

Definition 1.1 A quadratic module in A[X] is a subset that is closed under

addition, closed under multiplication with squares in A[X], and contains 1. Given a

set of polynomials G = {g1, . . . , gs} ⊆ A[X], the quadratic module generated by G

(abbreviated QM(G)) is the set{
σ0 +

s∑
i=1

σi · gi | σi ∈
∑

A[X]
2
, 0 ≤ i ≤ n

}

A preordering in A[X] is a subset that is closed under addition, closed under

multiplication, and contains the sums of squares
∑

A[X]
2

of A[X]. The preordering

generated by a set of polynomials G (abbreviated PO(G)) is the set ∑
(e1,...,es)⊆{0,1}s

σ(e1,...,es) · g
e1
1 · · · gess | σ(e1,...,es) ∈

∑
A[X]

2


Definition 1.2 A quadratic module Q is called Archimedean if Q contains a poly-

nomial of the form N −
∑n

i=1X
2
i where N ∈ N+.

Now, we focus our definitions on the context of A[X]. A compact semialgebraic

set S is a closed and bounded semialgebraic set. In the univariate case, compact

4



Chapter 1. Introduction

semialgebraic sets can be represented as a finite ordered union 1 of closed inter-

vals, distinguishing two particular kinds, regular intervals [ai, bi], ai < bi as well

as isolated points represented as [ai, ai], i.e., S =
k⋃

i=0

[ai, bi]. Given a semialgebraic

set S, we denote by Sisol the set of isolated points of S.

The semialgebraic set of a given univariate polynomial f , S(f), is a union of

intervals in R. The endpoints of these intervals are the real roots of f ; thus, to

compute S(f) is enough to use real root isolation algorithms [15]. To determine the

multiplicity of a root of a given polynomial, we use the fact that a root a ∈ R of f has

multiplicity m if and only if f(a) = df
dX

(a) = · · · = dm−1f
dXm−1 (a) = 0 and dmf

dXm (a) ̸= 0;

the latter can be tested by computing the formal derivatives of the polynomial f and

checking if the evaluation of a in the derivatives of f is zero. Motivated from these

observations, we formalize them in the following definition as these concepts will be

used in the thesis.

Definition 1.3 Let f be a polynomial in R[X]. Given a point a ∈ R, the order of

f at a, denoted orda(f), is the minimum natural number n such that dnf
dXn (a) ̸= 0.

The epsilon-sign of f at a, denoted ϵa(f), is defined as 1 if dnf
dXn (a) > 0 where

n = orda(f) and −1 otherwise.

1.2.1 Problem statement

We refer to the sums of squares σi’s in Definition 1.1 as the certificates for members

of a quadratic module. The certificate problem for quadratic modules is,

given a set of generators G and a member f ∈ QM(G), to find the sums of squares

multipliers σ0, σ1, . . . , σs such that f = σ0 +
∑s

i=1 σi · gi. We refer to the polynomial

f as the input polynomial. Similarly, the certificate problem for preorderings

seeks to find the sums of squares multipliers σe where e = (e1, . . . , es) ∈ {0, 1}s such

1An ordered union of intervals satisfies bi < ai+1 for every 0 ≤ i ≤ n− 1.
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that f =
∑

e∈{0,1}s σe · g
e1
1 · · · gess . This thesis is concerned with the computational

aspects of finding certificates for members in Archimedean quadratic modules in

A[X].

By definition, preorderings are closed under multiplication, whereas quadratic

modules are generally not. In case an Archimedean quadratic module is a preordering

also, which is the case of univariate structures, the certificate problem for a given

polynomial in such a structure has a subtle distinction, depending upon whether

the certificate is being sought using its representation in a quadratic module or a

preordering.

Algorithmic solutions to problems involving quadratic modules for the univariate

case have been discussed in the literature. To name a few, we have the following:

• The membership problem: Given a polynomial f and a quadratic module Q,

as defined above, decide whether f ∈ Q or not.

• Equivalent generators of a quadratic module: Given a set of generators G1 of

polynomials, find another set G2 with fewer generators such that QM(G1) =

QM(G2).

Finding an equivalent set of generators has been discussed in the literature within

different contexts for preorderings 2 and quadratic modules in the univariate case.

Natural generators were introduced in [41, 42] to provide conditions for whether a

preordering is saturated or not. If the associated semialgebraic set is compact, then

it is possible to compute an equivalent quadratic module using three generators [4],

two generators [81], or generalized natural generators [3].

The decision procedure for testing membership in an Archimedean quadratic

module provides several insights about invariants and the rich structure of this al-

2A preordering is a quadratic module that is also closed under multiplication.
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gebraic structure; however, it does not provide a constructive approach to finding a

sum of squares certificate witnessing the membership of a given polynomials. These

certificates have several applications in verification, where explicit constructions are

often needed to verify goals and assertions. Although most applications rely on the

multivariate case, understanding the basic structure of the quadratic module for

univariate polynomials can provide insights into the former.

Other lines of research cover similar cases and consider different assumptions to

our problem in consideration; in [55], the authors find weighted sums of Hermitan

squares decomposition of nonnegative trigonometric polynomials with Gaussian co-

efficients over the unit circle using complex root isolation and semidefinite program-

ming techniques. In [8], the authors address the problem of computing certificates of

nonnegative polynomials over finite semialgebraic sets in the context of multivariate

polynomials; however, it requires additional assumptions. In particular, the ideal I

associated with the equality constraints is zero-dimensional and that the ideals ⟨f⟩

and ⟨I : f⟩ are coprime where f is the input polynomial.

1.2.2 Motivating example

In this section, we discuss key points of the algorithms developed in this thesis for

the certificate computation of members in Archimedean Quadratic modules using an

example and contrasting it with methods in the existing literature. The first method

is the “naive” approach. Given a member of a quadratic module, this method ex-

haustively searches for the coefficients of a fixed degree polynomials that are squares

in a summand of a fixed number of terms.

The second method is the Extended Gram approach. It utilizes semidefinite

programming to find matrices that encode information about the sums of squares

multipliers of the certificate of the member. While in theory this approach can

7
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be exact, current implementations can avoid a hybrid approach using numerical

solvers for the semidefinite programming parts resulting in approximate and non-

exact solutions.

Finally, we describe our method. We use the algorithm SaturatedCert presented

in Chapter 4 as the discussed example belongs to the saturated case. Our solution

is symbolic and exact, and the degree of the certificates obtained is the same as in

the Extended Gram method approach.

Membership check

Let us consider the set of generators G = {g1, g2} where g1 = −(X + 2)(X − 1), g2 =

−(X + 1)(X − 2) and f = −(X + 1)(X − 1) as input polynomial. First, we need to

check if f belongs to QM(G). We use the decision method in Theorem 2.18 from [4]

to check membership. This method requires information about the semialgebraic

set of the generator set G, the semialgebraic set of the input polynomial f and the

multiplicities of the endpoints in the factors of G and f . As we consider polynomials

with rational coefficients, there are algorithms to isolate and represent algebraic

numbers, which are the roots for the type of polynomials considered in the certificate

problem.

The first step computes S(G), which is the intersection of the semialgebraic sets

of S(g1) and S(g2). To determine the semialgebraic sets of each polynomial, we use

the sign variation method that identifies the sign changes of a polynomial through

R. First, we focus on the semialgebraic set of g1. The roots of g1 are −2 and −1,

both with multiplicity 1, and its leading coefficient is −1. The sign changes of g1 over

R are negative from (−∞,−2), 0 at −2, positive from (2, 1), 0 at 1, and negative

from (1,∞); therefore, we have S(g1) = [−2, 1]. Similarly, we find S(g2) = [−1, 2];

therefore, the semialgebraic of S(G) is [−1, 1] as it is the intersection of [−2, 1] and

8
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[−1, 2]. Using the sign variation approach, we find S(f) to be [−1, 1].

The input polynomial f is a nonnegative polynomial over S(G) and is not strictly

positive polynomial, as it shares common zeros at the endpoints −1 and 1 of S(G).

We also need to check conditions involving the multiplicity of endpoints in the factors

of the input polynomial.

• The endpoint −1 is a left boundary point of S(G). We need to compute κ+−1(G)

which is defined as the minimum multiplicity of the generators at −1 such that

these are odd and the epsilon sign at −1 is 1. The multiplicity of g1 at −1

is 0. The multiplicity of g2 at −1 is 1 and its epsilon sign at −1 is 1; hence

κ+−1(G) = 1.

Then, we check that ord−1(f) − κ+−1(G) = 0 is even. Hence, the condition in

item (i) of Theorem 2.18 [4] is satisfied.

• The endpoint 1 is a right boundary point of S(G). We need to compute κ−1 (G)

which is defined as the minimum multiplicity of the generators at 1 such that

these are odd and the epsilon sign at 1 is 1. The multiplicity of g1 at 1 is 1 and

its epsilon sign at 1 is 1. The multiplicity of g2 at 1 is 0; hence κ−1 (G) = 1.

Then, we check that ord1(f)−κ−1 (G) = 0 is even. Hence, the condition of item

(ii) from Theorem 2.18 [4] is satisfied.

Therefore, f is a member of QM(G).

Naive approach

Once there is a formal guaranty of the membership of a polynomial in a quadratic

module, it is possible to find its certificates using an exhaustive search for the sums

of squares involved by instantiating templates of sums of squares with unknown

9



Chapter 1. Introduction

coefficients and solving a set of equations to find a value for these coefficients. This

template controls the number of summands m and the degree d of the polynomials

in the sums of squares template, i.e., for our example we have the following.

f =
m∑
i=1

(a0,i,0 + a0,i,1X + · · · + a0,i,dX
d)2

+
m∑
i=1

(a1,i,0 + a1,i,1X + · · · + a1,i,dX
d)2 · g1

+
m∑
i=1

(a2,i,0 + a2,i,1X + · · · + a2,i,dX
d)2 · g2

The weakness of this approach is the dependence on the parameters m and d.

Certainly, an enumeration of all possible pairs for these values could guide the search

for a certificate. Setting m = d = 1, we obtain the template

f = (a0,1,0 + a0,1,1X)2 + (a1,1,0 + a1,1,1X)2 · g1 + (a2,1,0 + a2,1,1X)2 · g2

and would need to solve the following equations:

1 − a20,1,0 − 2a21,1,0 − 2a22,1,0 = 0

−2a0,1,0a0,1,1 + a21,1,0 − 4a1,1,0a1,1,1 − a22,1,0 − 4a2,1,0a2,1,1 = 0

−1 − a20,1,1 + a21,1,0 + 2a1,1,0a1,1,1 − 2a21,1,1 + a22,1,0 − 2a2,1,0a2,1,1 − 2a22,1,1 = 0

2a1,1,0a1,1,1 + a21,1,1 + 2a2,1,0a2,1,1 − a22,1,1 = 0

a21,1,1 + a22,1,1 = 0

(1.1)

However, this system of equations has no solution over the reals. Setting m = 1

and d = 2, we obtain a larger system of polynomial equations, but implementations

such as Mathematica or Maple are not able to find a solution over the reals in a

reasonable time. As we shall see later, our approach is able to find a certificate

within these constraints in 0.163 seconds.
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If we add partial solutions to the systems of equations in (1.1) using the certificate

obtained in our proposed method, Mathematica’s command, FindInstance, still

struggles to find solutions to the systems. The table below reports the execution

time in seconds, up to a limit of 30 seconds; computations that exceed this limit are

aborted.

# of partial
solutions Minimum Median Average Maximum Successful runs

6 0.015574 0.0191525 0.0192074 0.02764 84/84
5 0.016363 0.0200115 0.0217022 0.060212 126/126
4 0.017195 0.0278745 0.0769109 2.53658 120/126
3 0.01968 0.07222 0.4273 7.32189 72/84
2 0.336124 0.951686 3.46394 12.4142 16/36
1 N/A N/A N/A N/A 0/9

Table 1.1: Execution times of FindInstance with added partial solutions for the
system (1.1).

Extended Gram matrix approach

This approach uses semidefinite programming (SDP) to find a semidefinite positive

matrix that encodes the sums of squares in the certificate of members in quadratic

modules together with constraints involving the coefficients of the input polynomial.

Similarly to the Naive approach from the previous section, this approach also fixes

the degree of the sums of square polynomials; therefore, this method also requires a

sequential search to find a suitable degree for the certificates.

SDP solvers are fast, since the majority of implementations [19, 87, 88, 91] use

interior point methods that run in polynomial time. However, existing software

returns numerical/floating point solutions. A limitation of this approach is that the

certificates obtained from these solutions are approximate solutions and quite often

non-exact.

11



Chapter 1. Introduction

Using our previous example, we assume the existence of a certificate of de-

gree at most 2, hence the “monomial basis” is m =


1

X

X2

. Let g0 := 1, we

can express f as
∑s

i=0 (mTAim) · gi for some positive semidefinite matrices Ai =
ai,1,1 ai,1,2 ai,1,3

ai,1,2 ai,2,2 ai,2,3

ai,1,2 ai,2,3 ai,3,3

. Using Mathematica’s command SemidefiniteOptimization

method, we ask the matrices Ai to be positive semidefinite with the equation con-

straints involving the coefficients of the input polynomial

a0,1,1 + 2a1,1,1 + 2a2,1,1 = 1

2a0,1,2 − a1,1,1 + 4a1,1,2 + a2,1,1 + 4a2,1,2 = 0

2a0,1,3 + a0,2,2 − a1,1,1 − 2a1,1,2 + 4a1,1,3 + 2a1,2,2 − a2,1,1 + 2a2,1,2 + 4a2,1,3 + 2a2,2,2 = −1

2a0,2,3 − 2a1,1,2 − 2a1,1,3 − a1,2,2 + 4a1,2,3 − 2a2,1,2 + 2a2,1,3 + a2,2,2 + 4a2,2,3 = 0

a0,3,3 − 2a1,1,3 − a1,2,2 − 2a1,2,3 + 2a1,3,3 − 2a2,1,3 − a2,2,2 + 2a2,2,3 + 2a2,3,3 = 0

−2a1,2,3 − a1,3,3 − 2a2,2,3 + a2,3,3 = 0

−a1,3,3 − a2,3,3 = 0

The output obtained is

A0 =


0.333333 2.783040× 10−17 −0.333333

2.783040× 10−17 3.871773× 10−8 −2.073324× 10−17

−0.333333 −2.073324× 10−17 0.333334



A1 =


0.166667 0.166667 −1.197158× 10−14

0.166667 0.166667 2.533843× 10−8

−1.197158× 10−14 2.533843× 10−8 2.533843× 10−8



A2 =


0.166667 −0.166667 −1.198342× 10−14

−0.166667 0.166667 −2.533843× 10−8

−1.198342× 10−14 −2.533843× 10−8 2.533844× 10−8


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Since Ai are positive semidefinite matrices of dimension 3 × 3, we obtain a sum

of squares decomposition of mTAim by computing a Cholesky decomposition of

Ai = BT
i Bi, so mTAim = mTBT

i Bim = (Bim)T (Bim) =
∑3

j=1 ⟨Bij,m⟩2 where Bij

is the jth row of the matrix Bj and ⟨, ⟩ denotes the dot product. We obtain

B0 =


0.57735 4.820366 × 10−17 −0.57735

0 0.000196 3.606860 × 10−14

0 0 0.000196



B1 =


0.408248 0.408248 −2.932427 × 10−14

0 0.000253 0.000100

0 0 0.000123



B2 =


0.408248 −0.408248 −2.935326 × 10−14

0 0.000253 −0.000100

0 0 0.000123


Finally, the certificate obtained using this method is

f =
s∑

i=0

(mTAim) · gi

≈ (0.57735 + 4.82037 ∗ 10−17X − 0.57735X2)2

+ (0.000196768X + 3.60686 ∗ 10−14X2)2 + (0.000196768X2)2

+ ((0.408248 + 0.408248X − 2.93243 ∗ 10−14X2)2 + (0.000253093X + 0.000100115X2)2

+ (0.000123755X2)2) · g1

+ ((0.000253093X − 0.000100115X2)2 + (0.408248− 0.408248X − 2.93533 ∗ 10−14X2)2

+ (0.000123755X2)2) · g2

= 1 + 2.77705 ∗ 10−16X −X2

− 9.69776 ∗ 10−17X3 + 6.85159 ∗ 10−8X4 − 2.36719 ∗ 10−17X5 − 5.06769 ∗ 10−8X6
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The approximation found by the method is “close” to the original input polyno-

mial f , but not exact. Additionally, in the Cholesky decomposition used to obtain

the sum of squares decomposition with this method, the matrices Ai need to be

positive semidefinite to have positive eigenvalues.

Our approach

Our approach is purely symbolic, does not rely on numerical approaches, and is

exact. First, we compute an equivalent intermediate set of generators called the

natural generators of G introduced in [42]. In our example, we have n1 = X + 1 and

n2 = −(X − 1). Then, we compute the certificate of f in terms of the preordering

generated by the natural generators PO(n1, n2). In this case, we note that f is the

product of n1 and n2.

To lift the certificate of f from PO(n1, n2) to QM(n1, n2), we compute the cer-

tificate of the product of n1 and n2 in QM(n1, n2). For the latter, we obtain

n1n2 = 1
2
(X − 1)2 · n1 + 1

2
(X + 1)2 · n2. Finally, to obtain a certificate of f in

the quadratic module generated by G, we obtain certificates of natural generators

in terms of QM(G). This step is done utilizing the Basic Lemma construction as

follows:

1. First, we obtain a certificate of n1 using g2 applying the Basic Lemma with n1

and g2
n1

= −(X − 2). We obtain 1
3
n1 + 1

3
g2
n1

= 1; therefore, multiplying n1 by

the previous equation we have n1 = 1
3
n2
1 + 1

3
· g2, which is a certificate of n1 in

QM(g2).

2. Now, we obtain a certificate of n2 using g1 applying the Basic Lemma with n2

and g1
n2

= (X + 2). We obtain 1
3
n2 + 1

3
g1
n2

= 1; therefore, multiplying n2 by the

previous equation we obtain n2 = 1
3
n2
2 + 1

3
· g1, which is a certificate of n2 in

QM(g1).
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Finally, we lift the certificate of f from QM(n1, n2) to QM(G) substituting the

certificates of n1 and n2, respectively. We obtain

f =
1

2
(X − 1)2 · n1 +

1

2
(X + 1)2 · n2

=
1

2
(X − 1)2(

1

3
n2
1 +

1

3
· g2) +

1

2
(X + 1)2(

1

3
n2
2 +

1

3
· g1)

= (
1

6
((X − 1)(X + 1))2 +

1

6
(X − 1)2 · g2)

+ (
1

6
((X + 1)(X − 1))2 +

1

6
(X + 1)2 · g1)

=
1

3
((X − 1)(X + 1))2 +

1

6
(X + 1)2 · g1 +

1

6
(X − 1)2 · g2

The certificate obtained requires at most 1 summand, and the polynomials are

of degree at most 2.

1.3 Contributions

The key contributions of the thesis are (i) an algorithm for computing a membership

certificate of a polynomial in a finitely generated univariate Archimedean quadratic

module and (ii) an effective method for computing a certificate of the emptiness of

a quadratic module in the general multivariate case.

The algorithm in the univariate case relies on two constructions, which are of in-

dependent interest: (i) saturated: a special algorithm for computing a membership

certificate for a saturated univariate quadratic module, (ii) monogenic: a special al-

gorithm for computing a membership certificate from a univariate quadratic module

generated by a single bounded polynomial. The first construction is used repeat-

edly in the general algorithm. It can require the compactification step; a technique

introduced in Chapter 3 of this thesis. Compactification takes a polynomial f and
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generates another polynomial with a bounded semialgebraic set and shares the same

zeros as f , and most importantly, a membership certificate for the compactified

polynomial can be computed from a certificate of f .

Motivated by the algorithm for a saturated quadratic module, methods are devel-

oped to minimize the multiplicities of common factors between an input polynomial

and the generators of a quadratic module, which leads to simpler modular construc-

tions of certificates of lower degrees. An algebraic technique has also been developed

to effectively ignore common factors of even multiplicities between the input poly-

nomial and generators, which are due to isolated points of the semialgebraic set of

the generators.

Another important insight enables distinction between pure and mixed polyno-

mials with respect to a generator set; this can help in determining whether an input

polynomial can be generated by a single polynomial in the quadratic module. In both

cases, we keep track of the generators needed for each root of the input polynomial,

which allows us to instantiate several independent monogenic certificate subproblems

to find the certificate of the nonnegative factors of the input polynomial.

In the last chapter, the thesis reports a method to certify the emptiness of a

quadratic module in A[X] by finding a certificate of −1. This is achieved by com-

puting the certificate of −1 using a identity similar to Bézout of −1 that involves

globally nonnegative polynomials as multipliers.

1.4 Organization of the thesis

This thesis addresses the problem of computing exact certificates for a polynomial

belonging to an Archimedean quadratic module in the univariate case generated by a

finite number of generators. These do not necessarily need to be strictly positive over
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the semialgebraic set of the generator as previously discussed. Our methods typically

introduce intermediate quadratic modules as some set of generators are easier to

compute direct certificate; to obtain a certificate in the original set of generators, we

rely on the “lifting” operation that composes these certificates. For more details on

this operation, the reader should refer to Appendix A.1. The thesis considers two

fundamental subcases of the general problem, the saturated and monogenic case.

Building upon these results, we obtain a complete method for the general case.

In Chapter 4, an algorithm is given for computing a certificate of a polynomial in

the univariate case for an Archimedean saturated quadratic module. The algorithm

uses natural (choice) generators introduced by Kuhlmann and Marshall [41, 42,

58] as a way to describe generators of a saturated quadratic module to include all

nonnegative polynomials in R[X] over a given semialgebraic set S(G). We emphasize

that a key novelty of the approach handles nonnegative polynomials in contrast to

other approaches [6, 11, 12, 53, 79] that cover the case for strictly positive polynomials

derived by Putinar’s Positivstellensatz [72].

To compute a certificate in terms of the natural generators of S(G), a construction

in Augustin’s thesis [4] is adapted, which gives a certificate using the preordering

representation; to get a certificate in the quadratic module representation, certificates

of products of natural generators must be constructed; this is shown in Section 4.2.

Section 4.3 describes a method for computing certificates of natural generators in

terms of the original set of generators.

The operations in the presented algorithms are effective, as it only manipulates

real algebraic numbers which are computable [15, 43]. Algorithms are given to com-

pute the certificates of each element in the split generators in terms of the original

generators. Combining these results, an algorithm is given for computing a certificate

of a given polynomial in terms of the original generators.
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The presented construction uses a lemma from [42, Theorem 3.2 p. 590] to split

factors of the members and a theorem from [76, Proposition 4.8 p. 1058] to find sums

of squares multipliers that avoid products between generators; We describe algo-

rithms to perform these results constructively in Section 2.1.7. Section 4.5 discusses

an implementation in Maple and compares several examples with RealCertify [50]

and MomentPolynomialOpt [9], software packages in Maple and Julia that compute

certificates in Archimedean quadratic modules for strictly positive polynomials.

Chapter 5 introduces the MonogenicCert algorithm that computes a certificate of

members in Archimedean monogenic quadratic modules by exploiting preordering

properties and simplification of both the input polynomial and the generator using

the concept of redundant factors. Section 5.1 discusses methods to simplify both

the generator and the input polynomial by removing sums of squares factors that

are unnecessary in sums of squares certificate. Section 5.3 presents algorithms to

compute the certificates of members in an Archimedean monogenic quadratic module

QM(g). The approach “splits” the input polynomial into three factors: a strictly

positive over S(g), a sequence of “in-between” factors, and a nonnegative factor that

shares common zeros with the generator. Section 5.3.4 discusses the experimental

results obtained by running an implementation in Maple of the algorithms presented

using different examples.

In Chapter 6, we discuss a method to compute a certificate of members f ∈

QM(G). The high level description of the approach is the following:

1. If there exists a generator g ∈ G such that f ∈ QM(g), we use MonogenicCert

to obtain a certificate of f .

2. Otherwise, we obtain the strictly positive factor fpos of f and compute an

intermediate set of generators Hf,G which have the property that a certificate

for the products of its members is computable in QM(G).
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3. Multiplying fpos and the nonnegative factor of f from Hf,G produces f multi-

plying a strictly positive polynomial p with respect to S(G). Finally, to obtain

a certificate of f with respect to QM(Hf,G), we use the Basic Lemma on f and

p.

We also address the problem of computing certificates in the equivalent 2-element

set of generators {g1, g2} from [81]. Given a polynomial h ∈ QM(g1, g2), we express

h as the product of two polynomials: hpos and hnon−neg where hpos is strictly positive

over S = S(g1, g2) of maximal degree, i.e., there is no other factor h1 of h that is

strictly positive over S and deg(h1) > deg(hpos).

We compute a certificate of hpos using the Certificate algorithm in [82]. For the

hnon−neg polynomial, we use NonNeg to compute nonnegative factors hnon−neg,i of

hnon−neg. We compute a certificate for each hnon−neg,i using the QMCert algorithm.

Finally, to compute a certificate of h, we combine the certificates of each non-

negative factor and the strictly positive factor multiplying them and rearranging the

sums of squares multipliers. Notice that, for the latter, such multiplication might

bring the product of the generators g1, g2 into the representation. To lift the resulting

representation to the quadratic module structure, we replace g1g2 with its certificate

in QM(g1, g2); hence, the resulting representation of h is lifted to a representation in

QM(g1, g2).

Chapter 7 addresses the problem of certifying the emptiness of a monogenic

quadratic module in A[X]. From Positivstellensatz , this kind of quadratic mod-

ule contains all the polynomials in the ring of polynomials including the constant

−1. We develop a method to find a certificate of −1 in terms of QM(g).

19



Chapter 2

Background and Related Work

This chapter contains background information on univariate Archimedean quadratic

modules. Section 2.1 provides the notation and basic concepts needed for the thesis

work and the constructive results that were used in the methods developed in this

thesis. In Section 2.2, we discuss the state of the art in the field of decision procedures

and certificate algorithms in quadratic modules.

2.1 Background

This section discusses several aspects of Archimedean quadratic modules in R[X].

Mostly, we review results to decide the membership of a polynomial in a quadratic

module and associated definitions for the latter. The discussion about natural gen-

erators is important especially for Chapter 4 as our method to compute certificates

in the saturated case uses as an intermediate step the computation of certificate in

the preordering generated by these generators.
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2.1.1 Positivstellensatz

We begin this section by stating the Stengle/Krivine’s Positivstellensatz [40, 85], a

seminal result that laid the foundations of real algebraic geometry by establishing

correspondence between semialgebraic sets with algebraic identities. The following

version is taken from [57].

Theorem 2.1 Suppose G is a finite subset of R[X], S = S(G), P = PO(G) and

f ∈ R[X]. Then

1. f > 0 on S if and only if there exist p, q ∈ P such that pf = 1 + q.

2. f ≥ 0 on S if and only if there exist an integer m ≥ 0 and p, q ∈ P such that

pf = f 2m + q.

3. f = 0 on S if and only if there exists an integer m ≥ 0 such that −f 2m ∈ P .

4. S = ∅ if and only if −1 ∈ P .

Subsequent results in the area provided further refinements to the algebraic identi-

ties below under additional assumptions. Let g1, . . . , gs ⊆ R[X] and G = {g1, . . . , gs}.

The Schmüdgen’s Positivstellensatz theorem [78] states that for any strictly posi-

tive polynomial f over a compact S(G), f ∈ PO(G). Putinar further simplified

Schmüdgen’s representation showing that for any strictly positive polynomial f over

a compact S(G), if QM(G) is Archimedean then f ∈ QM(G). We state these results

as follows 1.

Theorem 2.2 [78] Suppose that the basic closed semialgebraic set S(g1, . . . , gs) is

compact. Then for every polynomial f ∈ R[X], f > 0 on S(g1, . . . , gs) implies

f ∈ PO(g1, . . . , gs).

1The versions are taken from [63]
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Theorem 2.3 [72] Let g1, . . . , gs ⊆ R[X]. Suppose that the quadratic module

QM(g1, . . . , gs) is Archimedean. Then for every polynomial f ∈ R[X], f > 0 on

S(g1, . . . , gs) implies f ∈ QM(g1, . . . , gs).

2.1.2 Membership in Archimedean quadratic modules in

R[X]

The functions κa, κ
+
a , and κ−a , introduced in [4], simplify the membership check in

Archimedean quadratic modules by keeping track of the minimal orders and sign

conditions from the aforementioned lattice construction.

Definition 2.4 [[4, p. 43]] Let G := {g1, . . . , gs} ⊆ R[X]. We define:

κa(G) := min
1≤i≤s

{orda(gi) | orda(gi) ∈ 2N, ϵa(gi) = −1}

κ+a (G) := min
1≤i≤s

{orda(gi) | orda(gi) ∈ 2N + 1, ϵa(gi) = 1}

κ−a (G) := min
1≤i≤s

{orda(gi) | orda(gi) ∈ 2N + 1, ϵa(gi) = −1}

Each of these functions take the value ∞ if there is no polynomial gi inG satisfying

the conditions.

The following theorem allows us to test the membership of polynomials in

Archimedean quadratic modules.

Theorem 2.5 ([4, p. 47]) Let f ∈ R[X] and G = {g1, . . . , gs} ⊆ R[X] with S =

S(G) bounded. Then f ∈ QM(G) if and only if f |S ≥ 0 and

1. for every left boundary point a of S \Sisol, we have orda(f) is even or orda(f)−

κ+a (G) ∈ 2N0
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2. for every right boundary point a of S\Sisol, we have orda(f) is even or orda(f)−

κ−a (G) ∈ 2N0

3. for every isolated point a of S, we have orda(f) is even and ϵa(f) = 1 or

Case 1: orda(f) ≥ κa(G) if κa(G) < κ+a (G) and κa(G) < κ−a (G)

Case 2: (orda(f) − κ+a (G) ∈ 2N0 and ϵa(f) = 1) or orda(f) ≥

min{κa(G), κ−a (G)} if κ+a (G) ≤ min{κa(G), κ−a (G)}

Case 3: (orda(f) − κ−a (G) ∈ 2N0 and ϵa(f) = −1) or orda(f) ≥

min{κa(G), κ+a (G)} if κ−a (G) ≤ min{κa(G), κ+a (G)}

2.1.3 Natural generators associated with S(G)

The saturation Q̃ of a quadratic module Q is defined as the smallest intersection of

all quadratic modules, including Q. A quadratic module Q is saturated if Q̃ = Q.

The following theorem provides a semantic characterization:

Theorem 2.6 [57, Proposition 2.6.1 p. 33] Let G be a finite subset of R[X] and

Q := QM(G). Then

1. Q̃ = {f ∈ R[X] | f ≥ 0 over S(G)}.

2. Q is saturated if and only if for all f ∈ R[X], f ≥ 0 over S(G) implies f ∈ Q.

Kuhlmann and Marshall introduced the concept of natural generators associated

with a compact semialgebraic set S(G); we adapt their terminology.

Definition 2.7 [41] For a given semialgebraic set S ̸= ∅, the natural generators of

S, denoted Nat(S), are the set of polynomials including:
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(i) If a ∈ S and (−∞, a) ∩ S = ∅, then X − a ∈ Nat(S). This is called the left

natural generator or simply the left generator of Nat(S).

(ii) If b, c ∈ S, b < c, (b, c) ∩ S = ∅, then (X − b)(X − c) ∈ Nat(S). This is called a

quadratic generator of Nat(S).

(iii) If d ∈ S and (d,∞) ∩ S = ∅, then −(X − d) ∈ Nat(S). This is called the right

natural generator or simply the right generator of Nat(S).

(iv) Nat(S) has no other elements except these.

If S = ∅, then the set of natural generators is {−1}.

This theorem relates the concept of saturated quadratic modules and natural

generators, we focus only on the compact case:

Theorem 2.8 [42, Theorem 3.1, p. 590 item (b)] If S(G) is compact, the following

are equivalent:

• QM(G) is saturated.

• QM(G) contains the natural generators of S(G).

From the latter, we can see that if S(G) is empty, the quadratic module QM(G) is

saturated. The following theorem from [42] gives a practical procedure to determine

whether QM(G) is saturated.

Theorem 2.9 [42, Theorem 3.2] QM(G) is saturated if and only if S(G) satisfies

the following two conditions:

(i) for each left endpoint aj in S(G), there exists i ∈ {1, . . . , s} such that gi(aj) = 0

and dgi
dX

(aj) > 0,
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(ii) for each right endpoint bj in S(G), there exists i ∈ {1, . . . , s} such that gi(bj) =

0 and dgi
dX

(bj) < 0.

A method for generating a certificate of f in PO(Nat(S)) is extracted from the

inductive argument about the degree of f in [4]; it involves computing certificates of

factors of f that are nonnegative over S. Since preorderings are closed by multipli-

cation, the certificate of f is obtained by multiplying and rearranging the certificates

of each of its factors appropriately in the preordering structure.

Example 2.10 Consider G = {g1} where g1 = −(X + 1)(X − 1). We will prove

QM(G) to be saturated using Theorem 2.9. The semialgebraic set of G is [−1, 1], so

we need to check the endpoints −1 and 1:

• For the endpoint −1: the generator g1 evaluates to 0 at −1 and dg1
dX

(−1) =

−2(−1) > 0.

• For the endpoint 1: the generator g1 evaluates to 0 at 1 and dg1
dX

(1) = −2(1) < 0.

Hence, QM(G) as we fulfill the conditions of Theorem 2.9. In fact, QM(G) contain

the natural generator X+1 and −X+1 since ±X+1 = 1
2
(X±1)2 + 1

2
·g1 ∈ QM(G).

Example 2.11 Consider G = {g2} where g1 = −(X + 1)3(X − 1)3. We will prove

QM(G) to be not saturated using Theorem 2.9. The semialgebraic set of G is [−1, 1],

so we need to check the endpoints −1 and 1:

• For the endpoint −1: the generator g2 evaluates to 0 at −1 but dg2
dX

(−1) =

−6(−1)((−1)2 − 1)2 = 0.

• For the endpoint 1: the generator g2 evaluates to 0 at 1 but dg2
dX

(1)−6(1)((1)2−

1)2 = 0.
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Hence, QM(G) is not saturated.

Theorem 2.12 [4, Theorem 1.6] For a basic closed semialgebraic set S ⊆ R we have

Pos(S) = PO(Nat(S)).

The certificates in Theorem 2.12 are obtained using an inductive proof on the

degree of the given polynomial. The base case is when the polynomial is nonnegative

2 over R; the inductive case is when the given polynomial evaluates to a negative

value, say f(c) < 0 for some c ∈ R, and deg(f) > 0. This is divided into three cases:

• Case 1: If c ≤ a0, then there exists c0 such that c < c0 ≤ a such that f(c0) = 0.

Hence, f = (X − c0)g for some g that is nonnegative over S.

• Case 2: If c ≥ bk, then there exists c0 such that bk ≤ c0 < c such that f(c0) = 0.

Hence, f = (−(X − c0))g for some g that is nonnegative over S.

• Case 3: If bi ≤ c ≤ ai+1, then there exists c0, c1 such that bi ≤ c0 ≤ c1 ≤ ai+1

and f(c0) = f(c1) = 0. Hence, f = (X − c0)(X − c1)g for some g that is

nonnegative over S.

For Case 1 (resp. Case 2), we can compute a certificate in PO(Nat(S)) of the

factor X − c0 (resp. −(X − c0)) since X − c0 = (a0 − c0) + 1 · (X − a0) (resp.

−(X − c0) = (c0 − bk) + 1 · (−(X − bk))). For Case 3, the construction relies on

Lemma 2.21.

2.1.4 Signatures of quadratic modules in A[X]

The authors in [81] introduced the concept of signature of a quadratic module in

order to generalize the construction of “complete vector of orders” of generalized

2This is because, in the univariate case, nonnegative polynomials correspond to sums
of squares polynomials which are members of any quadratic module.
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natural generators [4] and simplify the algorithm description of the membership test

of polynomial in Archimedean quadratic modules in one variable. We recall the

definition as we use the signature in our algorithms:

Definition 2.13 [81] Given a finite polynomial set G ⊆ R[X] with S(G) bounded,

let S(G) =
⋃k

i=0 [ai, bi] be such that bi < ai+1 for i = 0, . . . , k − 1. For any finite

polynomial set F ⊆ R[X] such that S(G) ⊆ S(F ), we assign a tuple (κi, κ
+
i , κ

−
i ) to

each interval [ai, bi] for i = 0, . . . , k as follows:

1. If ai < bi, set

κi := ∞, κ+i := κ+ai(F ), κ−i := κ−bi(F )

2. (Type A) If κa(F ) < κ+a (F ) and κa(F ) < κ−a (F ), set

κi := κa(F ), κ+i := κa(F ) + 1, κ−i := κa(F ) + 1

3. (Type B) If κa(F ) > κ+a (F ) and κa(F ) > κ−a (F ), set

κi := max(κ+a (F ), κ−a (F )) + 1, κ+i := κ+a (F ), κ−i := κ−a (F )

4. (Type C) If κ+a (F ) < κa(F ) < κ−a (F ), set

κi := κa(F ), κ+i := κ+a (F ), κ−i := κa(F ) + 1

5. (Type D) If κ−a (F ) < κa(F ) < κ+a (F ), set

κi := κa(F ), κ+i := κa(F ) + 1, κ−i := κ−a (F )

6. (Type E) If κa(F ) = κ+a (F ) = ∞, set

κi := κ+i := ∞, κ−i := κ−a (F )

or if κ−a (F ) := κa(F ) := ∞, set

κi := κ−i := ∞, κ+i := κ+a (F )
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The signature of F , denoted by ωS(F ), is defined as the sequence of the tuples

above for each of the intervals in S, i.e.,

ωS(F ) := (κ0, κ
+
0 , κ

−
0 , . . . , κk, κ

+
k , κ

−
k )

When S = S(F ), the subscript S in ωS(F ) is omitted.

2.1.5 Monogenic quadratic modules in A[X]

This section discusses a simplification of Theorem 2.5 that allows us to test the mem-

bership of polynomials in Archimedean monogenic quadratic modules. Additionally,

we discuss a characterization theorem of [4] of Archimedean monogenic quadratic

modules. Since monogenic quadratic modules are generated by a single polynomial,

there is a single type of isolated points that can occur in the semialgebraic set as-

sociated with these quadratic modules as there cannot be more than one generator

involved Definition 2.13.

Definition 2.14 [[4, p. 48]]

Let G = {g1, . . . , gs} ⊆ R[X], S = S(G) and a ∈ Sisol. We say that a is an

isolated point of type A if

κa(G) < κ+a (G) and κa(G) < κ−a (G) (2.1)

Theorem 2.15 [4] Let f, g ∈ R[X] and S = S(g) ⊆ R be bounded. Then f ∈ QM(g)

if and only if f ≥ 0 over S(g) and

1. for every boundary point of S \Sisol we have that orda(f) is even and ϵa(f) = 1

or orda(f) − orda(g) ∈ 2N and ϵa(f) = ϵa(g).
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2. for every isolated point a of S we have that orda(f) is even and ϵa(f) = 1 or

orda(f) ≥ orda(g).

Augustin provides in [4] the following Corollary to identify Archimedean mono-

genic quadratic modules QM(G) by checking if all isolated points of S(G) are of type

A.

Theorem 2.16 (Corollary 2.29[4, p. 58]) Let G ⊆ R[X] be finite and Q =

QM(G) such that S(G) =
k⋃

i=0

[ai, bi]. Then the following are equivalent:

• Q is generated by one polynomial

• Every isolated point of S(G) is of type A

If one of the equivalent conditions is satisfied, then

Q = QM

−
m∏
i=0

ai<bi

(X − ai)
κ+
ai
(G)(X − bi)

κ−
bi
(G)

m∏
i=0

ai=bi

(X − ai)
κai (G)

 (2.2)

This corollary tells us the form of the single generator of the quadratic module

using information from the interval representation of the semialgebraic set of its

generators.

Since the set of generators for the quadratic modules considered is fixed, we

will consider the notation κai , κ
+
ai
, κ−ai to refer to κai(G), κ+ai(G), κ−ai(G), respectively.

Unless stated otherwise, we will use g to denote the single generator associated with

such quadratic module of Theorem 2.16 and f to denote the input polynomial.

We focus on finding certificates of membership of f belonging to some monogenic

quadratic module and denote s0, s1 for the sums of squares part and sums of squares

multiplier of g, respectively, in a representation of f .
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2.1.6 Gram matrix method and sums of squares decompo-

sition

The connection between sums of squares decompositions and positive semidefinite

matrices is due to the following proposition.

Proposition 2.17 [69] Suppose f ∈ R[X] has degree 2d, let N =
(
n−1+d

d

)
and let

V be the N × 1 vector of all monomials in R[X] of degree at most d. Then f is a

sums of squares if and only if there exists an N ×N symmetric positive semidefinite

matrix A such that f = V TAV .

Example 2.18 Consider f = X2 +Y 2−4XY Z+X2Z2 +Y 2Z2. We will prove that

f is a sum of squares. Consider A =


1 0 0 −1

0 1 −1 0

0 −1 1 0

−1 0 0 1

 and V =


X

XZ

Y

Y Z

.

We can verify f = V TAV . To obtain a sums of squares decomposition we factorize

A = BTB where B =


1 0 0 −1

0 1 −1 0

0 0 0 0

0 0 0 0

. The sums of squares decomposition of f

is obtained by computing ⟨BV,BV ⟩, which gives (X − Y Z)2 + (XZ − Y )2.

In [68], the authors introduce a methodology for computing sums of squares

decompositions (SOS) using SDP solvers and projection to rational solutions. The

advantages of this approach are the efficiency of the SDP solvers while the rational

projection allows them to integrate their solution for reasoning tasks. This algorithm

and variations of it have been implemented in several software packages such as

SOSTOOLS [65, 66] and SumsOfSquares [25, 26].
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SDP solvers are efficient in practice. However, their dependence on numerical

methods (interior point algorithms) can lead to precision errors that allow only ap-

proximate solutions. A line of research focuses on fixing the SDP solver inaccuracies

to provide exact certificates, particularly for sums of squares decompositions. In

[68], the authors compute sums of squares decompositions with rational coefficients

using a rounding and projection technique by rationalizing the coefficients of the ob-

tained representation and minimizing a least squares error between the coefficients

of the original polynomial and the rationalized approximate representation. This

procedure depends on geometrical conditions related to the distance between the

obtained representation and the space of feasible sums of squares representations.

In [36], the authors proposed another method to find exact certificates of sums of

squares decompositions by including, in addition to the least squares projection, a

“refinement” step involving the Gauss-Newton iteration to find a feasible solution

of the SDP which is strictly contained in the interior of the affine space of positive

semidefinite matrices.

2.1.7 The Basic Lemma

The authors in [42] provide constructive proofs of the results in this section. We

use them in our constructions, so we adapt some terminology to fit our context in

quadratic modules in the univariate case:

Theorem 2.19 [42, Basic Lemma (Lemma 2.1)] Suppose f, g ∈ Pos(S(G)) are

relatively prime. There exist strictly positive polynomials σ, τ over S(G) such that

1 = σf + τg.

This theorem is proved constructively by explicitly computing both σ and τ .

As an observation, by Schmüdgen’s Positivstellensatz , both σ and τ belong to the

preordering PO(G). Under additional conditions, τ and σ become sums of squares.
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Input:
f, g ∈ A[X]

S bounded ⊆ R

Find s, t such that
1 = sf + tg

s1 := s + Ng
t1 := t − Ng

δ = 9
10

maxx∈S(fg)

r := s1δf
∑k−1

i=0 (1 − δfg)i

σ := s1 − rg
τ := t1 + rf

Find N > 0 such that
s + Ng > 0 over S ∩ S(−p)

Find ϵ > 0 and k ∈ N such that
f > 0, 1 > ϵδf, ϵt1 + s1f > 0,

ϵt1 + s1f > s1(1 − ϵδf)k over S ∩ S(ϵ − g)
1 > s1f(1 − ϵδf)k over S ∩ S(g − ϵ)

Figure 2.1: High-level description of the Basic Lemma construction

Theorem 2.20 [42, Corollary 2.3 (i)] Given f, g ∈ Pos(S(fg)) being relatively

prime, where S(fg) is compact, there exists σ, τ ∈
∑

R[X]2 such that 1 = σf + τg.

This theorem is used to obtain certificates in quadratic modules of the fac-

tors of members satisfying the above conditions. The fact that σ, τ can be made

to be sums of squares, allows us to avoid products in the preordering structure.

Similarly to this result, there is another constructive approach in [76, Proposition

4.8] using Weierstrass-approximation that computes σ, τ as sums of squares under

equivalent conditions. In Section 2.1.7 we discuss the BasicLemma algorithm (resp.

SOSBasicLemma) to compute σ, τ in Theorem 2.19 (resp. Theorem 2.20.)
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The rest of this section provides an algorithmic description of the Basic Lemma.

We have implemented this algorithm in a Maple package 3. The Algorithm 4 describes

a procedure for effectively constructing certificates for Theorem 2.20.

Algorithm 1: Algorithm to find ϵ in Basic Lemma

FindEps(f, g, s1, t1, S, δ)

Input: f, g, s1, t1 ∈ A[X], S ⊆ R, δ ∈ Q

Output: ϵcurr ∈ Q

Requires: S is a non-empty finite union of intervals with algebraic numbers

as end points.

/* Find positive rational ϵ so that f > 0, 1 > ϵδf, and

ϵt1 + s1f > 0 over L2 = {x ∈ S | g(x) ≤ ϵ} */

1 ϵtop := ⌈maxx∈S(g)⌉

2 ϵcurr := ϵtop
2

3 while true do

4 cond1 := isEmpty(S ∩ S(ϵcurr − g) ∩ S(−f))

5 cond2 := isEmpty(S ∩ S(ϵcurr − g) ∩ S(ϵcurrδf − 1))

6 cond3 := isEmpty(S ∩ S(ϵcurr − g) ∩ S(−(ϵcurrt1 + s1f)))

7 if cond1 and cond2 and cond3 then

8 return ϵcurr

9 ϵcurr = ϵcurr
2

3This package is freely available on the following GitHub repository: https://github.
com/typesAreSpaces/BasicLemmaStrictlyPositiveCert
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Algorithm 2: Algorithm to find k in Basic Lemma

FindK(f, g, s1, t1, S, δ)

Input: f, g, s1, t1 ∈ A[X], S ⊆ R, δ ∈ Q

Output: k ∈ N

Requires: S is a non-empty finite union of intervals with algebraic numbers

as end points.

1 ϵ := FindEps(f, g, s1, t1, S, δ)

2 L2 := S ∩ S(ϵ− g)

3 L3 := S ∩ S(g − ϵ)

4 if L2 is non-empty then

5 while true do

6 x∗ := arg maxx∈L2
(s1f(1 − ϵδf)k)

7 value := s1f(x∗)(1 − ϵδf(x∗))k

8 test := ϵt1(x
∗) + s1f(x∗)

9 if value < test then

10 break

11 else

12 k :=

⌈
log( test

s1(x
∗)f(x∗) )

log(1−ϵδf(x∗))

⌉
13 if L3 is non-empty then

14 while true do

15 x∗ := arg maxx∈L3
(s1f(1 − ϵδf)k)

16 value := s1f(x∗)(1 − ϵδf(x∗))k

17 if value < 1 then

18 break

19 else

20 k :=

⌈
log( 1

(s1(x
∗)f(x∗)) )

log(1−ϵδf(x∗))

⌉
21 return k
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Algorithm 3: Implementation of Basic Lemma

BasicLemma(f, g,G)

Input: f, g ∈ A[X], G ⊆ A[X]

Output: σ, τ ∈ A[X]

Requires: S(G) is a union of bounded intervals
⋃k

i=0 [ai, bi]; f, g are

nonnegative over S(G); f, g are relatively prime.

Ensures: σ, τ are strictly positive over S(G) and 1 = σf + τg

1 S := S(G)

2 Find s, t ∈ A[X] such that 1 = sf + tg using the extended Euclidean

algorithm

3 if S is empty then

4 return s, t

5 L1 := S ∩ S(−s)

/* Find N such that s+Ng > 0 over L1 */

6 if isEmpty(L1) then

7 N := 0

8 else

// The polynomial g is positive over L1

9 N := (1 + 1
100

)
⌈
maxx∈L1(− s

g
)
⌉

10 s1 := s+Ng

11 t1 := t−Nf

/* Find positive rational δ such that δfg < 1 over S */

12 δ := 1
⌈maxx∈S(fg)⌉

13 k := FindK(f, g, s1, t1, S, δ)

14 r := s1δf
∑k−1

i=0 (1 − δfg)i

15 σ := s1 − rg

16 τ := t1 + rf

17 return σ, τ
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Algorithm 4: Implementation of SOS variant of Basic Lemma

SOSBasicLemma(f, g)

Input: f, g ∈ A[X]

Output: σ, τ ∈ A[X]

Requires: f, g are relatively prime; f, g are nonnegative over S(fg); S(fg)

is bounded

Ensures: σ, τ are sums of squares and 1 = σf + τg

1 σ1, τ1 := BasicLemma(f, g, {fg})

2 if σ1 is a sums of squares then

3 σ1,0, σ1,1 := σ1, 0

4 else

5 σ1,0, σ1,1 := Certificate({fg}, σ1)

6 if τ1 is a sums of squares then

7 τ1,0, τ1,1 := τ1, 0

8 else

9 τ1,0, τ1,1 := Certificate({fg}, τ1)

10 σ := σ1,0 + τ1,1g
2

11 τ := τ1,0 + σ1,1f
2

12 return σ, τ

2.1.8 Berg’s Lemma

This lemma provides a constructive proof for computing a certificate for a parabola

in the monogenic quadratic module generated by another parabola containing the

endpoints of the input polynomial. This construction is used in the saturated case

(Theorem 2.12, Section 4.1) to compute a certificate of nonnegative factors of degree

two using the preordering of natural generators associated with the semialgebraic set

of the original generators and in different constructions of Appendix B.
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Lemma 2.21 [4, Lemma 1.5] If a, b, c, d ∈ R with a ≤ c ≤ d ≤ b then

(X − c)(X − d) ∈ QM((X − a)(X − b)) (2.3)

Moreover, there exists a nonnegative number γ ∈ R depending on a, c, d, b such that

(X − c)(X − d) = σ0 + γ · (X − a)(X − b) where σ0 ∈
∑

R[X]2.

It should be noted that the proof of Lemma 2.21 is constructive and finds an

arithmetical expression4 for γ. Hence, if the parameters a, b, c, d are computable, γ

above is computable as well.

The following algorithmic description of Berg’s lemma allows us to compute cer-

tificates. The constructive results of the proof are taken from [4].

Algorithm 5: Certificates of quadratic polynomials in Berg’s Lemma

Input: a, b, c, d ∈ A

Output: σ0, σ1 ∈ A[X]

Requires: a ≤ c ≤ d ≤ b

Ensures: (X − c)(X − d) = σ0 + σ1 · (X − a)(X − b) and σ0, σ1 ∈
∑

A[X]2

1 if a+ b < c+ d then

2 σ1 := 2
b−a

(b− c+d
2

)

3 if a+ b > c+ d then

4 σ1 := 2
b−a

( c+d
2

− a)

5 if a+ b = c+ d then

6 σ1 := (d−c)2

(b−a)2

7 σ0 := (X − c)(X − d) − σ1 · (X − a)(X − b)

8 return σ0, σ1

4The set of arithmetical expressions is a set closed by the arithmetic operators (addition,
subtraction, multiplication, division, and exponentiation.)
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2.1.9 Certificates of strictly positive polynomials over

Archimedean quadratic modules

The Certificate algorithm proposed in [82] computes a certificate for strictly positive

polynomials in Archimedean quadratic module. We used Certificate whenever certifi-

cates are needed for such polynomials. It is based on a modification and extension

of the following result.

Lemma 2.22 [6, Lemma 7 p. 4] Let G = {g1, . . . , gs}, S := S(G), and let f ∈ A[X]

be strictly positive on S. Let B be a compact subset of Rd. Then there exists g ∈

QM(G) such that f − g is strictly positive on B.

The algorithm for the univariate case combines two ideas: first, it computes a

polynomial g in QM(G) in order to avoid the inclusion of a polynomial of the form

N −X2 in the set of generators; second, it uses a constructive result of Lemma 7 in

[6] (denoted as the Averkov algorithm) and a generalization result (denoted as the

ExtAverkov algorithm) of the latter, which produces a polynomial of the form f − g̃

that is strictly positive over R where g̃ ∈ QM(G). The latter is a sums of squares in

the univariate case. We state the generalization of the Averkov’s lemma used in this

algorithm.

Theorem 2.23 [82, Proposition 5.1] Let f, g ∈ A[X] be two polynomials with S(g)

bounded and f > 0 on S(g). Then there exists a sum of squares δ such that f − δ · g

is strictly positive on S(g) and has a lower bound over R.

We implemented a Maple package 5 of the Certificate algorithm for the univariate

case. We use the Certificate algorithm from [82] to compute certificates of strictly

5The package is freely available in the following GitHub repository: https://github.
com/typesAreSpaces/StrictlyPositiveCert
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positive polynomials over bounded semialgebraic sets. This algorithm does not intro-

duce new constants into the base field A, as intermediate polynomials and parameters

use rational numbers. We describe a specialized version of the Certificate algorithm

for the univariate case as follows:
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Algorithm 6: Algorithm for solving the certificate problem for strictly pos-

itive polynomials

Certificate(G, f)

Input: A polynomial set G = {g1, . . . , gs} ⊆ A[X] and a polynomial

f ∈ A[X] such that f > 0 over S(G)

Output: A sequence (σ0, σ1, . . . , σs) of sum-of-squares multipliers such that

f = σ0 +
∑s

i=1 σi · gi
1 for i = 1, . . . , s do

2 σi := 0; ci := 0;

3 if ∃gi ∈ G such that S(gi) is bounded then

4 g := gi; ci := 1;

5 else

6 Find gi and gj of odd degrees and leading coefficients of opposite signs

such that deg(gi) ≥ deg(gj);

7 if deg(gi) > deg(gj) then

8 ci := 1
| lc(gi)| ; cj := (X−a)deg(gi)−deg(gj)

| lc(gj)| ;

9 if deg(gi) = deg(gj) then

10 ci := X2

| lc(gi)| ; cj := (X−a)2

| lc(gj)| ;

11 g := ci · gi + cj · gj choosing a value for a such that lc(g) < 0;

12 (σ1, . . . , σs) := Averkov(G, f,S(g));

13 f̃ := f −
∑s

i=1 σigi;

14 if f̃ does not have a global lower bound then

15 Let δ := cX2⌊m
2
⌋+2; f̃ := f̃ − δ · g where m = deg(f) − 1 and

c < 1
2

minx∈S(g)
f(x)

X2⌊m
2 ⌋+2g(x)

;

16 p := ExtAverkov(g, f̃ ,Rn);

17 σi := σi + (p+ δ)ci; σj := σj + (p+ δ)cj;

18 σ0 := f −
∑s

i=1 σi · gi;

19 return (σ0, σ1, . . . , σs);
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We illustrate the steps of Certificate using the following examples; we compute a

certificate of an Archimedean polynomial for monogenic quadratic modules.

Example 2.24 Let us consider the generator g1 = −X4−X2Y 2+2X2Y +XY 2−Y 2

and let a1 = 3−X2−Y 2. Since a1 is strictly positive over S(g1), we want to compute

a certificate for the Archimedean polynomial a1 ∈ QM(g1).

1. First, we compute a sums of squares multiplier δ1 = 1
65

(X2 +Y 2)4 in Line 15 of

the Certificate algorithm because a1 does not have a global lower bound. Then,

we set â1 := a1 − δ1 · g1.

2. Then, we compute the parameters γ, ϵ and N . We obtain γ = ϵ = 1
25

and

N = 0. We verify that p1 := â1 − (g1−γ
γ+ϵ

)2N · g1 is nonnegative.

3. We use the Gram matrix method (Proposition 2.17) to check if p1 is a sums of

squares. Since it is, we are done with this step.

4. Finally, the certificate obtained for a1 is a1 = p1 + (δ1 + (g1−γ
γ+ϵ

)2N) · g1.

Figure 2.2: Semialgebraic set of g1 = −X4 −X2Y 2 + 2X2Y +XY 2 − Y 2
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Example 2.25 Consider the generator g2 = 1 + XY −X2 − Y 2 − Z2 and let a2 =

3 − X2 − Y 2 − Z2. Since a2 is strictly positive over S(g2), we want to compute a

certificate for the Archimedean polynomial a2 ∈ QM(g2).

1. First, we compute a sums of squares multiplier δ2 = (X2 + Y 2 + Z2)4 in Line

15 of the Certificate algorithm as a2 does not have a global lower bound. Then,

we set â2 := a2 − δ2 · g2.

2. Then, we compute the parameters γ, ϵ and N . We obtain γ = 1, ϵ = 1
8

and

N = 3. We verify that p2 := â2 − (g2−γ
γ+ϵ

)2N · g2 is nonnegative.

3. Since p2 is a sums of squares using the Gram matrix check, we are done. Hence,

the certificate obtained for a2 is a2 = p2 + (δ2 + (g2−γ
γ+ϵ

)2N) · g2.

2.1.10 Extended Lasserre algorithm

The authors in [82] provide an algorithm for computing a certificate for a given

strictly positive polynomial f over Archimedean quadratic modules QM(G). This

procedure modifies a result from [44] that approximates nonnegative polynomials as

sums of squares; the goal of the extended result is to lift a certificate of a nonnegative

polynomial as a member of a monogenic quadratic module.

Theorem 2.26 Let f ∈ R[X] be a positive polynomial with a global minimum f ∗ =

infx∈Rn f(x) > 0 and g ∈ R[X] with S(g) bounded. Then there exist ϵ > 0 and r ∈ N

such that

fϵ = f − ϵ
r∑

k=0

n∑
j=1

X2k
j

k!
· g (2.4)

is a sum of squares.
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We implemented a Julia package 6 of the ExtLasserre algorithm for the multi-

variate case. This algorithm follows a symbolic-numeric, as it uses a SDP solver to

check whenever the resulting approximation is a sums of squares using the Gram

matrix method. We use ExtLasserre in Chapter 7 to handle nonnegative polynomials

in the algorithm to compute the certificate of −1 when S(g) is empty.

2.2 Related work

Real algebraic geometry is a branch of mathematics that is concerned with study-

ing real solutions of polynomial inequalities known as semialgebraic sets. Recent

developments in optimization methods [17, 36, 67] and hybrid numeric-symbolic al-

gorithms [52, 54, 56] have enabled researchers to obtain either explicit certificates

(existence) or infeasibility refutations (non-existence) of certain geometric properties

which decide problems in the language of real closed fields; to name a few we have

computing the sums of squares decomposition of nonnegative polynomials over the

reals [36, 68, 71], find degree bounds of representations in several variations of the

Positivstellensatz theorem including Hilbert’s [49], Pòlya’s [79], Schmüdgen’s [46]

and Putinar’s [10].

The following lines of research relate to the problems addressed in the thesis. We

divide them by symbolic and hybrid symbolic-numeric approaches. The first category

relies on theoretical methods including constructive proofs in real algebraic geome-

try, which provide solutions with prohibitively complexity, triangular decomposition,

which presents simpler representations for semialgebraic sets, and algorithms to de-

cide the membership of polynomials in quadratic modules using valuation theory.

The hybrid symbolic-numeric approaches rely on semidefinite programming meth-

ods and projection/rounding methods to provide rational representations.

6The package is freely available in the following GitHub repository: https://github.
com/typesAreSpaces/globalStrictPositive
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2.2.1 Constructive real algebraic geometry

The effective positvstellesätz problem asks for degree bounds for the sums of squares

multipliers for some representation of a member of a quadratic module. Given this

kind of information, it is, in principle, possible to compute certificates by setting

template polynomials with fixed degree bounded by the aforementioned degrees.

A system of sign conditions, [F ̸=,F≥,F=], is a triplet of sets of polynomials that

encodes a conjunction of disequalities, inequalities, and equalities. A system of sign

conditions is said to be incompatible if there exists an equation N + S + Z = 0

where N is a monoid from F̸=, S an element of a preordering generated by elements

in F≥, and Z is an element of the ideal generated by elements in F=. By the

Positivstellensatz , a system of sign conditions is inconsistent if and only if the system

of sign conditions is incompatible. In [49], the authors developed a technique using

weak inferences and weak existence for which they extract algebraic identities

witnessing the validity of the derivations in an inconsistency proof of a system of

sign conditions. Various applications to the Positivstellensatz in this setting lead to

the finding of certificates of nonnegativity over semialgebraic sets. In addition, the

authors provide elementary recursive bounds 7 for the degree of the incompatibility

polynomial, improving previous work providing primitive recursive bounds for the

latter [48]. Although this line of research provided an improvement to the previous

aforementioned complexity bounds, the approach shows a method to find certificates

with polynomial degrees bounded by 22

2max{2,d}4
k
+s2

k
max{2,d}16

kbit(d)


where d is a bound

on the degrees of the polynomial system, and k is the number of variables of the input

polynomial.

7The class of elementary recursive functions contains the addition, multiplication, dif-
ference, quotient, and projection functions over integers and are closed under projections,
finite sums, and finite products
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2.2.2 Complexity degree bounds for effective Positivstellen-

satz

A line of research involving the representation of elements in preorderings focuses

only on finding bounds for the degree of the sums of squares multipliers. In [80],

the author discusses bounds involving a norm in the real vector space R[X1, . . . , Xn]

of polynomials for the degree of the term σe · ge11 · · · gess in some representation of a

strictly positive polynomial over the semialgebraic set of {g1, . . . , gs}. His approach

relies on using Pòlya forms and bounds from [70], guaranteeing conditions for such

forms to be strictly positive over some simplex set. The degrees of the multipliers

and generators σeg
e1
1 . . . gess are bounded as follows: for a non-empty semialgebraic

set S := S(g1, . . . , gs) ⊆ (−1, 1)n, there is some c ∈ N such that for every f ∈

R[X1, . . . , Xn] of degree d with f ∗ := min{f(x) | x ∈ S} > 0 we have

deg(σe · ge11 . . . gess ) ≤ cd2
(

1 +

(
d2nd ||f ||

f ∗

)c)

where ||f || denotes the maximum norm of a f on [−1, 1]n.

In [63], the authors extended the results from [80] for Archimedean quadratic

modules using the  Lojasiewicz inequality from semialgebraic geometry [18]. These

bounds find application in optimization, especially providing conditions for hierar-

chies like Lassere’s [45] to determine an optimal convergence. The degrees of the

multipliers and generators σe · ge11 . . . gess are bounded as follows: for a non-empty

semialgebraic set S := S(g1, . . . , gs) ⊆ (−1, 1)n, there is some c ∈ N such that for

every f ∈ R[X1, . . . , Xn] of degree d with f ∗ := min{f(x) | x ∈ S} > 0 we have

deg(σe · ge11 . . . gess ) ≤ c exp

((
d2nd ||f ||

f ∗

)c)
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2.2.3 Characterization of semialgebraic sets using triangular

sets

Since semialgebraic sets and quadratic modules are dually related, understanding the

former object can provide helpful insights about the certificates in quadratic modules.

Semialgebraic sets are the fundamental objects of study in real algebraic geometry.

For a long time, the Collins’ Cylindrical Algebraic Decomposition algorithm [27] has

been used to study polynomial systems of equalities and inequalities. Although an

expensive method, this algorithm does not provide checkable information for a user

to verify the correctness of the result.

Work in [23] characterizes semialgebraic sets by extending the definition of Tri-

angular sets for systems of sign conditions. The decomposition of a semialgebraic

set is presented using finitely many regular semialgebraic systems. Full (eager) and

lazy versions of the decomposition algorithm are discussed. The lazy decomposition

provides a preliminary decomposition with the highest dimensional components and

unevaluated recursive calls, which provides a full triangular decomposition after being

evaluated. According to the authors, the information encoded in the decompositions

with the highest dimension is enough for most practical problems. The triangular

structure comes primarily from the system of polynomial equations, and the intro-

duced border polynomial allows one to check for good specialization to maintain

desirable regularity properties in the decomposition. The triangular decomposition

method relies on CAD algorithms to check the emptiness of semialgebraic sets and

quantifier elimination to test the satisfiability of a particular existentially quantified

formula. The latter can be solved more efficiently as an instance of the so-called real

root classification problem.

In follow-up work [22], the authors improved the theoretical aspects of semial-

gebraic decomposition, particularly the theory of the border polynomial and an
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optimized decomposition algorithm using relaxations to simplify the output of the

algorithm. Effectively, relaxations replace strict inequalities with non-strict inequali-

ties. This relaxation enhances the decomposition algorithm by avoiding unnecessary

recursive calls. A criterion for whether a relaxation does not change the zero set of

the semialgebraic set is discussed. Motivated by the problem of checking redundant

components, the authors developed set-theoretical operations, including checking

whether the zero sets of two different components are subsets of each other and

the difference and intersection of zero sets. Experimental results show the feasibil-

ity of the current implementation in the RegularChains library [47] for the Maple

computer algebra system outperforming the number of problems solved to the well-

known implementation of the cylindrical algebraic decomposition. However, these

approaches do not provide direct information about explicit certificates for verifica-

tion purposes, as mentioned above. In combination with Positivstellensatz results,

this approach is suitable for working with a reasonable membership checking algo-

rithm in quadratic modules by checking strict positivity over semialgebraic sets in

the proposed representation.

2.2.4 Membership checking using valuation theory

The certificate and membership problem are deeply interrelated. Our method pro-

posed in this thesis relies on checking initially the membership of a polynomial in

some quadratic module to then proceed with the computation of its certificates. The

line of research described in this section addresses the membership problem involving

valuation theory.

In Jacobi’s Ph.D. thesis [34], the Archimedean condition was used to extend

Schmüdgen’s Positivstellensatz [78] for quadratic modules. The Archimedean con-

dition for quadratic modules is a generalization of the Archimedean property for the
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reals, which states that every r ∈ R is bounded by a natural number N ∈ N; a

quadratic module M is Archimedean if and only if for every f ∈ R[X1, . . . , Xn] we

have N−f ∈M for some N ∈ N. An equivalent definition of the Archimedean prop-

erty for quadratic modules is that M is Archimedean if and only if N−
∑m

i=1X
2
i ∈M

for some N ∈ N. Using valuation theory, Jacobi and Prestel [35] provided a the-

oretical criterion to decide the Archimedean property in quadratic modules in the

multivariate case by checking if the residue forms over the residue fields are weakly

isotropic. This abstract method has provided connections between real algebra and

valuation theory, but practical algorithms for the general case have not been devel-

oped from this approach.

In her Ph.D. thesis [21], Canto Cabral provided an algorithm to check whether

a quadratic module with two indeterminates is Archimedean or not by instantiat-

ing Jacobi-Prestel’s criterion [35]. In particular, the setting for two indeterminates

simplifies the conditions to check for such a criterion, since it is only necessary to

consider two kinds of real valuations. Wagner’s Ph.D. dissertation [89] proved the

decidability of the Archimedean property of a quadratic module for the multivari-

ate case modifying Jacobi-Prestel’s criterion using particular valuations known as

prime divisors. An explicit algorithm for the latter is still missing. The algorithms

mentioned above provide decision methods to determine the Archimedean property

for different cases of quadratic modules. However, it is not known whether current

applications of these approaches can find explicit certificates of members of these

quadratic modules.

2.2.5 Membership checking of quadratic modules in dimen-

sion one

As mentioned earlier, the membership and certificates problem are deeply interre-

lated. The line of work in this section describes an algorithm to check the membership
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of polynomials in the univariate setting using local information of the polynomial at

the endpoints of the generators of the quadratic modules. This information is pre-

sented as signs and orders of both the generators and the polynomial given for the

membership test.

A quadratic module QM(g1, . . . , gn) is stable [58] if there exists a function

ℓ : Z+ → Z+ that bounds the degree of each term in a member f of the quadratic

module by deg(σigi) ≤ ℓ(deg(f)). If the number of indeterminates is one and the

associated semialgebraic set of a stable quadratic module is unbounded, then it con-

tains a cone for which the bound function ℓ is the identity function, thus it is possible

to use an SDP solver to solve a Gram matrix problem to compute certificates for

members of this kind of quadratic module [4] or find a parametric representation of

the sums of squares multipliers checking the emptiness of the associated semialgebraic

set [81].

In her Ph.D. thesis [4], Augustin introduced a procedure to decide the membership

of a given polynomial f in an Archimedean quadratic module Q for the univariate

case. The method checks if a polynomial is nonnegative over the associated semial-

gebraic set of Q and verifies the orders of f at the endpoints of the aforementioned

semialgebraic set. This result has already been discussed previously in Section 2.1.2,

mainly in Theorem 2.5. The sign and order conditions have been studied and in-

troduced as a data structure in [81], which computes a minimal equivalent set of

generators for a given Archimedean quadratic module.

Additionally, in [4] the author proves that several cases of quadratic modules

are stable. If the semialgebraic set is a collection of isolated points or a collection

of regular intervals, a quadratic module Q is stable if and only if Q is saturated.

Hence, using the Extended Gram method is possible to determine the membership

of polynomials in these quadratic modules; however, as we notice in Section 1.2.2,

the certificates obtained using this method are approximation and thus not exact.
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2.2.6 Certificates computation using symbolic-numeric ap-

proaches

The computing of certificates using semidefinite programming (SDP) solvers and

projecting rational solutions has been a popular technique to compute certificates

for quadratic modules [52, 68]. The advantages of this approach benefit from the

efficiency of the SDP solvers, while rational projection allows them to integrate their

solution for reasoning tasks.

The Archimedeaness property of a quadratic module is an important assumption

in many representation results [52, 63, 79, 80]. Finding explicit representation of

the auxiliary polynomials entailed by the Archimedean property remains an open

problem towards a fully constructive proof in the certificates problem for quadratic

modules with associated bounded semialgebraic set.

Researchers have developed algorithms to approximate certificates in the mul-

tivariate case [52] using representation theorems like Schmüdgen’s and Putinar’s

Positivstellensatz . The approach usually relies on variations of the extended Gram

method utilizing SDP solvers. These numerical solutions, while efficient in practice,

their numerical errors limit their correctness.

The check of the emptiness of a semialgebraic set or the feasibility of a semidef-

inite program can decide the membership problem for stable quadratic modules

[57, 81]. Under certain conditions, SDP techniques can be used to compute cer-

tificates for members in a stable quadratic module [52] using perturbation methods

[24] and bounds from Pòlya representations [79]. For example, if the generators of the

quadratic module have an unbounded semialgebraic set, then such a quadratic mod-

ule is a stable quadratic module, and SDP methods can be used to test membership.

However, the effectiveness of these approaches is frequently hindered by numerical

instabilities arising in interior-point methods and by the challenge of determining
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suitable parameter settings for the SDP solvers to achieve reliable convergence.

Although SDP solvers can be efficient in practice, their dependence on numerical

methods (interior point algorithms) can lead to precision errors that allow only ap-

proximate solutions. A line of research focuses on fixing the SDP solver inaccuracies

to provide exact certificates, particularly for sums of squares decompositions. In

[68], the authors compute sums of squares decompositions with rational coefficients

using a rounding and projection technique by rationalizing the coefficients of the ob-

tained representation and minimizing a least squares error between the coefficients

of the original polynomial and the rationalized approximate representation. This

procedure depends on geometrical conditions related to the distance between the

obtained representation and the space of feasible sums of squares representations.

In [36], the authors proposed another method to find exact certificates of sums of

squares decompositions by including, in addition to the least squares projection, a

“refinement” step involving the Gauss-Newton iteration to find a feasible solution

of the SDP which is strictly contained in the interior of the affine space of positive

semidefinite matrices.

In order to ensure good performance of the implementations relying on SDP

solvers, most authors perturb the polynomials with the intention of ensuring a fea-

sible semidefinite programming problem. While the approach is still able to recover

certificates under perturbation, this approach limits the scope of polynomials for

which the approach can find certificates only for strictly positive polynomials over

the semialgebraic sets of the generators.

2.2.7 Certificates computation using Gröbner bases

The idea of Gröbner bases was introduced by Bruno Buchberger in [20]. In this

seminal work, Buchberger developed an algorithmic approach to handle polynomial
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ideals, providing a constructive foundation for computational ideal theory. Given an

ideal generated by a finite number of polynomials, the original algorithm produces

a new set of generators, properly called a basis using a monomial ordering with rich

mathematical and computational properties. To produce such bases, the algorithm

iterates a reduction step taking “S-pairs” until no more of these can be added to the

output of the algorithm. These techniques have been heavily applied in other parts

of computational algebra; to name a few, we have ideal membership, radical mem-

bership, and elimination procedures [16, 61]. Applied domains have also benefited

from the Gröbner basis algorithm; for example, in automated theorem proving [37],

robotics and kinematics [33], coding theory and cryptography [75], etc.

Buchberger’s algorithm can be studied as a rewriting system [7] that allows effec-

tive tracking of the multipliers involved in the certificate problem for ideals. In [79],

the author uses the Gröbner basis algorithm to translate new variables that encode

the nonnegativity of a set of generators in a simplex domain.
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Compactification of members in

Archimedean Quadratic Modules

The Basic Lemma (Theorem 2.19) introduced in [42] provides a constructive foun-

dation for studying quadratic modules with associated compact semialgebraic sets.

It was developed with the objective of providing alternative proofs of key abstract

results of Scheiderer [76, 77] in a compact setting. As discussed in Section 2.1.7, this

lemma is a Bézout-like identity between two polynomials, say f, g, which expresses 1

as a linear combination of the form 1 = σf + τg where σ, τ are strictly positive over

a compact semialgebraic set S. As in the classical Bézout identity, the Basic Lemma

requires both f, g to be coprime and nonnegative over S. A specialized version of

the Basic Lemma (Theorem 2.20), further assumes that if S = S(fg) is bounded,

then σ, τ can be chosen to be sums of squares 1.

The specialized version of the Basic Lemma is widely used throughout this the-

sis; however, its requirements, especially the boundedness condition of S, impose

1This follows from the application of the Basic Lemma with G = {fg} to obtain strictly
positive polynomials σ1, τ1 over S({fg}) and Putinar’s Positivstellensatz (Theorem 2.3) to
obtain a certificate of σ1, τ1 in QM(fg).
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a restriction that is not applicable in certain situations. To address some of these

shortcomings, in this chapter we introduce the concept of compactification of a

polynomial with respect to the generators G of an Archimedean quadratic module

QM(G). This construction is not limited to any conditions for the set of generators

or the input polynomial.

This chapter is divided into two parts. The first part, Section 3.1, introduces

the Algorithm 9 to compute the compactification of a given polynomial as well as

its certificates if a certificate of the input polynomial is given; this is done in Sec-

tion 3.1.4. The main algorithm must treat two cases: when the semialgebraic set

defined by the input polynomial is unbounded on one side (left or right) and when

it is unbounded in both directions. These cases are covered in Section 3.1.1 and Sec-

tion 3.1.3, respectively. The involution technique discussed in Section 3.1.2 allows us

to solve the case when the semialgebraic set of the input polynomial is unbounded to

the right by reusing the results for the unbounded to the left case. The second part,

Section 3.2, applies the compactification algorithm to solve two related problems.

We compute the certificates of nonnegative factors of a member of a quadratic mod-

ule in Section 3.2.1 and Section 3.2.2 introduce a technique to remove intervals from

the semialgebraic set of members of a quadratic module that do not intersect with

the semialgebraic of the original generators. We end this chapter with a summary

in Section 3.3.

3.1 Compactification

Given a polynomial f ∈ QM(G), the compactified polynomial of f , de-

noted compactG(f), is a polynomial such that S(compactG(f)) is bounded and

compactG(f) satisfies the same order and sign conditions at the roots of f . To ac-

complish the latter, we find an auxiliary strictly positive polynomial h such that fh
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satisfies the above properties of compactG(f); hence, we define compactG(f) := fh.

Consequently, compactG(f) ∈ QM(G). We remove the subscript G in compactG

whenever it is clear from the context the set of generators being considered.

If S(f) is bounded, then compactG(f) = f ; otherwise, there are two cases to

consider: the semialgebraic set of the polynomial f is unbounded to the right (resp.

left), i.e., S(f) =
⋃k

i=0 [ai, bi], with a0 ∈ A, and bk = ∞ (resp. a0 = −∞, and bk ∈ A),

and when the semialgebraic set f is unbounded from both sides, i.e., a0 = −∞ and

bk = ∞. For the first case, the polynomial h is a monomial of the form −(X − a)

(resp. X − a) when S(f) is unbounded to the right (resp. left); for the second case,

the polynomial h is of the form −(X − a)(X − b). In all these cases, the polynomial

h is always strictly positive over S(G), hence h ∈ QM(G).

In Section 3.1.1 and Section 3.1.3, we introduce algorithms to compute the poly-

nomial h and, given certificates of f in QM(G), we can compute a certificate of

compactG(f) in QM(G). The approach is similar to the Basic Lemma Theorem 2.20

with inputs f and ϵ − f for some ϵ > 0. We will show that ϵ − f = s · h

where s is a sum of squares and h is the auxiliary polynomial mentioned in the

following, so 1 = 1
ϵ
f + 1

ϵ
(ϵ − f). Hence, we use this equation to obtain a certifi-

cate of compactG(f) = fh by multiplying fh by both sides; therefore, we obtain

compactG(f) = fh = 1
ϵ
f 2 ·h+ 1

ϵ
(ϵ−f)fh = 1

ϵ
f 2 ·h+ 1

ϵ
sh2 ·f . As h is strictly positive

over S(G), we can use Certificate to compute a certificate in QM(G), so lifting2 h

in the previous equation we obtain a certificate of compactG(f) in QM(G). The ad-

vantage of this construction is that we do not use Theorem 2.20 and therefore avoid

the use of the SOSBasicLemma algorithm. Finally, we present the compactification

algorithm in Section 3.1.4 by putting together the results of the auxiliary sections.

2See Appendix A.1
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3.1.1 Compactification when S(f) is unbounded to the right

The intuitive idea is to raise the polynomial −f by a positive constant ϵ such that

ϵ− f only has one real root. The additional roots of ϵ− f are complex conjugates,

so these are sums of squares for the multiplier τ . This ϵ must be chosen so that ϵ−f

is strictly positive over S(G).

We rely on Cauchy bounds to find an interval that contains all local maxima of

f . In the following, we recall the definition of Cauchy bounds and state the key

property we need for this purpose.

Lemma 3.1 [15, Lemma 10.2, page 354] Let P = apX
p + . . . aqX

q, p > q and

aqap ̸= 0 with coefficients in R. Let us denote C(P ) =
∑

q≤i≤p |
ai
ap
|.

The absolute value of any root of P in R is less than C(P ).

Additionally, we state a fundamental theorem in analysis called Rolle’s theorem

which we use in our construction from [1].

Theorem 3.2 Let f : [a, b] → R be continuous on [a, b] and differentiable on (a, b).

If f(a) = f(b), then there exists a point c ∈ (a, b) where df
dX

(c) = 0.

The following constructive proposition tells us how to find such ϵ and prove the

intended properties.

Proposition 3.3 Let f ∈ QM(G) such that its semialgebraic set is unbounded to

the right and S(G) =
⋃k

i=0 [ai, bi] is bounded. There exists a positive constant ϵ such

that ϵ− f = s · (−(X − a)) where −(X − a) is strictly positive over S(G) and s is a

sums of squares.
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Proof. Assume the degree of the polynomial f is n. Since S(f) is unbounded to

the right, then n is odd and the sign of the leading coefficient of f is positive. This

proof first considers a special case when f has n different real roots r1 < · · · < rn;

whenever this condition does not hold, the same construction also provides a solution

with minor changes.

If f has n different real roots, then we can iterate Theorem 3.2 to show that the

interval [r1, rn] contains all the roots of the derivative of f . Let I = [min(r1, a0 −

1),max(rn, bk + 1)] and ϵ = maxx∈I(f). First, we prove that ϵ− f is strictly positive

over S(G). The interval I strictly contains S(G), so it suffices to prove that ϵ− f is

nonnegative over I; the latter follows from the definition of ϵ, i.e., for every x ∈ I,

maxx∈I(f)− f(x) ≥ 0. Now, we prove that ϵ− f is of the form s · (−(X − a)) where

s is a sums of squares; it is enough to prove S(f) = (−∞, a].

As S(f) is unbounded to the right, we have S(−f) is unbounded to the left,

hence S(ϵ − f) is also unbounded to the left. The latter means that ϵ − f has at

least a real root, say a, with odd multiplicity. We prove that a is the only real root

of ϵ− f with odd multiplicity.

From the definition of I, it contains the roots of the derivative of f which include

all the local maxima of f . Hence, ϵ− f is strictly decreasing over R \ I; thus ϵ− f

has no roots over (−∞,min(r1, a0 − 1)) and a single root a with odd multiplicity in

(max(rn, bk + 1),∞). We proved that ϵ − f is nonnegative over I = [min(r1, a0 −

1),max(rn, bk + 1)], thus S(f) = (−∞, a].

If f does not have n real different roots, we modify the interval I from the

aforementioned construction as follows. Let C be the Cauchy bound of the derivative

of f and I the interval [min(−C, a0− 1),max(C, bk + 1)]. The interval I contains the

semialgebraic set S(G) and the reals roots of the derivative of f using [15, Lemma

10.2 p. 354]. Similarly to the original construction, we define ϵ = maxx∈I(f). We use
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the same argument of the previous case to show ϵ− f is of the form s(−(X − a)) as

desired. □

Example 3.4 Let us considerG = {−(X+1)(X−1)} and f = (X+2)(X−2)(X−3).

The semialgebraic set of G is [−1, 1] while S(f) = [−2, 2]∪[3,∞) so the semialgebraic

set of f is unbounded to the right. The input polynomial f has degree 3 and 3

distinct real roots, hence we compute the interval I from the proof of Proposition 3.3

we calculate the Cauchy bound of f , which is 20. Notice that I = [−20, 20] contains

S(G). Then we compute the maximum value of f over I, which is 6732 when x = 20,

that is, at the right end point of I. We have ϵ − f = 6720 + 4X + 3X2 − X3 =

(336( 17
672
X + 1)2 + 1055

1344
X2) · (−(X − 20)). Hence, h = −(X − 20), which is strictly

positive over S(G).

Figure 3.1: Graph of polynomials f ((X+ 2)(X−2)(X−3)) and ϵ−f (6720 + 4X+
3X2 −X3)

We formalize these ideas in Algorithm 7.
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Algorithm 7: Computing auxiliary polynomial h when S(f) is unbounded

to the right

Input: f ∈ A[X], bound ∈ A

Output: σ ∈ A+ and τ, h ∈ A[X]

Requires: deg(f) = n is odd and the leading coefficient of f is positive

Ensures: 1 = σf + τh, σ, τ ∈
∑

A[X]2

1 if f has r1 < · · · < rn as roots then

2 Let C be the Cauchy bound of f ;

3 else

4 Let C be the Cauchy bound of d
dX
f ;

5 I := [−C,max(bound, C)];

6 ϵ := maxx∈I(f);

7 α := real root of ϵ− f of odd degree;

8 σ := 1
ϵ
;

9 h := −(X − α);

10 τ := σ · quotient(ϵ− f, h);

11 return σ, τ, h;

Example 3.5 Let us consider g1 = (X + 1)(X − 2)(X − 4) and g2 = −(X − 1).

The semialgebraic set of G = {g1, g2} is the interval [−1, 1] so it is bounded, however

S(g1) is [−1, 2] ∪ [4,∞), which it is unbounded to the right. We use Algorithm 7 to

compute the polynomial h such that compact(g1) = g1h. The largest end point of

S(G) of 1, which is used as the bound for Algorithm 7.

The Cauchy bound of g1 is 16, therefore we compute the maximum value of

g1 between the interval [−16, 16] to be ϵ1 = 2856. Then we factorize ϵ1 − g1 =

((X + 11
2

)2 + 591
4

) · (−(X − 16)). Hence, the real root α of ϵ1 − g1 of odd degree is 16.

Following the algorithm, σ := 1
2856

is a positive constant. We have h = −(X−16),
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and τ = 1
2856

((X + 11
2

)2 + 591
4

).

3.1.2 Involution technique

In the previous section, we discussed how to compute the auxiliary polynomial h

in the compactification of a polynomial f when S(f) is bounded to the right. The

construction for the case where S(f) is bounded to the left is similar due to sym-

metric arguments. In this section, we use the involution operation to formalize this

observation.

Involution ι : R[X] → R[X] is a ring automorphism that fixes elements in R and

sends X to −X. We prove the following properties:

Proposition 3.6 Let f ∈ R[X] and f(a) be the homomorphism substitution of a

that replaces a for every X in f . The following holds:

• ι((X − a)k) = (−1)k(X + a)k

• (ι(f)(k))(a) = (−1)kf (k)(−a)

• If f is a sums of squares, then ι(f) is also a sums of squares.

Proof. For the first item, since ι is an automorphism, we have ι((X − a)k) = (ι(X −

a))k = (−X − a)k = (−(X + a))k = (−1)k(X + a)k.

For the second item, the Taylor series expansion of f at −a is f =∑n
i=0

f (k)(−a)
k!

(X + a)k. Applying the automorphism ι to the latter, we have

ι(f) =
n∑

i=0

f (k)(−a)

k!
ι((X + a)k)

=
n∑

i=0

f (k)(−a)

k!
(−1)k(X − a)k

(3.1)
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by the first item of this proposition. The Taylor series expansion of ι(f) at a is

ι(f) =
n∑

i=0

(ι(f))(k)(a)

k!
(X − a)k (3.2)

Subtracting Equation (3.1) and Equation (3.2) gives the desired equality.

For the third item, if f is a sums of squares then there exists f1, . . . , fs such that

f =
∑s

i=1 f
2
i . Since ι is an automorphism, we have ι(f) =

∑s
i=1 ι(fi)

2. □

The following corollary is obtained directly from the previous proposition.

Corollary 3.7 Let f ∈ R[X]. The following holds:

• orda(ι(f)) = ord−a(f)

• ϵa(ι(f)) = (−1)ord−a(f)ϵ−a(f)

The previous corollary tells us that involution preserves the order at a at the

reflected point −a. Additionally, the ϵ sign is preserved as well modulo the parity of

the order.

Example 3.8 In this example, we combine the involution technique and the Al-

gorithm 7 to compute the auxiliary polynomial h when S(f) is unbounded to the

left.

Consider G = {−(X + 1)(X − 1)} and f = −(X − 2)(X − 3)(X − 5). First, we

apply the involution to the input data. In this case Ĝ := ι(G) = {−(X + 1)(X − 1)}

and f̂ := ι(f) = (X + 5)(X + 3)(X + 2). Notice that the semialgebraic set of f̂ is

[−5,−3]∪ [−2,∞), so it is unbounded to the right. Hence, we apply Algorithm 7 to

f̂ .
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The Cauchy bound of f̂ is 72 so the interval I is [−72, 72], which includes S(Ĝ).

We obtain ϵ = 427350, so ϵ−f̂ = ((X+41)2+4254)·(−(X−72)) hence ĥ = −(X−72),

which is strictly positive over S(Ĝ). To obtain h for our original problem, we simply

apply involution ĥ, thus h = X + 72. Notice that 1 = 1
427350

f + 1
427350

((X − 41)2 +

4254)h.

3.1.3 Compactification when S(f) is unbounded in both

sides

Similarly to the unbounded case to the right in Section 3.1.1, we raise the polynomial

−f by a positive constant. Since f is unbounded to both sides, the polynomial ϵ− f

will have only two real roots, and the rest of its roots are complex conjugates. We

present these ideas in Algorithm 8.

Proposition 3.9 Let f ∈ QM(G) be such that its semialgebraic set is unbounded on

both sides and S(G) =
⋃k

i=0 [ai, bi] is bounded. If f is not a positive constant, there

exists a positive ϵ such that ϵ− f = s · (−((X − a)(X − b))) where −(X − a)(X − b)

is strictly positive over S(G) and s is a sums of squares.

Proof. We follow a similar approach to the proof of Proposition 3.3; we discuss two

cases whether all the real zeros of f are distinct or not. For the former case, we set

the interval I as [min(r1, a0− 1),max(rn, bk + 1)] where r1 (resp. rn) is the minimum

(resp. maximum) root of f and let ϵ be maxx∈I(f). First, we prove that ϵ − f is

strictly positive over S(G). This follows from the fact that ϵ− f is nonnegative over

I and S(G) ⊂ I.

Now, we prove that ϵ− f is of the form s · (−(X − a)(X − b)) where a < b and

s is a sums of squares; it is enough to prove S(f) = [a, b]. As S(f) is unbounded on

both sides, S(−f) is either bounded, hence S(ϵ− f) is bounded. This means ϵ− f
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has at least two real roots, say a and b, with odd multiplicities. We prove a, b are

the only real roots of ϵ− f with odd multiplicity.

From the definition of I, it contains the roots of the derivative of f which include

all the local maxima of f . Hence, ϵ−f is strictly decreasing over R\I; thus ϵ−f has

a single root a in (−∞,min(r1, a0 − 1)) and a single root b in (max(rn, bk + 1)) both

with odd multiplicities. We proved that ϵ− f is nonnegative over I = [min(r1, a0 −

1),max(rn, bk + 1)], thus S(f) = [a, b].

If f does not have n real different roots, we modify the interval I from the

aforementioned construction similarly to the proof of Proposition 3.3. Let C be the

Cauchy bound of the derivative of f and I the interval [min(−C, a0−1),max(C, bk +

1)]. The construction discussed previously allows us to obtain the results in our

statement, as I contains the roots of the derivative of f . □
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Example 3.10 Consider G = {g1, g2, g3} where g1 = X + 3, g2 = (X + 2)(X − 2),

g3 = −(X − 3) and f = (X + 2)(X + 1)(X − 1)(X − 2). The semialgebraic set of

G is [−3,−2] ∪ [2, 3] while S(f) = (−∞,−2] ∪ [−1, 1] ∪ [2,∞), so the semialgebraic

set of f is unbounded to both sides. To compute the interval I from the proof

of Proposition 3.3 we calculate the Cauchy bound of f , which is 10. Notice that

I = [−10, 10] contains S(G). Then we compute the maximum value of f over I,

which is 9504 at x = −10, i.e., at the right end point of I.

We have ϵ − f = 9500 + 5X2 −X4 = (X2 + 95) · (−(X + 10)(X − 10)). Hence,

h = −(X + 10)(X − 10), which is strictly positive over S(G).

Figure 3.2: Graph of the polynomials f ((X + 2)(X + 1)(X − 1)(X − 2)) and ϵ− f
(9500 + 5X2 −X4)
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Algorithm 8: Computing auxiliary polynomial h when S(f) is unbounded

from both sides
Input: f ∈ A[X], lowerbound, upperbound ∈ A

Output: σ ∈ A+ and τ, h ∈ A[X]

Requires: deg(f) is even and leading coefficient of f is positive

Ensures: 1 = σf + τh, σ, τ ∈
∑

A[X]2

1 if f is a positive constant then

2 return 1
f , 0, 0 ;

3 else

4 if f has r1 < · · · < rn as roots then

5 Let C be the Cauchy bound of f ;

6 else

7 Let C be the Cauchy bound of d
dX f ;

8 I := [min(lowerbound,−C),max(upperbound,C)];

9 ϵ := maxx∈I(f);

10 σ := 1
ϵ ;

11 Let a, b be the two real roots of ϵ− f ;

12 h := −(X − a)(X − b);

13 τ := σ · quotient(ϵ− f, h);

14 return σ, τ, h;

3.1.4 Compactification algorithm

We assume that S(G) =
⋃k

i=0 [ai, bi]. Using Algorithm 7 and Algorithm 8 to compute

the auxiliary polynomial h and the sums of squares σ, τ for the identity 1 = σf + τh,

we finally present in Algorithm 9 the compactification algorithm. We set the values

for the lowerbounds and upperbounds with a0 and bk respectively to force h to be

strictly positive over S(G); using the Certificate algorithm, we compute a certificate

of h in QM(G). Finally, we use Algorithm 9 to compute a certificate of compact(f)
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in QM(G).

Algorithm 9: Compactification algorithm

compactG(f)

Input: f ∈ A[X], G = {g1, . . . , gs} ⊆ A[X]

Output: τ0, τ1, . . . , τs ∈ A[X]

Requires: f = σ0 +
∑s

i=1 σi · gi ∈ QM(G) and S(G) =
⋃k

i=0 [ai, bi]

Ensures: compactG(f) = τ0 +
∑s

i=1 τi · gi, τi ∈
∑

A[X]2 and

S(compactG(f)) is bounded

1 if S(f) is bounded then

2 return σ0, σ1, . . . , σs

3 if S(f) is unbounded to the right then

4 Let σ, τ, h be the output of Algorithm 7 with input f , bk + 1

5 if S(f) is unbounded to the left then

6 Let σ, τ, h be the output of Algorithm 7 with input f [X/−X], a0 − 1

7 σ := σ[X/−X], τ := τ [X/−X], h := h[X/−X]

8 if S(f) is unbounded from both sides then

9 Let σ, τ, h be the output of Algorithm 8 with input f , a0 − 1, bk + 1

10 Let ρ0, . . . , ρs be the certificate obtained from the Certificate algorithm with

input G, h

11 return σf 2ρ0 + τh2σ0, . . . , σf
2ρs + τh2σs

Since both Algorithm 7 and Algorithm 8 satisfy 1 = σf + τh, multiplying

compact(f) = fh on both sides of the previous equation gives fh = σf 2 ·h+ τh2 · f .

Since h is strictly positive over S(G), we can use the Certificate algorithm to compute

a certificate for it in QM(G), hence the result.

Example 3.11 We will continue with Example 3.5. We need to compute a cer-

tificate of h in QM(g1, g2). Using Certificate, we obtain h = (52795
16542

(X + 19711
211180

)2 +

22498742519
13973358240

)+ 52795
33084

·g1+ 52795
33084

(X−1)2 ·g2. Notice that there is a simpler certificate of h
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in QM(g1, g2) using h = 15 + g2 that we will use in this example. Hence, a certificate

of the compactified generator g1 is compact{g1,g2}(g1) = 15σg21 + h2τ · g1 + σg21 · g2.

We can verify S(compact{g1,g2}(g1)) = [−1, 2] ∪ [4, 16].

Example 3.12 The following example shows that Algorithm 9 can effectively handle

the case when the associated semialgebraic set of the generators is empty. Consider

the generatorsG = {g1, g2, g3} where g1 := X+5, g2 := −(X+2)(X+1)(X−2)(X−3)

and g3 := (X + 1)(X − 4). We want to compactify the generator g1. Since S(g1)

is unbounded to the right, we use Algorithm 7 with inputs g1 and 1 as bound to

compute sums of squares σ, τ and an auxiliary polynomial h. The output of this

step is σ = 1
11
, τ = 1

11
and h = −(X − 6). Then, we compute the certificate of h in

{g1, g2, g3} as any polynomial is strictly positive over the empty set. For the latter,

we use the Certificate algorithm to obtain h = ρ0 + ρ2 · g2 where:

ρ0 = 576474
37831

(−1231613
5764740

X2 + 195161
1152948

X + 1)2 + 299040382003
436171757880

(− 95421750827
299040382003

X2 +X)2 +

1272229014367963
282824917288887325

(X2)2

ρ2 = 29124
37831

Finally, we obtain a certificate of compact(g1) = g1h by combining the certificates

of g1 and h on line 11 of Algorithm 9, we obtain compactG(g1) = σg21ρ0 + τh2 · g1 +

σg21ρ2 · g2.

3.2 Applications to certificate problems in

quadratic modules

In this section, we use the compactification algorithm to solve two problems in the

computation of certificates. The first application is discussed in Section 3.2.1 to

67



Chapter 3. Compactification of members in Archimedean Quadratic Modules

compute the certificate of a nonnegative factor of a member of a quadratic module

from the certificates of the latter. The second application is discussed in Section 3.2.2;

this application becomes crucial in our main procedure of Chapter 4 and Chapter 6

as it allows us to modify the generators to compute certificates of natural generators

in terms of the original set of generators using the Basic Lemma.

3.2.1 Certificates of nonnegative factors of members of

QM(G)

The calculation of a certificate of natural generators in terms of the original set

of generators G of generators is an important step in the algorithms developed in

chapters 4, 5, and 6 of this thesis. Since natural generators are nonnegative factors

for certain elements of G, it is necessary to develop a method to obtain certificates

for such types of polynomials.

Suppose that f = t1t2 ∈ QM(G) where both t1 and t2 are coprime and non-

negative over S(f) and assume that we have certificates of f in QM(G), i.e.,

f = σ0 +
∑s

i=1 σi · gi. Our goal is to compute a certificate of t1 in QM(G) using

the certificates σ0, . . . , σs of f . We have two cases considering the boundedness of

S(f).

In case S(f) is bounded, using SOSBasicLemma with inputs t1 and t2, we compute

sums of squares σ, τ such that 1 = σt1 + τt2. The certificate of t1 is computed by

multiplying t1 by both sides of the previous equation, thus obtaining t1 = t21σ+ τ · f .

Finally, we obtain a certificate of t1 in QM(G) by substituting f with its certificate

in QM(G).

In case S(f) is unbounded, we use the compactification algorithm 9 to compactify

the polynomial f . Then, the above construction for the bounded case is used, thus
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finding a certificate of the factor of t1 in QM(compactG(g)). This certificate is lifted

to QM(G) as Algorithm 9 provides a certificate of compactG(f) in QM(G).

3.2.2 Removing redundant intervals from semialgebraic sets

In this section, we discuss a method that addresses a shortcoming of Section 3.2.1 on

the requirement that both factors of a given member f in QM(G) are nonnegative

over S(f). The latter limits the application of the Basic Lemma (Theorem 2.19).

We motivate this construction with the following example.

Example 3.13 Consider the following set of generators G = {g1, g2} where g1 =

−(X + 4)(X + 3)(X + 1)(X − 1)(X − 3)(X − 4) and g2 = (X + 2)(X − 2). The

natural generators of QM(G) are n1 = X + 4, n2 = (X + 3)(X − 3) and n3 = −(X −

4). Certificates of the natural generators n1 (resp. n3) can be obtained using the

method discussed in Section 3.2.1 using g1 as these polynomials are nonnegative over

S(compactG(g1)). However, this method is not applicable to the natural generator

n2 as it is not nonnegative over S(compactG(g1)) nor over S(compactG(g2)).

In general, given a polynomial f ∈ QM(G) such that

S(f) =

j⋃
i=0

[ci, di] ∪
k⋃

i=j+1

[ci, di] ∪
l⋃

i=k+1

[ci, di]

S(G) ∩
k⋃

i=j+1

[ci, di] = ∅

(3.3)

we want to find a polynomial p ∈ QM(G) such that S(f + p)∩ (dj, ck+1) = ∅ and

f + p have the same order and sign conditions at dj, ck+1 as f . Clearly, if certificates

of f ∈ QM(G) are given, then it is enough to find certificates of p ∈ QM(G) to have
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a certificate of f + p ∈ QM(G). In this way, we can find a certificate of the natural

generator n2 in Example 3.13 by removing the interval [−1, 1] from the semialgebraic

set of g1 and applying the method in Section 3.2.1.

We describe a procedure to compute a certificate of f + p mentioned above. We

assume f = σ0 +
∑s

i=1 σi · gi. A high level description is the following:

1. Compute positive constants α, ϵ1, and ϵ2 satisfying the following conditions:

• dj + ϵ1 < cj+1 and dk < ck+1 − ϵ2

• Let h = (X− (dj +ϵ1))(X− (ck+1−ϵ2)), q = (X−dj)γ1(X−ck+1)
γ2 where

γ1 =

orddj(f) + 1 if orddj(f) is odd

orddj(f) + 2 otherwise

γ2 =

ordck+1
(f) + 1 if ordck+1

(f) is odd

ordck+1
(f) + 2 otherwise

(3.4)

• S(f + αq · h) ∩ (dj, ck+1) = ∅

2. Since h is strictly positive over S(G), compute a certificate τ0 +
∑s

i=1 τi · gi of

h using the Certificate algorithm.

3. Return certificate σ0 + αqτ0, . . . , σs + αqτs.

In the next proposition, we prove that the polynomial αq · h above satisfies the

required order and sign conditions at dj, ck+1.

Proposition 3.14 Let f and p := αq · h be the polynomials described above. We

have
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• orddj(f + p) = orddj(f), ordck+1
(f + p) = ordck+1

(f)

• ϵdj(f + p) = ϵdj(f), ϵck+1
(f + p) = ϵck+1

(f)

Proof. Since orddj(f) < orddj(p) and ordck+1
(f) < ordck+1

(p), the polynomial f + p

maintains the same sign and order values at dj and ck+1. Thus, the statement holds.

□

Example 3.15 Continuing with Example 3.13, we want to remove the redundant

interval [−1, 1] from the semialgebraic set of g1. We find that α = 175
216

and ϵ1 = ϵ2 = 1

satisfy the conditions mentioned above. We have

f = g1 +
175

216
((X + 3)(X − 3))2 · (X + 2)(X − 2)

=
41X2 + 79

216
· (−(X + 6)(X + 3)(X − 3)(X − 6))

= g1 +
175

216
((X + 3)(X − 3))2 · g2

The semialgebraic set of the polynomial f is [−6,−3]∪ [3, 6]. A certificate of f in

QM(g1, g2) is straightforward to compute as the strictly positive polynomial h used

is g2. Hence, we can apply Section 3.2.1 to compute a certificate of (X + 3)(X − 3)

in QM(g1, g2) as follows:

1. Let f1 = 41X2+79
216

(−(X + 6)(X − 6)) and f2 = (X + 3)(X − 3)

2. We use SOSBasicLemma with inputs f1 and f2 to find

• σ = 1
56

− 239
13414478

f1f2

• τ = 41
12096

X2 − 257
3024

+ 239
13414478

f 2
1

such that σ, τ are strictly positive over S(f) and 1 = σf1 + τf2.
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3. We check σ is nonnegative over R, hence it can be expressed as a sums of

squares. On the other hand, τ is not nonnegative over R, in fact S(τ) ∼=

(−∞,−2.9755] ∪ [2.9755,∞). We use Certificate to compute a certificate of τ

in QM(f). We obtain τ = s0 + s1 · f where

• s1 = (f−902
910

)648

• s0 = τ − s1f

4. Finally, we obtain

(X + 3)(X − 3)

= σ · f + f 2
2 · τ

= σ · f + f 2
2 (s0 + s1 · f)

= f 2
2 s0 + (f 2

2 s1 + σ) · f

= f 2
2 s0 + (f 2

2 s1 + σ) · (g1 +
175

216
((X + 3)(X − 3))2 · g2)

= f 2
2 s0 + (f 2

2 s1 + σ) · g1 +
175

216
((X + 3)(X − 3))2(f 2

2 s1 + σ) · g2

Example 3.16 In this example, we modify Example 3.13 by changing the multi-

plicities of X+3 and X−3 to g1 = −(X+4)(X+3)3(X+1)(X−1)(X−3)5(X−4).

The goal is also to remove the interval [−1, 1] from the semialgebraic set of g1. Using

the same parameters α, ϵ1, ϵ2 as in Example 3.15, we have

f =
41X2 + 79

216
· (−(X + 6)(X + 3)3(X − 3)5(X − 6))

= g1 +
175

216
((X + 3)2(X − 3)3)2 · (X + 2)(X − 2)

The semialgebraic set of f is [−6,−3] ∪ [3, 6].
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Example 3.17 Consider g1 = −(X + 3)2(X + 1)(X − 1)(X − 3)4 and g2 = (X +

2)(X − 2). We want to remove the redundant interval [−1, 1] from S(g1). Using the

parameters α = 5
196
, ϵ1 = 1, ϵ2 = 1, we have

g1 +
5

196
((X + 3)2(X − 3)3)2 · (X + 2)(X − 2)

= g1 +
5

196
((X + 3)2(X − 3)3)2 · g2

= (
89

196
(−169

890
X2 + 1)2 +

19

980
(X)2 +

2277

249200
(X2)2)

· (X + 4)(X + 3)2(X − 3)4(X − 4)

The semialgebraic set of the last polynomial is (−∞,−4] ∪ {−3, 3} ∪ [4,∞).

In order to find values for α, ϵ1, ϵ2 in step 1 in the high level description above, first

we compute a value for α fixing the values of ϵ1, ϵ2 with
cj+1−dj

2
, ck+1−dk

2
, respectively,

such that S(αh) ∩
⋃k

i=j+1 [ci, di] is empty. The polynomial p = αq · h introduces

additional roots in dj and ck+1, so the semialgebraic set of S(f + p) might have

intervals near these endpoints; to fix the latter, we update the values of ϵ1, ϵ2 from

(0,
cj+1−dj

2
), (0, ck+1−dk

2
), respectively, to remove these intervals. We use the following

proposition to find a value for α:

Proposition 3.18 Let f ∈ QM(G) with semialgebraic set as in (3.3). Let p =

(X − dj)
γ1(X − ck+1)

γ2 · (X − cj+1−dj
2

)(X − ck+1−dk
2

) where γ1, γ2 are defined in (3.4).

There exists a positive α such that S(f + α · p) ∩
⋃k

i=j+1 [ci, di] is empty.

Proof. Let S =
⋃k

i=j+1 [ci, di]. The semialgebraic set of p is (dj,
cj+1−dj

2
] ∪ [ ck+1−dk

2
,

ck+1), and therefore p is strictly negative over S. For each of the intervals [ci, di]

in S, we compute the maximum value of p and the maximum value of f , i.e., αi =

−maxx∈[ci,di]
(f)

maxx∈[ci,di]
(p)

> 0. We will prove that S(f+(αi+1) ·p)∩ [ci, di] is empty. Otherwise,
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there exists a point x ∈ [ci, di] such that f(x) + (αi + 1) · p(x) ≥ 0, which implies

f(x) + p(x) ≥ −αi · p(x) = maxx∈[ci,di](f) p(x)
maxx∈[ci,di]

(p)
. Notice that p(x)

maxx∈[ci,di]
(p)

≥ 1

as p is negative over [ci, di] so f(x) + p(x) ≥ maxx∈[ci,di](f), which is a contradiction.

In fact, any β > αi guaranties that S(f + β · p) ∩ [ci, di] is empty. From this, choose

α := 1 + max{αj+1, . . . , αk}, which satisfies the property of empty intersection with

each interval in S. □

Proposition 3.19 Let the polynomial f and the positive constant α be as in Propo-

sition 3.18. Let p1 = α(X−dj)
γ1(X− ck+1)

γ2 · (X− (dj + ϵ1))(X− (ck+1− ϵ2)) where

γ1, γ2 are defined in (3.4). There exist ϵ1 ∈ (0,
cj+1−dj

2
) and ϵ2 ∈ (0, ck+1−dk

2
) such

that the semialgebraic set of f + p1 intersecting (dj, ck+1) is empty.

Proof. Let p be from Proposition 3.18, and t := α · p. First, we prove that for every

x ∈ [
cj+1−dj

2
, ck+1−dk

2
] we have p1(x) ≤ t(x). By continuity, it suffices to prove the

existence of a point x ∈ [
cj+1−dj

2
, ck+1−dk

2
] such that p1(x) ≤ t(x) since both p1 and t

have no additional roots in [
cj+1−dj

2
, ck+1−dk

2
]. This is satisfied with x =

cj+1−dj
2

since

t(x) is zero while p1(x) is a negative value. This implies that the polynomial p1 also

satisfies the property S(f + p1) ∩ [
cj+1−dj

2
, ck+1−dk

2
] is empty.

Now, we prove the existence of ϵ1 and ϵ2 satisfying the main statement. Suppose,

on the contrary, that for every ϵ1 ∈ (0,
cj+1−dj

2
) and ϵ2 ∈ (0, ck+1−dk

2
), we have S(f +

p1) ∩ (dj, cj+1) is non-empty. Let I1 = (dj, dj + ϵ1), I2 = (ck+1 − ϵ2, ck+1), and let us

choose a value of ϵ1, ϵ2 close to 0 such that f strictly decreases over I1 and strictly

increases over I2. Clearly, f+p1 is non-positive over [dj +ϵ1,
cj+1−dj

2
] and non-positive

over [ ck+1−dk
2

, ck+1− ϵ2], so we will prove that S(f + p1)∩ (I1∪ I2) is also empty, thus

reaching a contradiction.

We prove if S(f +p1)∩ I1 is non-empty, then it has at most one single interval. If

S(f+p1)∩I1 has more than a single interval, it means that f+p1 should have at least

two local maxima and one local minimum. The latter implies that the derivative of
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f+p1 has at least three real zeros on I1. However, since p1 has a single local maximum

in I1, its derivative has a single real zero in I1. Additionally, f is strictly decreasing

over I1, so the derivative of f is negative over I1, therefore the derivative of f + p1

can have at most two real zeros in I1. Therefore, if S(f + p1)∩ I1 is not empty, then

it is a single interval. Furthermore, the left endpoint of this interval is dj as it is a

common zero of f and p1. A similar argument concludes that if S(f + p1) ∩ I2 is

non-empty, then it has at most a single interval with right endpoint ck+1.

Now, we will prove that if S(f + p1) ∩ I1 is a single interval with left endpoint

dj, we reach a contradiction, proving our main assertion about the existence of a

value of ϵ1. First, we compute the Taylor series expansion of f and p1 at dj, i.e.,

f = β1(X − dj)
orddj (f) + . . . and p1 = αγ1(X − dj)

orddj (f)+r + . . . where β1 < 0 and r

is either 1 or 2. Then f+p1 = (β1+(X−dj)r(. . . ))(X−dj)orddj (f). If we pick a point

δ in I1 close to dj, then the sign of f(δ) + p1(δ) is the sign of β1, which is negative,

as (δ − dj)
r is close to 0 as well as (δ − dj)

orddj (f) > 0. However, this contradicts

the fact that δ ∈ S(f + p1) ∩ I1. A similar argument also shows that S(f + p1) ∩ I2
is empty. Therefore, there exist values of ϵ1 ∈ (0,

cj+1−dj
2

) and ϵ2 ∈ (0, ck+1−dk
2

) such

that S(f + p1) ∩ (dj, ck+1) is empty. □

The Algorithm 10 allows us to compute the parameters α, ϵ1, ϵ2 required by the

construction.
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Algorithm 10: Removing redundant in-between strictly positive factors

RemoveStrictPosBetween(f)
Input: f ∈ Q[X], dj , ck+1 ∈ A

Output: h, αq ∈ A[X]

Requires: S(f) =
⋃j

i=0 [ci, di] ∪
⋃k

i=j+1 [ci, di] ∪
⋃l

i=k+1 [ci, di]

Ensures: S(f + αq · h) ∩ (dj , ck+1) is empty

1 ϵ1 :=
cj+1−dj

2

2 ϵ2 :=
ck+1−dk

2

3 h := (X − (dj + ϵ1))(X − (ck+1 − ϵ2))

4 q := (X − dj)
γ1 (X − ck+1)

γ2 where γ1, γ2 are defined as in equations (3.4)

5 α := 1

6 for i = j + 1 to k do

7 Let αi := −
maxx∈[ci,di]

(f)

maxx∈[ci,di]
(q·h)

8 if αi > α then

9 α := αi

10 α := 1 + α

11 while S(f + αq · h) ∩ ((dj , dj + ϵ1) ∪ (ck+1 − ϵ2, ck+1)) = ∅ do

12 ϵ1 := 1
2
ϵ1

13 ϵ2 := 1
2
ϵ2

14 return h, αq

Finally, we consider another variation of the problem, where we want to remove

the intervals from the semialgebraic set of f located to the left of the semialgebraic

set of S(G)3.

S(f) =

j⋃
i=0

[ci, di] ∪
k⋃

i=j+1

[ci, di]

S(G) ∩
j⋃

i=0

[ci, di] = ∅

(3.5)

The theoretical approach is the same as the previous problem. We formalize in

Algorithm 11 a solution to this problem.

3The approach is symmetric in the sense that it can also address the case where the
intervals to be removed are on the right of S(G)
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Algorithm 11: Removing redundant left strictly positive factors

RemoveStrictPosLeft(f)

Input: f ∈ Q[X], cj+1 ∈ A

Output: h, αq ∈ A[X]

Requires: S(f) =
⋃j

i=0 [ci, di] ∪
⋃k

i=j+1 [ci, di]

Ensures: S(f + αq · h) ∩ (−∞, cj+1) is empty

1 ϵ :=
cj+1−dj

2

2 h := X − (cj+1 − ϵ)

3 if ordcj+1
(f) is even then

4 q := (X − cj+1)
ordcj+1 (f)+2

5 else

6 q := (X − cj+1)
ordcj+1 (f)+1

7 α := 1

8 for i = 1 to j do

9 Let αi := − maxx∈[ci,di]
(f)

maxx∈[ci,di]
(q·h)

10 if αi > α then

11 α := αi

12 α := 1 + α

13 while S(f + αq · h) ∩ (ck+1 − ϵ, ck+1) = ∅ do

14 ϵ := 1
2
ϵ

15 return h, αq

Example 3.20 Let us consider g1 = (X+4)(X+3)(X+1) and g2 = −(X+2)(X−1).

The semialgebraic set of S(g1) = [−4,−3]∪[1,∞). We want to remove the redundant

interval [−4,−3] from S(g1).

First, we fix ϵ = 1 and set h = X + 2, q = (X + 1)2. Then we compute α

taking the ratio of the maximum values of g1 and q ·h over [−4,−3]. This is α = 1−
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maxx∈[−4,−3](f)

maxx∈[−4,−3](q·h)
= 1+ 1

54
(10−7

√
7). We can check that f+αq ·h = 1

54
((
√

776 − 14
√

7+

( 1029
4

+ 1
2
( 111

2
−21

√
7))X√

776−14
√
7

)2 +(118−7
√

7− ( 1029
4

+ 1
2
( 111

2
−21

√
7))2

776−14
√
7

)X2) · (X+1) and S(f +αq ·h)

is [−1,∞).

3.3 Summary

The chapter discusses an algorithm for computing the compactification of a member

in a quadratic module and its certificates, given that the certificates of the input

polynomial are given. The method is a specialized and efficient version of the Basic

Lemma applied to inputs f , ϵ− f for some ϵ > 0, and a set of generators G.

We also developed the involution technique in Section 3.1.2. This simple ob-

servation allows us to reuse previous results about the unbounded left case to the

unbounded right case. These symmetries are quite common in the thesis, and this

result is useful to avoid repetitive proofs of similar cases.

Finally, in Section 3.2 we discussed two applications that were the motivation of

the compactification procedure, to use the Basic Lemma in contexts that were not

possible based on the requirements of the Lemma. The first computes certificates of

nonnegative factors of a given polynomial. This technique can be seen as an analog

to Theorem 2.20, which instead of taking a product, splits the factors of the given

polynomial. In Section 3.2.2 we discuss the application of removing factors that

introduce intervals that are not part of a given semialgebraic set. This problem is

important and used extensively in Chapter 4 as we need to compute certificates of

quadratic generators from the set of natural generators; in some cases these come

from a single generator that includes additional intervals that need to be removed

before we can apply the nonnegative factor certificate algorithm.
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Chapter 4

Certificates Computation in

Saturated Archimedean

Quadratic Modules in A[X ]

Saturated quadratic modules have been extensively discussed in the literature [41,

42, 58] as a class of quadratic modules that contain a large number of polynomials,

including non-negative polynomials over the semialgebraic set associated with the

generators of the quadratic module. The results in the literature involve discussions

about characterization, equivalence of an alternative set of generators, etc. However,

not much attention is given to the certificate problem. This chapter aims to provide a

solution for this problem. The algorithms developed in this chapter are fundamental

in Chapter 5 and Chapter 6 of this thesis, as many problems in these chapters involve

reductions to the saturated case.

This chapter proposes the SaturatedCert algorithm to compute a certificate for

members in an Archimedean saturated quadratic module. Our approach lifts the

certificates of an input polynomial f nonnegative over S(G) produced by Theo-
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rem 2.12 from PO(Nat(S(G))) to QM(G). In Section 4.1, we discuss an algorith-

mic description that allows us to obtain a certificate of the input polynomial f

in PO(Nat(S(G))). Section 4.2 focuses on the computation of the certificate for

the products of natural generators, so we can lift the certificate in PO(Nat(S(G)))

from Section 4.1 to a certificate in QM(Nat(S(G))). In Section 4.3 we describe

a procedure to find a certificate in QM(G) of elements in Nat(S(G)); this allows

us to lift the certificate from QM(Nat(S(G))) to QM(G). Section 4.4 presents the

SaturatedCert algorithm combining the results from previous sections in this chapter,

discusses several examples, and compares the results with the Shang et. al’s general

method. Section 4.5 compares the implementation CertSatQM of the SaturatedCert

algorithm with Shang et. al’s general method for nonnegative polynomials. We com-

pare our implementation CertSatQM with RealCertify and MomentPolynomialOpt

for strictly positive polynomials. Finally, in Section 4.6 we conclude summarizing

the contributions of this chapter.

4.1 Certificates of products in PO(Nat(S))

In Section 2.1.3, the proof of Theorem 2.12 provides a method to identify the nonneg-

ative factors of a nonnegative polynomial over some semialgebraic set S. However,

the goal of the theorem is to prove membership, so it does not indicate how to

compute a certificate of a member in PO(Nat(S)). The remaining part to obtain

a certificate requires a procedure to combine the certificate of the products of the

nonnegative factors of the input polynomial. In this section, we provide a solution

to this problem.

This method aims to clarify the subtly in handling the sums of squares in pre-

ordering representations, as these can be mistaken with generators of the structures.

It is important to specify this operation, since some products might introduce square
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terms that are not included in the generators associated with the preordering struc-

ture.

Proposition 4.1 Let {g1, . . . , gs} be the set of natural generators of some semialge-

braic set S ⊆ R and let p = σ · ga11 · · · gass , q = τ · gb11 · · · gbss where σ, τ are sums of

squares and a1, b1, . . . , as, bs ∈ {0, 1}. A certificate in PO(Nat(S)) of the product pq

is computable.

Proof. The product of the common generators of PO(Nat(S)) between p and q is

r :=
∏

i∈I gi where I = {i | 1 ≤ i ≤ s, ai = bi = 1}. Clearly, r divides both p and

q; furthermore, p
r

and q
r

are products of generators of PO(Nat(S)) without common

generators, so p
r
q
r

is of the form gc11 · · · gcss where ci = max(ai, bi). We can verify

that pq = στr2 · gc11 · · · gcss , which is a certificate of pq in PO(Nat(S)) since στr2 is a

non-negative polynomial that can be represented as sums of squares.

□

Corollary 4.2 Let G = {g1, . . . , gs} be the set of natural generators of some set of

generators. Let p =
∑

i⊆{1,...,s} σi · g
i1
1 · · · giss , q =

∑
j⊆{1,...,s} σj · g

j1
1 · · · gjss ∈ PO(G)

with σi, σj ∈
∑

A[X]2. A certificate of pq ∈ PO(G) is computable.

Proof. We distribute the sums in the product of p and q and use Proposition 4.1 to

compute the certificates for each of the products σi · gi11 · · · giss and σj · gj11 · · · gjss . □

By combining Theorem 2.12 and Corollary 4.2 we obtain an algorithm to find

a certificate of f in Pos(Nat(S)). The construction iterates the inductive step of

Theorem 2.12 on the input polynomial f mentioned above until it is a nonnegative

polynomial over S and Corollary 4.2 allowing us to combine the certificates for each

of the nonnegative factors of f .
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The following example illustrates the subtlety that a certificate of a polynomial

f in a preordering structure PO(G) need not serve as a certificate in a quadratic

module QM(G), even though QM(G) = PO(G). A certificate of a product of factors

is computed by taking the product of certificates of individual factors in a preorder-

ing structure, whereas it need not work in the case of generating a certificate in the

associated quadratic module structure because a preordering is closed under multi-

plication. Computing a certificate of a polynomial in a quadratic module requires

generating certificates of products of natural generators as well.

Example 4.3 Consider the semialgebraic set S1 := [−1, 1] ∪ {2, 3} ∪ [4, 5]. The

natural generators of S1 are Nat(S1) = {g1 : X + 1, g2 : (X − 1)(X − 2), g3 :

(X − 2)(X − 3), g4 : (X − 3)(X − 4), g5 : −(X − 5)}.

• Consider a polynomial f1 := (X + 2)(X − 3
2
)(X − 4

3
), which is nonnegative

over S1. Based on the construction suggested by the inductive proof in The-

orem 2.12, f1 is factored as (X + 2) and (X − 3
2
)(X − 4

3
) and a certificate of

each factor is computed.

– A certificate X + 2 is 1 + 1 · g1

– A certificate of (X − 3
2
)(X − 4

3
) is 1

6
((X − 1)2 + 1) + 5

6
· g2

Hence, a certificate of f1 is 1
6
((X−1)2+1)+ 5

6
·g2+ 1

6
((X−1)2+1) ·g1+ 5

6
·g1g2.

Note that while the above certificates of X + 2 and (X − 3
2
)(X − 4

3
) belong

to QM(Nat(S1)) as well as PO(Nat(S1)); however, the above certificate of f is

only for PO(Nat(S1)) and not for QM(Nat(S1)) since (X + 1)(X − 1)(X − 2)

is not a generator in QM(Nat(S1)).

• Consider the polynomial f2 := (X − 1)(X − 2)3(X − 3)3(X − 4), which is

nonnegative over S1. We apply inductive Theorem 2.12 to obtain nonnegative
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factors of f2, which are (X − 1)(X − 2), (X − 2)(X − 3) and (X − 3)(X − 4).

Hence, f2 = g23g2g4. Using Corollary 4.2 we obtain the certificate f2 = g23 ·g2g4 ∈

PO(Nat(S1)).

4.2 Certificate of products of natural generators

In Section 4.1, we described a procedure to compute a certificate of a nonnegative

polynomial f ∈ Q[X] over a compact semialgebraic set S in PO(Nat(S)). To lift a

certificate of f from PO(Nat(S)) to QM(Nat(S)), it is enough to find certificates of

the products of natural generators in QM(Nat(S)); in particular, it is enough to have

a certificate of all the products of two generators as we can iteratively multiply and

distribute the certificates in QM(Nat(S)). We formalize this process in the following

proposition.

Proposition 4.4 Let G = {g1, . . . , gs} and f ∈ PO(G). Assume that we have

certificates for each gigj in QM(G). If we have a certificate of f in PO(G), then a

certificate of f in QM(G) is computable.

Proof. We prove by induction on the operations of the preordering that a certificate

of f is computable in QM(G).

• Base case: f ∈ G. A generator is its own certificate in QM(G).

• Inductive case: f = f1 + f2 for some f1, f2 ∈ PO(G). By the inductive hy-

pothesis, if we have certificates of f1, f2 in PO(G), then we have certificates of

f1, f2 in QM(G). Adding the certificates of f1 and f2 provides a certificate for

f in QM(G).
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• Inductive case: f = f1f2 for some f1, f2 ∈ PO(G). By the inductive hypothesis,

if we have certificates of f1, f2 in PO(G), then we have certificates of f1, f2 in

QM(G), say fj = σ0,j +
∑s

i=1 σi,j · gi for j = 1, 2. Let g0 := 1. Multiplying f1

and f1 we obtain

fifj =
s∑

i=0

s∑
j=0

(σi,1σj,2) · gigj (4.1)

Lifting the equation (4.1) with the certificates for each gigj in QM(G) we obtain

a certificate for f in QM(G). □

In this section, all five cases of products of natural generators are considered one

by one. By replacing X with −X, these cases reduce to the following three cases:

• Case 1: Product of a left natural generator X−a0 and a right natural generator

−(X − bk)

• Case 2: Product of a left natural generator X − a0 and a quadratic generator

(X − bi)(X − ai+1)

• Case 3: Product of two quadratic generators (X − bi)(X − ai+1) and (X −

bj)(X − aj+1)

For Case 1, we distinguish two cases. If a0 = bk, the certificate of the product is

computed using the following identity −(X−a0)2 = 1
4
(X−a0−1)2 ·(X−a0)+ 1

4
(X−

a0 + 1)2 · (−(X − a0)). If a0 < bk, the certificates are obtained using the following

identity (X−a0)(−(X− bk)) = 1
bk−a0

((X− bk)2 · (X−a0) + (X−a0)
2 · (−(X− bk))).

Certificates of products of natural generators sharing common zeros of the form

(X − a0), (X − a0)(X − a1) [Case 2] and (X − bi)(X − ai+1), (X − ai+1)(X − aj+1)

[Case 3] are already discussed in the proof of [41, Theorem 2.5]. In [42, Theorem 3.5],

the authors proved that QM(Nat(S)) = PO(Nat(S)) when S is compact by showing
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the membership of the products of Nat(S) in QM(Nat(S)). Thus, to complete the

remaining cases, we turn the proof of [42, Theorem 3.5] into an algorithm to compute

certificates for Case 2 and Case 3 when the natural generators do not share common

zeros. We address each case separately in the following theorems.

Theorem 4.5 Let gi = X − a0 and gj = (X − bi)(X − ai+1) be the left natural

generator and a quadratic generator of Nat(S) such that a0 < bi. There exists a

certificate of gigj in QM(gi, gj,−(X − bk)) and is computable.

Proof. Choose β ∈ Q such that h := −(X − β) is strictly positive over S. We have

h ∈ QM(Nat(S)) since h = (β − bk) + 1 · (−(X − bk)).

Applying SOSBasicLemma with gj and gih, we obtain σ1, τ1 ∈
∑

A[X]2 such that

1 = σ1gih + τ1gj. Hence, multiplying gigjh by both sides of the previous equation,

we obtain the following.

gigjh = (gih)2σ1 · gj + g2j τ1 · gih

= (gih)2σ1 · gj + g2j τ1σ2 · gi + g2j τ1τ2 · h
(4.2)

by Case 1 for some σ2, τ2 ∈
∑

A[X]2. Notice that S(gigjh) = [a0, bi] ∪ [ai+1, β].

Hence, we again use SOSBasicLemma with gigj and h to obtain the sums of squares

σ3, τ3 such that 1 = σ3gigj + τ3h. Hence, gigj = g2i g
2
jσ3 + τ3 · gigjh. Substituting

the certificate of gigjh from the equation (4.2) in the previous equation, we obtain a

certificate of gigj in QM(gi, gj, h) ⊆ QM(gi, gj,−(X − bk)). □

Theorem 4.6 Let gi = (X − bi)(X − ai+1) and gj = (X − bj)(X − aj+1) be two

different quadratic generators of Nat(S) such that ai+1 < bj. There exists a certificate

of gigj in QM(X − a0, gi, gj,−(X − bk)) and is computable.
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Proof. Choose α, β ∈ Q such that h1 := X−α and h2 := −(X−β) are strictly positive

over S. Both h1 and h2 are members of QM(Nat(S)) since h1 = (a0−α)+1 ·(X−a0)

and h2 = (β − bk) + 1 · (−(X − bk)).

We apply SOSBasicLemma with h1gih2 and gj to obtain σ1, τ1 ∈
∑

A[X]2 such

that 1 = σ1h1gih2 + τ1gj. Hence, multiplying h1gigjh2 by both sides of the previous

equation, we obtain the following.

h1gigjh2 = σ1(h1gih2)
2 · gj + τ1g

2
j · h1gih2

= σ1(h1gih2)
2 · gj + τ1g

2
j s1 · h1

+ τ1g
2
j s2 · gi + τ1g

2
j s3 · h2

(4.3)

where the last equation is obtained from a similar derivation of the equation (4.2)

for the polynomial h1gih2. Finally, we apply SOSBasicLemma to gigj and h1h2 to

obtain σ2, τ2 ∈
∑

A[X]2 such that 1 = σ2gigj + τ2h1h2. We obtain a certificate of

gigj by multiplying gigj by both sides of the previous equation and substitute the

certificate of h1gigjh2 in QM(h1, gi, gj, h2) ⊆ QM(X − a0, gi, gj,−(X − bk)). □

Example 4.7 Consider G = {g1, g2, g3, g4} where g1 = X + 3, g2 = (X + 2)(X + 1),

g3 = (X − 1)(X − 2) and g4 = −(X − 3). We want to compute a certificate of g2g3

in QM(G). We apply the procedure in the proof of Theorem 4.6 for the latter:

First, we compute the sums of squares σ1, τ1 for the identity 1 = σ1g1g2g4 +

τ1g3. Using the SOSBasicLemma algorithm with inputs g1g2g4 and g3, we obtain the

following:

σ1 = 25651419
1281797120

(− 4415585
34201892

X3 − 1251755
102605676

X2 +X − 8011232
76954257

)2

+ 28331277347353
2311869023304840

(− 29384854743375
14505614001844736

X3 − 890819840493969
7252807000922368

X2 + 1)2

+ 1994111861811973593029
18593254251396257291960320

(−1285483076174859368325
3988223723623947186058

X3 +X2)2

+ 106766816304202787495261701
32717399570283849383175990738944

(X3)2 + 2157
1595974

((X − 1)(X − 2))2
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τ1 = 697
2002808

((X + 3)(X + 2)(X + 1)(X − 3))2

+ 7224817
31919480

(− 15161753
693582432

X3 − 21619799
231194144

X2 + 7181883
28899268

X + 1)2

+ 174487837272007
1844899213881280

(− 302420779830331
2791805396352112

X3 + 719486242613227
8375416189056336

X2 +X)2

+ 138684576679824814487417
102658148942691815356907520

( 42850403008996998246261
138684576679824814487417

X3 +X2)2

+ 182956542720540303136597309
39840656144761211125813354648440

(X3)2

Then, using these polynomials, we obtain a certificate of g1g2g3g4 in QM(g3,

g1g2g4) as g1g2g3g4 = σ1(g1g2g4)
2 · g3 + τ1g

2
3 · g1g2g4. In order to lift this certificate to

QM(G), we compute two sums of squares σ2, τ2 using SOSBasicLemma with inputs

g1g4 and g2 such that 1 = σ2g1g4 + τ2g2. We obtain

σ2 = 5077893
74983750

(−1210241
3385262

X + 1)2 + 51983202049
253839639492500

X2

τ2 = 29282713
149967500

(− 22495125
117130852

X + 1)2 + 116498980322719
70263284189240000

X2

Hence, g1g2g4 = σ2(g1g4)
2 · g2 + τ2g

2
2 · g1g4 = σ2(g1g4)

2 · g2 + 1
6
τ2(g4g2)

2 · g1 +

1
6
τ2(g1g2)

2 · g4. The last equation follows from applying Case 1 in this section. Now,

we compute the sums of squares σ3, τ3 for the identity 1 = σ3g1g4 + τ3g2g3. Using the

SOSBasicLemma algorithm with inputs g1g4 and g2g3, we obtain σ3 = 1
40
X2+ 1

10
, τ3 =

1
40

Thus, multiplying g2g3 by the identity 1 = σ3g1g4 + τ3g2g3, we obtain g2g3 =

σ3 · g1g2g3g4 + τ3(g2g3)
2. Substituting the certificate of g1g2g3g4 obtained before in

the last equation, we obtain a certificate of g2g3 in QM(G), i.e.,

g2g3 = τ3(g2g3)
2 +

1

6
σ3τ1g

2
3τ2(g2g4)

2 · g1 + σ3τ1g
2
3σ2(g1g4)

2 · g2 + σ3σ1(g1g2g4)
2 · g3

+
1

6
σ3τ1g

2
3τ2(g1g2)

2 · g4
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4.3 Certificates of natural generators in terms of

a set of generators G

Although natural generators belong to any univariate saturated quadratic module,

these might not be included in a given set of generators. This section addresses the

problem of computing certificates of natural generators using elements of the original

set of generators.

The factors of the natural generators of saturated quadratic modules belong to

the factors of the original generators G. This follows as a consequence of Theo-

rem 2.9. From this observation, we develop a method based on the Basic Lemma

(Theorem 2.19 and Theorem 2.20) to compute a certificate of nonnegative factors

from the given generators. This method computes certificates for the left natu-

ral generator X − a0, right natural generator −(X − bk), and quadratic generator

(X − bi)(X − ai+1) that belong to a single generator. When the factors of quadratic

generators belong to two different generators in G, we apply a procedure to compute

a certificate involving these two generators.

Motivated by the above construction, in this section we describe a procedure

to compute certificates nonnegative factors from the original generators. Then, we

develop a procedure to compute a certificate of a quadratic generator (X − bi)(X −

ai+1) using the certificates of nonnegative factors (X − bi)(X − ci1)
mi1 and (X −

ci2)
mi2 (X − ai+1) from two generators g1, g2 ∈ G. Finally, we use these constructions

to provide an algorithm to compute certificates of natural generators in terms of a

given set of generators G.
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4.3.1 Certificates of a left/right natural generator

We compute a certificate for the left natural generator X − a0. Using Theorem 2.9,

we know that there exists a polynomial g ∈ G such that g(a0) = 0 and dg
dX

(a0) > 0,

that is, g = (X − a0)g̃ with g̃ is not divisible by X − a0.

We can assume X − a0 is nonnegative over S(g), as otherwise we use the

RemoveStrictPosLeft algorithm in Section 3.2.2 to find a polynomial ĝ that preserves

the order and sign condition at a0 and compute its certificates in QM(G) such that

X − a0 is nonnegative over S(ĝ). The procedure discussed in Section 3.2.1 allows

us to compute a certificate of X − a0 setting t1 = X − a0 and t2 = g
t1

in terms of

QM(G). Similarly, the same procedure is used to compute a certificate for the right

natural generator −(X − bk).

4.3.2 Certificates of a quadratic generator

First, we state the following lemma that we will use to describe a method to compute

certificates for the quadratic generator (X − bi)(X − ai+1).

Lemma 4.8 Let a0, bi, ci1 , ci2 , ai+1, bk ∈ A be such that a0 ≤ bi < ci2 < ci1 < ai+1 ≤

bk and mi1 ,mi2 are odd numbers. We have (X − bi)(X − ai+1) ∈ Q := QM(X −

a0, (X − bi)(X − ci1)
mi1 , (X − ci2)

mi2 (X − ai+1),−(X − bk)) and its certificates in Q

module are computable.

Proof. Let gnat denote the natural generator (X − bi)(X − ai+1) ∈ Nat(S) and let

Gfix := {X − a0, (X − bi)(X − ci1)
mi1 , (X − ci2)

mi2 (X − ai+1),−(X − bk)}. The

following is a high-level structure of this proof.

(i) Find a polynomial q ∈ QM(Gfix) of the form q = gnat(α · gnat + 1) with

α ∈
∑

A[X]2.

89



Chapter 4. Certificates Computation in Saturated Quadratic Modules in A[X]

(ii) As gnat is nonnegative over S(Gnat), we use the BasicLemma algorithm with

inputs gnat, α·gnat+1 and Gfix, compute strictly positive polynomials σ, τ over S(Gfix)

such that 1 = σgnat + τ(α · gnat + 1).

(iii) Compute a certificate for σ, τ , and στ in QM(Gfix) using the Certificate algo-

rithm.

(iv) Using the previous two steps, compute a certificate for τgnat and gnat in

QM(Gfix).

Consider

q1 := α1g
2
nat · (X − a0)

+ α2(X − ai+1)
2 · (X − bi)(X − ci1)

mi1

+ α3(X − bi)
2 · (X − ai+1)(X − ci2)

mi2

+ α1g
2
nat · (−(X − bk))

(4.4)

with α1, α2, α3 ∈ A+, q in step 1 above is constructed as follows. We can assume

mj1 = mj2 as otherwise, α2 and α3 are replaced by α2(X−ci1)max(mj1
,mj2

)−min(mj1
,mj2

)

and α3(X− ci2)max(mj1
,mj2

)−min(mj1
,mj2

), respectively, since mj1 ,mj2 are odd numbers,

q1 can be rewritten as

q1 = gnat(α1 · gnat((X − a0) + (−(X − bk)))

+ α2 · (X − ai+1)(X − ci1)
mi2 + α3 · (X − bi)(X − ci2)

mi2 )

= gnat(α1(bk − a0) · gnat

+ α2 · (X − ai+1)(X − ci1)
mi2 + α3 · (X − bi)(X − ci2)

mi2 )

Make α2 be 1
(bi−ai+1)(bi−ci1 )

mi2
and α3 be 1

(ai+1−bi)(ai+1−ci2 )
mi2

, which are positive

constants, since bi < ci1 ≤ ci2 < ai+1. By Lemma A.3 from below, α2(X − b)(X −

cj2)
mj1 + α3(X − a)(X − cj1)

mj1 is of the form q2 · (X − a)(X − b) + 1 for some

q2 ∈
∑

A[X]2. Hence, q1 is simplified to
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q1 = gnat(α1(bk − a0) · gnat + q2 · gnat + 1)

= gnat((α1(bk − a0) + q2) · gnat + 1)
(4.5)

The resulting polynomial q1 is therefore the required polynomial q above.

Let q3 := α1(bk − a0) + q2 ∈
∑

A[X]2. Since gnat and q3 · gnat + 1 are relatively

prime, we use BasicLemma with inputs gnat, q3 ·gnat +1 and Gfix to find σ, τ such that

both are strictly positive over S(Gfix) and

1 = σgnat + τ(q3 · gnat + 1) (4.6)

Additionally, στ is also strictly positive over S(Gfix). The certificates for σ, τ ,

and στ in QM(Gfix) are computed using the Certificate algorithm from [82].

We multiply τgnat on both sides of equation (4.6) to obtain τgnat = g2nat ·στ+τ 2 ·q,

for which the certificates are given explicitly. Multiplying both sides of equation (4.6)

by gnat we obtain gnat = g2natσ + g2natq3 · τ + τgnat, thus the certificates for gnat are

given explicitly in QM(Gfix). □

Lemma 4.9 Let a0, bi, ci1 , ci2 , ai+1, bk ∈ A be such that a0 ≤ bi < ci1 ≤ ci2 < ai+1 ≤

bk and mi1 ,mi2 are odd numbers. We have (X − bi)(X − ai+1) ∈ Q := QM(X −

a0, (X − bi)(X − ci1)
mi1 , (X − ci2)

mi2 (X − ai+1),−(X − bk)) and its certificates in Q

are computable.

Proof. Let Gfix := {X − a0, (X − bi)(X − ci1)
mi1 , (X − ci2)

mi2 (X − ai+1),−(X − bk)}.

We use the results in Section 4.2 to find certificates for the product of (X−bi)(X−ci1)

and (X−ci2)(X−ai+1) in QM(X−a0, (X−bi)(X−ci1), (X−ci2)(X−ai+1),−(X−bk)),

i.e., (X − bi)(X − ci1)(X − ci2)(X − ai+1) = σ0 + σ1 · (X − a0) + σ2 · (X − bi)(X −

ci1) + σ3 · (X − ci2)(X − ai+1) + σ4 · (−(X − bk)). Since m1,m2 are odd numbers,
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we multiply the sums of squares (X − ci1)
mi1

−1(X − ci2)
mi2

−1 by the last equation;

thus we obtain a certificate of p := (X − bi)(X − ci1)
mi1 (X − ci2)

mi2 (X − ai+1) in

QM(Gfix).

Since we have certificates for the last expression, we use the

RemoveStrictPosBetween algorithm to remove the interval [ci1 , ci2 ] from the

semialgebraic set of p. Finally, we use the result of Section 3.2.1 to obtain a

certificates of (X − bi)(X − ai+1) in QM(Gfix). □

By Theorem 2.9, we know that there exists a polynomial gi1 ∈ G such that

gi1(bi) = 0 and
dgi1
dX

(bi) < 0, i.e., gi1 = (X− bi)g̃i1 where g̃i1 is not divisible by X− bi.

If gi1(ai+1) = 0 and
dgi1
dX

(ai+1) > 0 then gi1 = (X − bi)(X − ai+1)t and t are not

divisible by X − ai+1. We can assume (X − bi)(X − ai+1) is nonnegative over S(gi1),

as otherwise we use the RemoveStrictPosBetween algorithm to find a polynomial that

preserves the sign and order conditions at bi and ai+1. Hence, we use the procedure

discussed in Section 3.2.1 to compute a certificate of (X − bi)(X − ai+1) by setting

t1 = (X − bi)(X − ai+1) and t2 =
gi1
t1

.

If gi1(ai) ̸= 0 or
dgi1
dX

(ai+1) = 0 then let ci1 be the real root of gi1 closest to the

right1 of bi and mi1 := ordci1
(gi1). We find that (X − bi)(X − ci1)

mi1 divides gi1 and

bi < ci1 ≤ ai+1. If mi1 is even, we use Proposition A.4 to compute a certificates of

(X − bi)(X − ci1)
mi1

+1 in QM(compactG(gi1)) ⊆ QM(G). On the other hand, if mi1

is odd, we use the procedure discussed in Section 3.2.1, we obtain a certificate of

(X − bi)(X − ci1)
mi1 in QM(compactG(gi1)) ⊆ QM(G).

Similarly, by Theorem 2.9, there exists a polynomial gi2 ∈ G such that gi2(ai+1) =

0 and
dgi2
dX

(ai+1) > 0. Repeating the steps above to gi2 we find certificates for (X −

ci2)
mi2 (X − ai+1) in QM(G) where ci2 is the real root of gi2 closest to the left of ai+1

and mi2 is odd.

1i.e., ci1 − bi is minimal and positive.
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Finally, if ci2 < ci1 we use Lemma 4.8 to obtain a certificate of (X−bi)(X−ai+1) in

QM(X−a0, gi1 , gi2 ,−(X− bk)). Otherwise, we use Lemma 4.9 to obtain a certificate

of (X − bi)(X − ai+1) in QM(X − a0, gi1 , gi2 ,−(X − bk)).

4.3.3 Certificates of −1

If the semialgebraic set associated with the set of generators is empty, by definition,

the set of natural generators is {−1}. As the Certificate algorithm excludes the

case when S(G) is empty, we modify the core result in Lemma 2.22 to compute a

certificate of −1 to use this construction.

In the proof of Lemma 2.22, the author proves the nonnegativity of f − g over B

for a particular g ∈ QM(G) constructed in the proof considering two cases, on B∩S1

and B ∩ Sc
1 where S1 := {x ∈ R | gi(x) + 2ϵ ≥ 0 for gi ∈ G}. For the former case,

the author uses the constant µ := min{f(x) | x ∈ B ∩ S1}. If B is empty, then the

certificate is trivially a sequence of 0’s as sums of squares multipliers. However, if both

B and S1 are non-empty, the construction requires that µ is positive; nonetheless,

for the case of an input polynomial to be −1, this cannot be the case. To address

this issue, we find an ϵ > 0 such that S1 is empty. In doing so, the proof of the

nonnegativity of f − g for the g constructed is based only on the second case. We

construct such an ϵ using the following proposition:

Proposition 4.10 Let G = {g1, . . . , gs} be such that S(G) is empty. There exists

ϵ > 0 such that {x ∈ R | gi(x) + ϵ ≥ 0, gi ∈ G} is empty.

Proof. Consider the case where G is a singleton. In this case, it suffices to find the

maximum value v of g1 ∈ G over R which is negative. Then set ϵ := −v
2
.

When G has more than one generator and contains a generator g such that S(g)

is empty, we apply the previous construction. Otherwise, we apply the following
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construction. Let s(x) := mingi∈G(gi(x)). As the gi’s are polynomials, the function

s is continuous. Since S(G) is empty, we see that S(s) is also empty. Hence, we find

the maximum value v of s over R. Finally, we choose ϵ := −v
2

as in the previous

case. We prove that this choice of ϵ makes {x ∈ R | gi(x) + ϵ ≥ 0, gi ∈ G} empty.

Otherwise, there exists a point x∗ such that all gi ∈ G satisfy gi(x
∗) + ϵ ≥ 0. In

particular, let g ∈ G be the polynomial such that s(x∗) = g(x∗), then 0 ≤ g(x∗)− v
2

=

g(x∗) − maxx∈R(s(x))
2

≤ g(x∗) − s(x∗)
2

≤ g(x∗)
2

, which implies that g(x∗) ≥ 0. As g

evaluates to a minimum value at x∗ then for every gi ∈ G we have gi(x
∗) ≥ 0. This

means that x∗ ∈ S(G), which contradicts the assumption that S(G) is empty. □

Example 4.11 Let G := {g1, g2} where g1 := (X + 2)(X + 1)(X − 3) and g2 :=

−(X+3)(X−1)(X−2). We can check S(g1, g2) is empty, so −1 belongs to QM(g1, g2).

We use the Certificate algorithm to compute its certificate as follows:

1. We construct the polynomial g in line 11 as g = X2 · g1 + (X + 1
2
)2 · g2 =

−3
2
− 17

4
X − 5X2 − 1

4
X3 −X4.

2. The output in line 12 of the Certificate algorithm is (0, 0) as S(g) is empty.

3. We skip lines 14, 15 as f̃ = −1 is a global lower bound.

4. We use the construction in Proposition 4.10 to determine the value of ϵ. We

find that the maximum value of g is ≈ −0.304514. We can set a rational upper

bound for ϵ with 1
7
.

5. The output in line 16 is
(

g−γ
γ+ϵ

)2N

where γ = 0, ϵ = 1
7
, and N = 1.

6. The final certificate of −1 is s0 + s1 · g1 + s2 · g2 where

• s0 = 9354955
416

(− 1156467
74839640

X6 − 11666252
84194595

X5 + 32122727
112259460

X4 + X3 + 21152573
37419820

X2 +

180544
9354955

X − 1612871
74839640

)2
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+ 59714904742547
4789736960

( 22810018055003
1074868285365846

X6 − 46756167384452
537434142682923

X5 − 1488158656563691
2328881284959333

X4 +

X2 + 32795486806654
59714904742547

X + 7970520925719
119429809485094

)2

+ 4966424403127192392077
1453221921814623792

(− 7777818559142431122349
148992732093815771762310

X6+ 24240888766648224613917
79462790450035078273232

X5+

X4 + 21538709760036419911935
79462790450035078273232

X + 2960623920346085779071
49664244031271923920770

)2

+ 2180029993675121552519735293771
2746234037953212305122897920

( 392706902497537764410509019384
6540089981025364657559205881313

X6 + X5 −
9662362242257679293691019507995
28340389917776580182756558819023

X − 247250225709063943117469831784
2180029993675121552519735293771

)2

+96255517490555782595351977310034221117
235792044115901147120534569374271360

(− 14208175744357738278888911324569288535
1155066209886669391144223727720410653404

X6

+X + 159698917834703635687416627060312176103
385022069962223130381407909240136884468

)2

+ 30871835762367620228119173105281964000942744323
1197572646410498824738331160900521765449267200

(X6 +

38506966121772323677513910100252919325655260187
401333864910779062965549250368665532012255676199

)2

+ 145495688422256783020040900306823129802516394163473
26086701219200639092760701273963259580796618952935

• s1 = 49
16

(X(6 + 17X + 20X2 +X3 + 4X4))2

• s2 = 49
16

((X + 1
2
)(6 + 17X + 20X2 +X3 + 4X4))2

Example 4.12 Consider G = {g1, g2} where g1 = −(X+1)3 and g2 = (X−1)3. We

use the Certificate algorithm to compute the certificate of −1 in QM(G) as follows:

1. We construct the polynomial g in line 11 as g = X2 · g1 + (X − 1)2 · g2 =

−1 + 5X − 11X2 + 7X3 − 8X4

2. The output in line 12 of the algorithm is (0, 0) as S(g) is empty.

3. We skip lines 14, 15 as f̃ = −1 is a global lower bound.

4. We use the construction in Proposition 4.10 to determine the value of ϵ. We

find that the maximum value of g is ≈ −0.178296. We can set a rational upper

bound for ϵ with 1
11

.

5. The output in line 16 is
(

g−γ
γ+ϵ

)2N

where γ = 0, ϵ = 1
11

and N = 1.

6. The final certificate of −1 is s0 + s1 · g1 + s2 · g2 where
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• s0 = 4605827
4

(− 3148937
46058270

X6 − 3275261
9211654

X5 + X4 − 6500446
13817481

X3 − 187488
4605827

X2 +

208644
4605827

X − 41431
9211654

)2

+ 80153887766729
165809772

(115955119397469
801538877667290

X6− 58902831240816
80153887766729

X5+X3− 85567160304819
160307775533458

X2+

5636029678173
80153887766729

X + 80738990799
160307775533458

)2

+ 953312152029806020477
6412311021338320

(−371343945609790627023
953312152029806020477

X6 + X5 −
804162213785858755960
2859936456089418061431

X2 + 116332308447982838350
953312152029806020477

X − 12102198147733311115
953312152029806020477

)2

+ 364467608257711287422573909
15252994432476896327632

(X6 − 646341734779287595171422841
1822338041288556437112869545

X2 +

1073822949829312212440154196
5467014123865669311338608635

X − 44097855938023747717454023
1822338041288556437112869545

)2

+ 1495935538663920871927258814465531
164010423715970079340158259050

(X2 − 729100608484334409365267065206087
1495935538663920871927258814465531

X +

400382022843033234799156015880157
5983742154655683487709035257862124

)2

+ 42756631410315645537571526701698933487
269268396959505756946906586603795580

(X− 26215888241981786633614809604748411979
85513262820631291075143053403397866974

)2

+ 19653805926722998157330537547179549744901
6841061025650503286011444272271829357920

• s1 = 121(X((−1 +X)5 −X2(1 +X)3))2

• s2 = 121((X − 1)((−1 +X)5 −X2(1 +X)3))2
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4.4 Certificates computation with SaturatedCert

This section describes SaturatedCert in Algorithm 12 by combining results from pre-

vious sections in this chapter. In addition, we discuss examples to illustrate the

method.

Algorithm 12: Algorithm to compute a certificate of a member in

Archimedean saturated quadratic modules

SaturatedCert(f,G)

Input: f ∈ A[X], G = {g1, . . . , gs} ⊆ A[X]

Output: τ
′
0, τ

′
1, . . . , τ

′
s

Requires: QM(G) is Archimedean saturated and f ∈ QM(G)

Ensures: f = τ
′
0 +

∑s
i=1 τ

′
i · gi and each τ

′
i is a sums of squares

1 Let S := S(G) =
⋃k

i=0 [ai, bi]

2 Let Nat(S) = {n1, . . . , nt}

3 Obtain a certificate of f =
∑

i⊆{1,...,t} σi · n
i1
1 · · ·nit

t in PO(Nat(S)) using the

construction in Section 4.1

4 for each σi ̸= 0 do

5 Find the certificate in QM(Nat(S)) of ni1
1 · · ·nit

t = σi,0 +
∑t

j=1 σi,j · nj

using the certificate of products of natural generators from Section 4.2.

6 Lift the certificate of f from PO(Nat(S)) to QM(Nat(S)) using the

certificates for each gi11 · · · giss , i.e., f = τ0 +
∑t

i=1 τi · ni

7 Compute a certificates in QM(G) of the natural generators using the

construction in Section 4.3, i.e, ni = τ
′
i,0 +

∑s
j=1 τ

′
i,j · gj.

8 Lift the certificate of f from QM(Nat(S)) to QM(G) using the certificates of

each natural generator from the previous step, i.e., f = τ
′
0 +

∑s
i=1 τ

′
i · gi.

9 return τ
′
0, . . . , τ

′
s
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4.4.1 Examples

In this section, we discuss a simple example to highlight the key steps of our approach

and a comparison of the results with Shang et. al’s general method.

A simple example

Consider the generators G := {g1, g2}, where g1 := (X + 3)(X + 2)(X − 1) and

g2 := −(X + 1)(X − 2)(X − 3). The semialgebraic set of G is S = [−3,−2] ∪ [2, 3].

We will compute a certificate for the polynomial (X + 3) which is the left natural

generator of Nat(S).

We compute a certificate forX+3 by splitting the generator g1. The semialgebraic

set of g1 is unbounded, thus we apply Algorithm 7 to compute the sums of squares

σ1 and τ1 and an auxiliary polynomial h1 such that 1 = σ1g1 + τ1h1. We obtain the

following.

• σ1 := 1
2880

• τ1 := 1
2880

((X + 17
2

)2 + 599
4

)

• h1 := −(X − 13)

The semialgebraic set of g1h1 is bounded. We can check g1h1 = σ1g
2
1 · h1 +

τ1h
2
1 · g1. Since h1 is strictly positive over S(G), we find certificates in QM(G) using

the algorithm of Section 2.1.9; h1 := s0 + s1 · g1 + s2 · g2 where s1 := 589
526513

X2,

s2 := 589
526513

(X + 5)2 and s0 := h1 − s1 · g1 − s2 · g2.

Therefore, a certificate of g1h1 in QM(G) is

g1h1 = σ1g
2
1s0 + (σ1g

2
1s1 + τ1h

2
1) · g1 + σ1g

2
1s2 · g2
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Next, using BasicLemma with inputs X + 3, g1
X+3

h1 and {g1h1}, we find σ2 and τ2

satisfying σ2(X + 3) + τ2
g1

X+3
h1 :

• σ2 := 2543783
78097856

X2 − 16649805
78097856

X + 16870389
39048928

− 27573
19524464

X3 − 232
1102409

( 2543783
78097856

X2− 16649805
78097856

X+ 16870389
39048928

− 27573
19524464

X3)(X+3)(2− 232
1102409

(X+3)(−X3+

12X2+15X−26)+(1− 232
1102409

(X+3)(−X3+12X2+15X−26))2+(1− 232
1102409

(X+

3)(−X3+12X2+15X−26))3+(1− 232
1102409

(X+3)(−X3+12X2+15X−26))4+

(1 − 232
1102409

(X + 3)(−X3 + 12X2 + 15X − 26))5)(−X3 + 12X2 + 15X − 26)

• τ2 := 889403
78097856

− 27573
19524464

X + 232
1102409

( 2543783
78097856

X2 − 16649805
78097856

X + 16870389
39048928

−
27573

19524464
X3)(X+3)2(2− 232

1102409
(X+3)(−X3+12X2+15X−26)+(1− 232

1102409
(X+

3)(−X3+12X2+15X−26))2+(1− 232
1102409

(X+3)(−X3+12X2+15X−26))3+

(1 − 232
1102409

(X + 3)(−X3 + 12X2 + 15X − 26))4 + (1 − 232
1102409

(X + 3)(−X3 +

12X2 + 15X − 26))5)

We can check X + 3 = (X + 3)2σ2 + τ2 · g1h1. Since σ2 and τ2 are strictly

positive polynomials over S(g1h1), we compute a certificate of these in QM(g1h1).

Using a square free decomposition, we notice that σ2 := σ2sosσ2rest where σ2sos :=

(232X4 − 2088X3 − 11832X2 − 4408X + 1120505)6 ∈
∑

Q[X]2 and

σ2rest := − 3939

5006538738653003018117160074353414225724432
X3

+
21023

1158537889936232103365954397371038002646976
X2

− 16649805

140183084682284084507280482081895598320284096
X

+
16870389

70091542341142042253640241040947799160142048

is strictly positive over S(g1h1). We find certificates for the strictly positive

polynomial σ2 using the Certificate algorithm from [82]; σ2 := σ2soss3 + σ2soss4 · g1h1
where:
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• s3 := σ2rest − s4 · g1h1,

• s4 := 1
1107706970296998652079462328093230026002541

+ 1
75725680710000000000

( 519162
1690512571

g1h1 − 1111230756
1690512571

)116

Using the Certificate algorithm, we also find τ2 = s5 + s6 · g1h1 where

• s5 := τ2 − s6 · g1h1,

• s6 := 1
30574736731299198850326303450749

(2999
1000

+X)22

+ 336370532867760591471442397905687904583764945 . . .

. . . 9211931020821776966282970246217703491( 57575
240688632

g1h1 − 20539225
40114772

)304

Finally, the certificate of X + 3 in QM(G) is:

X + 3 = (X + 3)2σ2 + τ2 · g1h1

= (X + 3)2(σ2soss3 + σ2soss4 · g1h1) + (s5 + s6 · g1h1)g1h1

= ((X + 3)2σ2soss3 + s6(g1h1)
2) + ((X + 3)2σ2soss4 + s5) · g1h1

= ((X + 3)2σ2soss3 + s6(g1h1)
2) + ((X + 3)2σ2soss4 + s5)σ1g

2
1s0

+ ((X + 3)2σ2soss4 + s5)(σ1g
2
1s1 + τ1h

2
1) · g1

+ ((X + 3)2σ2soss4 + s5)σ1g
2
1s2 · g2

Comparison with an alternative approaches

In this section, we compare the certificates produced by our SaturatedCert algorithm,

the algorithm by Shang et al, and the Extended Gram matrix approach. For the

latter, we consider G = {g1} where g1 := −(X + 2)(X + 1)(X − 1)(X − 3) and

compute a certificate for different input polynomials.
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Example 4.13 Let the input polynomial be the left natural generator X + 2.

• SaturatedCert: We use SOSBasicLemma with inputs X + 2 and −(X + 1)(X −

1)(X − 3) to obtain sums of squares σ, τ such that 1 = σ(X + 2) + τ(−(X +

1)(X − 1)(X − 3)) where

– σ = 3
5
(− 5

18
X + 1)2 + 11

540
(X)2

– τ = 1
15

Hence, we obtain the certificate X+2 = s0+
1
15
·g1 where s0 = 3

5
((X+2)(− 5

18
X+

1))2 + 11
540

((X + 2)X)2. In expanded form, the degrees of the certificates are

deg(s0) = 4 and deg(s1) = 0.

• Shang et. al’s general method: First, we fix the input polynomial f at x = −2

with f1 := f − 1
15

(X−(−1))2

(−2−(−1))2
(X−1)2

(−2−1)2
(X−3)2

(−2−3)2
· g1 which is a sums of squares, i.e.,

f1 =
63

125
((X + 2)(

521

559872
X4 +

13513

435456
X3 − 61819

483840
X2 − 16

63
X + 1))2

+
2153239

10080000
((X + 2)(

39646495

2092948308
X4 − 3092335

38758302
X3 − 558449

2153239
X2 +X))2

+
21390631747541989

428635813478400000
((X + 2)

(
21685151003276690

577547057183633703
X4 − 25691071038847010

64171895242625967
X3 +X2))2

+
202747529142388112939383

89820118333198713490560000
((X + 2)

(− 923471009955226677313145

3649455524562986032908894
X4 +X3))2

+
59573723983908118887294869491

13791788753274864784463186035584000
((X + 2)(X4))2

Hence, we obtain the certificates X + 2 = s2 + s3 · g1 where

– s2 = f1

– s3 = 1
15

(X−(−1))2

(−2−(−1))2
(X−1)2

(−2−1)2
(X−3)2

(−2−3)2
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In expanded form, the degrees of the certificates are deg(s2) = 10 and deg(s3) =

6.

• Extended Gram matrix method: Let md :=


1

X
...

Xd−1

. There are no positive

semidefinite matrices A0 and A1 of dimension d × d with d < 3 such that

f = ((md)TA0m
d)+((md)TA1m

d)·g1. However, there exist positive semidefinite

matrices that satisfy these conditions with d = 3. We obtain the following.

A0 =


2.40002 0.533338 −0.333341

0.533338 0.199996 −0.0333376

−0.333341 −0.0333376 0.0666673



A1 =


0.066669 4.526684 × 10−7 −0.000024

4.526684 × 10−7 0.000050 4.720584 × 10−8

−0.000024 4.720584 × 10−8 2.817258 × 10−8


The certificate obtained with this approach is

f = ((m3)TA0m
3) + ((m3)TA1m

3) · g1

≈ (1.5492 + 0.344267X − 0.21517X2)2 + (0.+ 0.000581784X2)2

+ (0.+ 0.285441X + 0.14272X2)2

+ ((0.258205 + 1.75314 ∗ 10−6X − 0.0000967477X2)2

+ (0.+ 0.00708567X + 6.68609 ∗ 10−6X2)2 + (0.+ 0.000136995X2)2) · g1

In expanded form, the degrees of the certificates are deg((m3)TA0m
3) = 4 and

deg((m3)TA1m
3) = 4.
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Example 4.14 Let the input polynomial be a natural generator (X + 1)(X − 1).

• SaturatedCert: We use SOSBasicLemma with inputs (X+1)(X−1) and −(X+

2)(X − 3) to obtain sums of squares σ, τ such that 1 = σ(X + 1)(X − 1) +

τ(−(X + 2)(X − 3)) where

– σ = 1224263
3896156

(−1518593
9794104

X2− 723815
14691156

X+1)2+ 14940634371083
686868427156032

(−10649700814773
29881268742166

X2+

X)2 + 360146266268039063
931376675979220111168

(X2)2 + 1323
170573

((X + 2)(X − 3))2

– τ = 1043377
4093752

(− 280155
2086754

X2 − 138821
2086754

X + 1)2 + 222337281587
17085306722016

(−105150010263
222337281587

X2 +

X)2 + 76390416521127
303397897057114808

(X2)2 + 10426
974039

((X + 1)(X − 1))2

Hence, we obtain the certificate (X + 1)(X − 1) = s0 + s1 · g1 where

– s0 = (X + 1)2(X − 1)2σ

– s1 = τ

In expanded form, the degrees of the certificates are deg(s0) = 8 and deg(s1) =

4.

• Shang et. al’s general method: Let tn(a, b) :=
∑n

i=0
(−1)i

i!
(X−a)2i

(2b)i
First, we fix

the input polynomial f at x = −1 with

f1 := f − 1

4
t1(−1, 4)2

(X − (−2))2

(−1 − (−2))2
(X − 1)2

(−1 − 1)2
(X − 5)2

(−1 − 5)2
· g1

which is a local sums of squares in R[[X − 1]].

We fix f1 at x = 1 with

f2 := f1− (X−2)2

6
(X−(−2))2

(1−(−2))2
(X−(−1))2

(1−(−1))2
(X−5)2

(1−5)2
·g1, which is a sums of squares. There-

fore, the certificate obtained using this method is (X + 1)(X − 1) = s2 + s3 · g1
where
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– s2 = 2267
4608

((X+1)(X−1)(− 3445
1305792

X5 + 47369
3917376

X4 + 12215
217632

X3− 359423
1450880

X2−
5875
27204

X + 1))2 + 13078917289
30085447680

((X + 1)(X − 1)( 277035625
52315669156

X5 + 828545605
470841022404

X4 −
7343687830
39236751867

X3 + 3249138825
104631338312

X2 + X))2 + 9964899093437107939
666512004476200550400

((X + 1)(X −

1)( 256724554600819050
9964899093437107939

X5 − 176869388065834730
1423557013348158277

X4 − 2239275551240532900
9964899093437107939

X3 +

X2))2 + 175161724132613869398983
952160936147766697988063232

((X+1)(X−1)( 8243659133685020005983
875808620663069346994915

X5−
124440064307804420379113
525485172397841608196949

X4 +X3))2

+ 7501703071687520501626007353
188290838042063601193243027537920

((X + 1)(X −

1)(−1488811505704947470507385048
7501703071687520501626007353

X5 +X4))2

+ 2330206160538201965573873681
746665511493659640584241064664678400

((X + 1)(X − 1)(X5))2

– s3 = (X−2)2

6
(X−(−2))2

(1−(−2))2
(X−(−1))2

(1−(−1))2
(X−5)2

(1−5)2

+ 1
4
(t1(−1, 4))2 (X−(−2))2

(−1−(−2))2
(X−1)2

(−1−1)2
(X−5)2

(−1−5)2

In expanded form, the degrees of the certificates are deg(s2) = 14 and deg(s3) =

10.

• Extended Gram matrix method: We use the vector of monomials md as in

Example 4.13. There are no positive semidefinite matrices A0 and A1 of di-

mension d × d with d < 4 such that f = ((md)TA0m
d) + ((md)TA1m

d) · g1.

However, there exist positive semidefinite matrices that satisfy these conditions

with d = 4. We obtain the following.

A0 =


0.10149 −0.0332116 −0.10149 0.0332115

−0.0332116 0.0247483 0.0332116 −0.0247482

−0.10149 0.0332116 0.10149 −0.0332115

0.0332115 −0.0247482 −0.0332115 0.0247481



A1 =


0.183582 −0.020833 −0.000437 0.000017

−0.020833 0.025625 −0.000016 −0.000021

−0.000437 −0.000016 0.000044 2.766806 × 10−8

0.000017 −0.000021 2.766806 × 10−8 5.527610 × 10−8


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The certificate obtained with this approach is

f = ((m4)TA0m
4) + ((m4)TA1m

4) · g1

≈ (0.+ 0.117814X + 2.53858 ∗ 10−7X2 − 0.117813X3)2

+ (0.+ 0.000294231X2 − 4.34777 ∗ 10−8X3)2

+ (0.+ 0.00029423X3)2 + (0.318576− 0.10425X − 0.318575X2 + 0.10425X3)2

+ ((0.+ 0.152517X − 0.000436259X2 − 0.000130442X3)2

+ (0.+ 0.0065479X2 + 1.81908 ∗ 10−6X3)2

+ (0.428464− 0.0486242X − 0.00102061X2 + 0.0000403189X3)2

+ (0.+ 0.000191395X3)2) · g1

In expanded form, the degrees of the certificates are deg((m4)TA0m
4) = 6 and

deg((m4)TA1m
4) = 6.

4.5 Experiments

The SaturatedCert algorithm discussed in Section 4.4 has been implemented in Maple

as a package named CertSatQM2; CertSatQM provides a procedure, liftPO2QM, which

uses natural generators and an arbitrary polynomial as generators. The method first

checks the membership of the input polynomial in the quadratic module by checking

nonnegativity and returns a Maple’s table encoding the generators of the quadratic

module as indices and the sum of squares multipliers as entries. The implementation

has been experimented with on several examples.

The implementation has been compared with the implementation with

RealCertify [51] and MomentPolynomialOpt [9] , a Maple and a Julia package

2CertSatQM is freely available in the following GitHub repository: https://github.com/
typesAreSpaces/CertSatQM
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that compute certificates of strictly positive elements in quadratic modules using

a semidefinite programming approach. All experiments were performed on an M1

MacBook Air with 8GB of RAM running macOS.

To the best of our knowledge, this is the first implementation that computes

certificates for saturated quadratic modules. Previous implementations have focused

on the case whenever the input polynomial is strictly positive polynomials using

Positivstellensatz results. In particular, the latter excludes polynomials sharing

common zeros with the original generators without, and most of the time, it is needed

to include a polynomial in the generators that witnesses the Archimedean property.

A consequence is that these implementations generate certificates in terms of the

original generators, and it is not necessary to include an Archimedean polynomial in

the original generators.

4.5.1 Computing certificates of natural generators

This benchmark uses a monogenic generator of the form p = −
∏k

n=1 (X2 − n2). We

compute a certificate for the left natural generator X + k and a certificate for the

right natural generator −(X − k). Table 4.1 reports the time in seconds required to

complete this benchmark.
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k Left natural generator Right natural generator
1 0.101 0.035
2 0.189 0.157
3 0.295 0.297
4 0.371 0.352
5 0.524 0.534
6 0.705 0.666
7 0.903 0.847
8 1.220 1.141
9 1.523 1.345
10 1.848 1.683

Table 4.1: Computing certificates of products of natural generators

The following benchmark compares CertSatQM with RealCertify and

MomentPolynomialOpt using strictly positive polynomials by adding 1 to the the

left natural generator and right natural generator from the benchmark discussed

in Table 4.1. We use the multivsos internal command from RealCertify with

settings 3 algo = 1, gmp = true allowing RealCertify to find exact certificates;

we use the sos decompose command from MomentPolynomialOpt with settings

exact = true, round = 10000 to obtain exact certificates and allow the software

to handle high-precision terms. The command sos decompose also includes an ar-

gument denoting the dimension of the search space of polynomials of fixed degree;

we use a loop to increase this parameter in the case where sos decompose is unable

to find a solution.

Table 4.2 reports the timings in seconds of the two packages and the degree of

the sums of squares term.

3These are interval variables of the package
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RealCertify MomentPolynomialOpt CertSatQM

k Time Degree Time Degree Time Degree
1 0.03 4 0.071 2 0.094 2
2 0.06 4 0.289 4 0.021 4
3 0.012 6 0.085 6 0.029 6
4 0.027 8 0.104 8 0.035 8
5 0.037 10 0.124 10 0.044 10
6 N/A N/A 0.154 12 0.055 12
7 N/A N/A 0.173 14 0.068 14
8 N/A N/A 0.191 16 0.083 16
9 N/A N/A 0.221 18 0.094 18
10 N/A N/A N/A N/A 0.161 20

Table 4.2: Computing certificates of strictly positive polynomials of the form (X +
k) + 1

RealCertify MomentPolynomialOpt CertSatQM

k Time Degree Time Degree Time Degree
1 0.03 4 0.115 2 0.093 2
2 0.005 4 0.261 4 0.019 4
3 0.012 6 0.086 6 0.027 6
4 0.027 8 0.102 8 0.04 8
5 0.036 10 0.122 10 0.046 10
6 N/A N/A 0.146 12 0.056 12
7 N/A N/A 0.176 14 0.067 14
8 N/A N/A 0.2009 16 0.083 16
9 N/A N/A 0.214 18 0.095 18
10 N/A N/A N/A N/A 0.157 20

Table 4.3: Computing certificates of strictly positive polynomials of the form −(X−
k) + 1

The N/A entries in Tables 4.2, 4.3 indicate that the implementation was unable

to find a certificate. We compare the certificates obtained by the previous imple-

mentations for case −X + 2 ∈ QM(−(X2 − 1)); we show the sums of squares σ0, σ1

in −X + 2 = σ0 + σ1 · (−(X2 − 1)).
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• RealCertify

σ0 =
2442079919018640903387597573476994211206586093767920977422187363401295226126201X4

312500000000000000000000000000000000000000000000000000000000000000000000000000000

+
244140624999999999999999999999999999996658943518385149214182828634963403027395329X2

31250000000000000000000000000000000000000000000000000000000000000000000000000000000

+ 2(−
5073300512324625981875447467629096921611X2

10000000000000000000000000000000000000000

+
920212869799648942085416819931834464543X

125000000000000000000000000000000000000000
+

200027342320752718586482929628464751087

400000000000000000000000000000000000000
)2

+ 2(
2499878069966048103761958160758822467269X

5000000000000000000000000000000000000000
−

2499587325459640748846805052717437199869X2

5000000000000000000000000000000000000000
)2

+
1740871302325074754119609205384786859389(X2 +X)2

19531250000000000000000000000000000000000000000000000000000000000000000000000000

+
832249365719387096406349883240494507593(1−X)2

12500000000000000000000000000000000000000000000000000000000000000000000000000000

+
49218640874676983436633944346100928555035040190451169585238618162809132963740103

50000000000000000000000000000000000000000000000000000000000000000000000000000000

σ1 =
6384937177808586970315090635845040435291340627581019258892883350846107654249X2

12207031250000000000000000000000000000000000000000000000000000000000000000000

+ 2(
507686153818313936360606454553717608317

1000000000000000000000000000000000000000
−

4996814523822776714108503870298404939983X

10000000000000000000000000000000000000000
)2

• MomentPolynomialOpt

σ0 = (−1

2
X + 1)2 +

3

4
(X)2

σ1 = 1

• CertSatQM

σ0 =
35152

20931
(X − 20931

70304
)2 +

505372919

2943066048

σ1 =
35152

20931

4.6 Summary

This chapter provides the SaturatedCert algorithm to compute a certificate for a

member f in an Archimedean saturated quadratic module QM(G). The method relies

on a sequence of lifting operations of the certificate obtained from PO(Nat(S(G))),

QM(Nat(S(G))), to QM(G).
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The application of the “Basic Lemma” Theorem 2.19 is crucial to obtain several

sums of squares needed for the certificates, which are non-trivial to obtain. The

Basic Lemma requires two conditions to operate, the first one asks the semialgebraic

set involved to be bounded and that the polynomials in consideration are coprime.

Although the second condition is not hard to fulfill in our methods, the boundedness

condition does not follow easily from the input of the algorithm in SaturatedCert. To

alleviate these shortcomings of the Basic Lemma, Chapter 3 introduces key results

that provide more flexibility of the inputs of the algorithm and use the Basic Lemma

in our construction.

The implementation CertSatQM discussed in Section 4.5 shows that the pro-

posed algorithms are suitable to find a certificate in a reasonable amount of time.

Comparison with Shang et. al’s general method shows that our method provides

a lower degree in the certificates obtained. Comparisons with RealCertify and

MomentPolynomialOpt indicate that our implementation finds solutions of compara-

ble quality (in terms of polynomial degree) in a similar amount of time, while also

handling cases that these packages cannot.
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Chapter 5

Certificates Computation in

Monogenic Archimedean

Quadratic Modules in A[X ]

In this chapter, we introduce the MonogenicCert algorithm that computes certificates

for members in an Archimedean monogenic quadratic module. The monogenic case

has been studied in the context of a formal power series ring R[[X − a]] in [5] which

provides a decision procedure based on a lattice structure using signs and order

conditions at the localization of R[[X − a]]. This line of research ended with a

general membership decision procedure in [4]. However, in this case, no algorithms

have been discussed to compute certificates for members. We use methods from

Chapter 5 like compactification and the certificate of non-negative factors. The

MonogenicCert algorithm is extensively used in Chapter 7 as an intermediate step.

Our approach follows a divide-and-conquer approach; the divide part identifies

and computes certificates for the strictly positive factor, “redundant factors” and the

nonnegative factor of the input polynomial; the conquer part combines the certificates
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of the previous factors to obtain the original input polynomial. One of the key

properties of this case is that the monogenic case is a preordering, thus the conquer

part can simply multiply each certificate of the factors directly. Section 5.1 discusses

techniques to simplify the degree of both the input polynomial and the generator of

the quadratic module, which preserve the sign and order conditions of the original

quadratic module; these reductions help us reduce the degree of the input to handle

a simpler problem. In Section 5.2, we consider a reduction of the original certificate

problem that does not involve roots of even multiplicities; temporarily we “ignore”

these and add them back as factors or sums of squares multipliers in a certificate

of the original problem. In Section 5.3 we describe the MonogenicCert algorithm,

which applies the reductions discussed in the previous section and uses the Basic

Lemma to compute a certificate for the nonnegative factor of the input polynomial.

Section 5.4 provides examples and a comparison of the results obtained between the

proposed method and Shang et. al’s general method. Lastly, Section 5.5 concludes

this chapter by summarizing the contributions.

5.1 Redundant sums of squares

In this section, we discuss simplifications for both the generator and the input poly-

nomial by removing factors that do not contribute information to its signature and

obtain conditions to detect them. We will formally define redundant sums of square

factors.

Definition 5.1 Suppose f ∈ QM(g) such that f = sf1 and s ∈
∑

A[X]2. We call s

a redundant sum of squares factor of f if f1 ∈ QM(g).

Clearly, from the definition of redundant sums of squares factors in Definition 5.1,

it is possible to reduce the certificate problem of f to f1 as a certificate of f is obtained
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from a certificate of f1, i.e., by obtaining a certificate of f1 = σ0 + σ1 · g in QM(g)

we obtain f = sf1 = sσ0 + sσ1 · g which is a certificate of f in QM(g).

5.1.1 Redundancies in generator

Let us consider redundant sums of squares factors in the monogenic case. First, we

will discuss a few examples in order to provide some insight into our statement.

Example 5.2 Let us consider G1 = {−(X + 1)X2(X − 1)}. We see that the poly-

nomials g1 = X2 and g2 = −(X + 1)(X − 1) are coprime and both are nonnegative

over S(G1). Hence, g1 is a redundant factor in G1 so G2 = {g2} is an equivalent sets

of generators.

Example 5.3 Let us consider G1 = {−(X + 2)(X + 1)X2(X − 1)(X − 2)}. We see

that the polynomials g1 = X2 and g2 = −(X + 2)(X + 1)(X− 1)(X− 2) are coprime

but only g1 is nonnegative over S(G1) since at X = 0 the polynomial g2 evaluates to

−16. Hence, X2 is not a redundant factor in G1, in fact QM(G1) ̸= QM(g2).

The following theorem states our main result:

Theorem 5.4 Let g ∈ A[X] be such that S(g) is bounded and s ∈
∑

A[X]2 such

that g = s · g1. Then QM(g) = QM(g1) if and only if (s, g1) = 1 and S(g) = S(g1).

Proof. First, we will prove the converse of the double implication. The two conditions

satisfy the requirements of Theorem 2.20. Hence, there exist sums of squares σ, τ

such that 1 = σs + τg1. Multiplying g1 to both sides of this equation, we obtain

g1 = τg21 + σ · g ∈ QM(g), and hence QM(g1) ⊆ QM(g). The reverse containment is

trivial; therefore QM(g) = QM(g1).
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Now, we will prove the forward direction of the implication. Since Q = QM(g) =

QM(g1) we have S = S(g) = S(g1). Suppose, by contradiction, that s and g1 are not

coprime. The latter implies that (s, g1) = p with deg(p) ≥ 1. Since both quadratic

modules are monogenic, from Theorem 2.16 we find that Q is uniquely specified by

the order information, hence κ+ai(g) = κ+ai(g1) and κ−bi(g) = κ−bi(g1) for every endpoint

ai < bi of S and κai(g) = κai(g1) for every isolated point ai in S. Since deg(p) ≥ 1,

at least one of these equations is false. Hence (s, g1) = 1 as required. □

By iterating Theorem 5.4 to given a generator g such that QM(g) is Archimedean,

we obtain a polynomial g1 such that is free of sums of squares factors. We refer to

g1 as the reduced generator of g.

5.1.2 Redundancies in input polynomial

Any polynomial f in A[X] is a product of powers of linear and quadratic irreducible

factors. The following observation allows us to ignore the quadratic factors whenever

they satisfy similar conditions as in Theorem 5.4.

Theorem 5.5 Let G ⊆ A[X], S(G) =
k⋃

i=0

[ai, bi] and f ∈ A[X] be a polynomial such

that f = sf1 where s = (X − b)2 + c2 with b, c ∈ A. If (s, f1) = 1 and f1 ≥ 0 over

S(G) then f ∈ QM(G) if and only if f1 ∈ QM(G).

Proof. The converse of the implication is trivial from the definition of quadratic

modules. Then, let us prove that if f ∈ QM(G) then f1 ∈ QM(G).

First, consider the case where c ̸= 0. Since f ∈ QM(G), by Theorem 2.5, we have

f |S(G) ≥ 0 and f satisfies the order conditions for each ai and bi of S(G). Applying

the same theorem, in order to prove f1 ∈ QM(G), it is enough to prove f1|S(G) ≥ 0

and f1 also satisfies the same order conditions.
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By contradiction, suppose that there exists a ∈ S(G) such that f1(a) < 0. Since

f(a) ≥ 0, we have (a − b)2 + c2 ≤ 0. This is impossible since a, b ∈ R, and c ̸= 0.

Thus, f1(a) ≥ 0 for every a ∈ S(G).

Since the first non-zero coefficient of the Taylor series of ((X−b)2+c2) at any point

a ∈ R is (a− b)2 + c2 > 0, then for every ai and bi we have ordai (f1) = ordai(f) and

ordbi (f1) = ordbi(f), thus f1 satisfies the same order conditions as the polynomial f .

If c = 0 then we see that b in s = (X−b)2 cannot be any endpoint of S(G). Hence,

the nonnegativity and order conditions of f1 are the same as the other conditions of

f since (s, f1) = 1, so f1 ∈ QM(G). □

Theorem 5.5 allows us to remove sums of squares factors s from the input poly-

nomial f = sf1 under the condition that s and f1 are coprime. However, there are

redundant sums squares factors of f that do not satisfy the coprime condition. For

the latter, we use information about the signature of the quadratic module in order

to safely reduce the input polynomial. The following proposition indicates how to

perform this observation.

Proposition 5.6 Let f be the input polynomial, g a reduced monogenic generator,

and s = (X − c)2 such that s divides both f and g.

1. If ordc(g) is even, ordc(f) is even, and ϵc(f) > 0 then (X − c)ordc(f) is a

redundant factor of f .

2. If ordc(g) is even, ordc(f) is even, and ϵc(f) < 0 then (X − c)ordc(f)−ordc(g) is a

redundant factor of f .

3. If ordc(g) is even and ordc(f) is odd, then (X−c)ordc(f)−ordc(g)−1 is a redundant

factor of f .
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4. If ordc(g) is odd and ordc(f) is even, then (X − c)ordc(f) is a redundant factor

of f .

5. If ordc(g) is odd and ordc(f) is odd, then (X − c)ordc(f)−ordc(g) is a redundant

factor of f .

Proof. Since g is a reduced monogenic generator, by Theorem 2.16, it is of the form

−
m∏
i=0
ai<bi

(X − ai)
κ+
ai (X − bi)

κ−
bi

m∏
i=0
ai=bi

(X − ai)
κai and so s divides only one factor. First,

suppose that s divides the factor of the form (X − ai)
κai . Since κai is even, this case

covers items 1, 2, and 3 above.

If ordc(f) is even and ϵc(f) > 0 then f is positive over any neighbor around c

so f1, where f = f1(X − c)ordc(f), is nonnegative over S(g) and satisfies the order

conditions to be a member of QM(g).

If ordc(f) is even and ϵc(f) < 0 then f1, where f = f1(X − c)ordc(f)−ordc(g), is

nonnegative over S(g) and satisfies the order conditions to be a member in QM(g).

If ordc(f) is odd, then f1, where f = f1(X − c)ordc(f)−ordc(g)−1 is nonnegative over

S(g). Additionally, ordc(f1) = ordc(g) + 1, so f1 satisfies the order conditions to be

a member of QM(g).

Now, suppose that s divides the factor of the form (X − ai)
κ+
ai . Since κ+ai is odd,

this case covers items 4 and 5 above since the reasoning for the case where s divides

a factor of the form (X − bi)
κ−
bi is similar.

If ordc(f) is even, then f is positive over any neighbor around c as otherwise

f is negative over any neighbor around c and would contradict the nonnegativity

condition of f being a member of QM(g). Hence (X − c)ordc(f) is a redundant sums

of squares factor using a similar argument for item 1.

If ordc(f) is odd, then ϵc(f) > 0 as otherwise f would evaluate to a negative value
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to the left of c which contradicts the nonnegativity conditions of being a member of

QM(g). Hence f1, where f = f1(X − c)ordc(f)−ordc(g) is nonnegative over S(g) and

satisfies the order conditions of QM(g), so f1 is a member of QM(g). □

Corollary 5.7 Let g be a single generator without redundant sums of squares factors,

f be an input polynomial of QM(g) without redundant sums of squares factors and

a ∈ ∂ S(g) ∩ Z(f).

• If orda(g) is even and orda(f) is even, then orda(f) = orda(g)

• If orda(g) is even and orda(f) is odd, then orda(f) = orda(g) + 1

• If orda(g) is odd, then orda(f) is odd and orda(f) = orda(g)

We call reduced an input polynomial f whenever there are no sums of squares

factors s such that f = s ·f1 for some f1. We assume for the rest of this chapter that

both the input polynomial and the generator in the quadratic module of discussion

are both reduced.

5.2 Removing isolated points of even multiplici-

ties

The multiplicities of isolated points of type A in the monogenic generator are even

according to Theorem 2.16. From this observation, it is possible to ignore these

isolated points as shown in the following proposition. First, we introduce a useful

notation.

Notation 5.8 Let P be a finite subset of A, f any polynomial in A[X] and G a set

of generators. We denote by fP the polynomial f∏
a∈P

(X−a)min {orda(f),κa(G)} .
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Proposition 5.9 Consider a monogenic generator g and a member f of QM(g).

Let A be the intersection of real zeros of f and isolated points of even multiplicities

in S(g). We have fA ∈ QM(gA). Furthermore, if σ0, σ1 are the certificates of

fA ∈ QM(gA), i.e. fA = σ0 + σ1 · gA, then f = σ0
∏
a∈A

(X − a)κa(g) + σ1 · g.

Proof. Since f ∈ QM(g), from Theorem 2.5, we have orda(f) ≥ κa(g), therefore, both

fA and gA are polynomials and the order conditions of Theorem 2.5 are satisfied. To

prove that fA ∈ QM(gA), it is enough to show that fA is nonnegative over S(gA).

Suppose, by contradiction, that there exists x ∈ S(gA) such that fA(x) =

f(x)∏
a∈A

(x−a)κa(g) < 0, so f(x) < 0. We see that S(gA) = S(g) \ A, since κa(g) is even;

thus, we have that f(x) < 0 for some point in S(g) \ A, which is a contradiction to

the fact that f is nonnegative over S(g).

Clearly, multiplying the sums of squares
∏
a∈A

(X − a)κa(g) by the certificate of fA

in QM(gA) provides a certificate of f in QM(g). □

Working with fA and QM(gA) instead of f and QM(g) allows us to use Theo-

rem 2.19 by splitting factors of g into f .

An interesting property of fA and gA is that their common zeros are the end

points of regular intervals of S(gA). This allows us to use Theorem 2.19 to find a

certificate of fA in QM(gA) as the orders of the common zeros are the same as f and

g by Corollary 5.7, since both are reduced polynomials.

In the previous discussion, we addressed factors with even multiplicities shared

by both the generator g and the input polynomial f . In case the factor with even

multiplicity belongs only to f , i.e., f = (X − a)2f1, the procedure to compute a

certificate for f reduces to compute a certificate for f1 from Theorem 5.5. On the

other hand, if the factor with even multiplicity belongs only to g and it is not
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redundant1, we use the following construction to compute a certificate of f in QM(g).

Theorem 5.10 Consider a monogenic generator g and a member f ∈ QM(g). Let

{a1, . . . , am} be roots of g such that ordai(f) = 0, ordai(g) = 2ni, and ϵai(g) = −1,

i.e., g =
∏m

i=1 (X − ai)
2nig1, but

∏m
i=1 (X − ai)

2ni does not divide f . We have f ∈

QM(g1). Furthermore, given a certificate of f = σ0 + σ1 · g1 in QM(g1), a certificate

f = σ2 + σ3 · g is computable.

Proof. From Theorem 2.15, we conclude that if f ∈ QM(g) then f ∈ QM(g1) as g1 has

m isolated point less than g. Assume f = σ0 + σ1 · g1. Multiplying
∏m

i=1 (X − ai)
2ni

by the previous equation, we obtain

m∏
i=1

(X − ai)
2nif =

m∏
i=1

(X − ai)
2niσ0 + σ1 · g (5.1)

We use the BasicLemma algorithm with inputs
∏m

i=1 (X − ai)
2ni , f , and g to find

σ, τ strictly positive over S(g) such that 1 = σ
∏m

i=1 (X − ai)
2ni + τf . Multiplying f

to both sides of the previous equation, we obtain

f = σ
m∏
i=1

(X − ai)
2nif + f 2τ (5.2)

As σ, τ are strictly positive over S(g), we use the Certificate algorithm to compute

a certificate of σ, τ in QM(g), i.e., σ = σ2 + σ3 · g, τ = σ4 + σ5 · g. Substituting the

certificates of σ, τ and Equation (5.1) into Equation (5.2), we obtain

1See Section 5.1.1
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f = σ(
m∏
i=1

(X − ai)
2niσ0 + σ1 · g) + f 2τ

= (σ2 + σ3 · g)(
m∏
i=1

(X − ai)
2niσ0 + σ1 · g) + f 2(σ4 + σ5 · g)

=
m∏
i=1

(X − ai)
2niσ0σ2 + σ1σ3g

2 + f 2σ4 + (
m∏
i=1

(X − ai)
2niσ0σ3 + σ1σ2 + f 2σ5) · g

Hence, the certificate of f in QM(g) is f = σ2 + σ3 · g where

• σ2 =
∏m

i=1 (X − ai)
2niσ0σ2 + σ1σ3g

2 + f 2σ4

• σ3 =
∏m

i=1 (X − ai)
2niσ0σ3 + σ1σ2 + f 2σ5

□

Example 5.11 We will illustrate the construction in the proof of Theorem 5.10

considering the generator g = −(X + 2)2X(X − 2) and the input polynomial f =

(X + 1)X.

First, we “ignore” the square factor (X+2)2 (g1 := −X(X−2)) from the generator

and compute a certificate of f in QM(g1). This problem is a saturated quadratic

module certificate problem, so we obtain a certificate of f using the SaturatedCert

algorithm; we obtain f = (1
2
X2(1

2
X2 + 1) + 1

4
g21) + (1

2
(1
2
X2 + 1) + 1

4
X2) · g1.

Now, we multiply (X+ 2)2 on both sides of the previous equation, and we obtain

(X + 2)2f = (X + 2)2(1
2
X2(1

2
X2 + 1) + 1

4
g21) + (1

2
(1
2
X2 + 1) + 1

4
X2) · g. We apply

the BasicLemma algorithm with inputs (X + 2)2, f and {g} to compute σ, τ strictly

positive over S(g) so that 1 = σ(X + 2)2 + τf ; we obtain

• σ = 1
4
− 3X

4
+ 101

400
X(1 + X) − 3

320
X(1 + X)(2 + X)2(1

4
− 3X

4
+ 101

400
X(1 +

X))
∑5

i=0 (1 − 3
320
X(1 +X)(2 +X)2)i
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• τ = 2 + 3X
4

− 101
400

(2 + X)2 + 3
320

(2 + X)4(1
4

− 3X
4

+ 101
400
X(1 +

X))
∑5

i=0 (1 − 3
320
X(1 +X)(2 +X)2)i.

We check σ is a nonnegative polynomial over R, so we can find a sums of squares

decomposition; in fact, σ = 101
4294967296∗(10)8 ((X − 199

202
)(−320 + 12X + 24X2 + 15X3 +

3X4)3)2 + 799
1735166787584∗(10)8 ((−320 + 12X + 24X2 + 15X3 + 3X4)3)2. On the other

hand, τ is not nonnegative over R, so we compute a certificate of it in QM(g) using

the Certificate algorithm. We obtain τ = s0 + s1 · g where

• s0 = 2 + 3
4
X − 101

400
(X + 2)2 + 3

320
(X + 2)4(1

4
− 3

4
X + 101

400
X(X +

1))
∑5

i=0 (1 − 3
320
X(X + 1)(X + 2)2)i + (X + 2)2X(X − 2)( 1

2771241597396986
(X +

2)24 + (− 30213590
209948599

(X + 2)2X(X − 2) − 149932894
209948599

)12)

• s1 = 1
2771241597396986

(X + 2)24 + (− 30213590
209948599

(X + 2)2X(X − 2) − 149932894
209948599

)12

From equation 1 = σ(X + 2)2 + τf , we multiply f on both sides to obtain a

certificate of f in QM(g),

f = σ(X + 2)2f + f 2τ

= σ((X + 2)2(
1

2
X2(

1

2
X2 + 1) +

1

4
g21) + (

1

2
(
1

2
X2 + 1) +

1

4
X2) · g) + f 2(s0 + s1 · g)

= (X + 2)2(
1

2
X2(

1

2
X2 + 1) +

1

4
g21)σ + f 2s0 +

(
(
1

2
(
1

2
X2 + 1) +

1

4
X2)σ + f 2s1

)
· g

5.3 Certificates in Archimedean monogenic

quadratic modules

In this section, we discuss how to compute certificates in Archimedean monogenic

quadratic modules. The approach uses the fact that QM(g) is a preordering, so
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we compute a certificate of the factors of the reduced input polynomial that are

members of QM(g) and combine their certificates to obtain a certificate for the input

polynomial.

First, we identify a strictly positive factor from the reduced input polynomial

with respect to the semialgebraic set S(g). By Putinar’s Positivstellensatz [72], this

polynomial is a member of QM(g). We use the Certificate algorithm discussed in [82]

to obtain this certificate.

Then, we apply a transformation to both the generator and the remaining factor

of the input polynomial so that no isolated points of even multiplicities are involved.

Finally, the remaining input polynomial is a product of “in between” factors and a

divisor of the transformed generator.

5.3.1 Certificates of strictly positive factor of input polyno-

mial

In this section, we identify a strictly positive factor of the input polynomial with re-

spect to the semialgebraic set of the generator g considered. The goal is to split the

input polynomial into a strictly positive polynomial and a polynomial that shares

common zeros with g so that both are nonnegative over S(g). In [82], the au-

thors discuss algorithms for computing certificates for strictly positive polynomials

in Archimedean quadratic modules, especially with an emphasis on the univariate

case. Thus, we apply their algorithm to compute a certificate for the strictly positive

factor of the input polynomial.

We identify a strictly positive factor fpos using Algorithm 13.
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Algorithm 13: Compute strictly positive factor fpos from input polynomial

f with respect to a bounded semialgebraic set S

StrictPos(f, S)
Input: f ∈ A[X], S ⊆ R
Output: fpos ∈ A[X]

Requires: S is a union of intervals
k⋃

i=0
[ai, bi]

Ensures: fpos > 0 over S and fpos divides f

1 if S is empty then

2 return f

3 Let Z = Z(f)

4 Let fpos := 1

// Process left part

5 for r ∈ Z and r < a0 do

6 fpos := (X − r)fpos

// Process in between parts

7 for i = 0 to k − 1 do

8 Let Bi := {x ∈ Z | bi < x < ai+1}
9 h :=

∏
r∈Bi

(X − r)

10 if |Bi| is odd then

11 if ordbi
(f) > 0 then

12 fpos := h
X−max(Bi)

fpos

13 else

14 fpos := h
X−min(Bi)

fpos

15 else

16 fpos := hfpos

// Process right part

17 for r ∈ Z and r > bk do

18 fpos := (−(X − r))fpos

19 return fpos

Theorem 5.12 Given an input polynomial f ∈ QM(g), Algorithm 13 returns a

polynomial fpos such that fpos divides f and fpos is strictly positive over S(g).

Proof. The polynomial fpos clearly divides f as it is the product of factors of f . Let

S = S(g), to show that fpos is strictly positive over S, we use the invariant that fpos

is strictly positive over S after every update done to fpos in the Algorithm 13:

• Base case (line 2): fpos is 1, so it is trivially strictly positive over S.

• Left part (line 4): Assuming fpos is strictly positive over S, line 4 updates fpos

to be a product between strictly positive polynomials over S.
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• In between parts (lines 11, 13, or 16): The degree of the polynomial h on line

8 is the cardinality of the set Bi from line 7. If |Bi| is even, then h is strictly

positive over S, so fpos on line 16 is strictly positive. If |Bi| is odd, the degree

of the polynomial h
X−max(Bi)

(resp. h
X−min(Bi)

) on line 11 (resp. line 13) is even

and strictly positive over S, so fpos is strictly positive.

• Right part (line 20): Assuming fpos is strictly positive over S, line 20 updates

fpos to be a product between strictly positive polynomials over S.

Hence, fpos is strictly positive over S(g). □

We call the polynomial fnon−neg := f
fpos

the “nonnegative” part of f where fpos is

the output of Algorithm 13.

5.3.2 Certificates of in-between factors

In this section, we assume that the input polynomial f and generator g are reduced.

Let us consider the open interval (bi, ai+1) which is between the intervals of S(g)

and Bi as the number of real roots of f in (bi, ai+1) as in line 7 of Algorithm 13; we

assume further that the orders of g at the endpoints bi, ai+1 are odd. If the number

of these roots is odd, then the update operation to fpos in Algorithm 13 leaves one

factor X − r as part of the nonnegative factor of f . In such a case, we have two

possibilities:

1. f is divisible by X − bi: Observing line 11 in Algorithm 13, we see that the

nonnegative part of f is divisible by (X − bi)
ordbi (f)(X − max(Bi)). Since the

orders of g at the endpoints are odd, ordbi(f) is also odd .

2. f is not divisible by X− bi: Since the number of real roots between bi and ai+1

is odd and ordbi(f) = 1, then ordai+1
(f) > 0. Consequently, observing line 13,
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f is divisible by (X −min(Bi))(X − ai+1)
ordai+1 (f). Since the orders of g at the

endpoints are odd, ordbi(f) is also odd.

From the previous observation, we define the ith in-between factor of f , denoted

f(bi,ai+1),

f(bi,ai+1) :=


1 if Bi is even

(X − bi)
ordbi (f)(X − max(Bi)) if ordbi(f) > 0

(X − min(Bi))(X − ai+1)
ordai+1 (f) otherwise

(5.3)

For the rest of this section, we prove that the factor ith in-between of f belongs

to QM(g) by discussing a method to compute a certificate of it. For the latter, we

assume the ith in-between factor corresponds to the second case in Equation (5.3),

i.e., it is of the form (X − bi)
ordbi (f)(X − r) since the first case is trivial and the

third case is obtained from the second one by involution. Our main result uses and

generalizes Lemma 2.21.

Theorem 5.13 Let r ∈ A be such that bi < r < ai+1 where bi (resp. ai+1) is a right

(resp. left) end point of an interval in S(g). We have (X−bi)ordbi (g)(X−r) ∈ QM(g).

Proof. Using Lemma 2.21, we obtain a certificate of (X − bi)(X − r) = σ0 +

σ1 · (X − bi)(X − ai+1). Since g does not have isolated points of type A, we

multiply the sums of squares (X − bi)
ordbi (g)−1(X − ai+1)

ordai+1 (g)−1 on both sides

of the previous equation and obtain a certificate of (X − bi)
ordbi (g)(X − r)(X −

ai+1)
ordai+1 (g)−1 in QM((X − bi)

ordbi (g)(X − ai+1)
ordai+1 (g)). Since g has no iso-

lated points of type A, (X − bi)
ordbi (g)(X − ai+1)

ordai+1 (g) divides g and is non-

negative over S(g). Hence, using the SOSBasicLemma algorithm with inputs
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(X − bi)
ordbi (g)(X − ai+1)

ordai+1 (g) and g

(X−bi)
ordbi

(g)
(X−ai+1)

ordai+1(g) , we compute a cer-

tificate of (X − bi)
ordbi (g)(X − ai+1)

ordai+1 (g) in QM(g). We obtain a certificate

of (X − bi)
ordbi (g)(X − r)(X − ai+1)

ordai+1 (g)−1 in QM(g) by lifting the certificate

of (X − bi)
ordbi (g)(X − ai+1)

ordai+1 (g) in QM(g). Since (X − ai+1)
ordai+1 (g)−1 is a

squared term, we use the BasicLemma algorithm with input (X − bi)
ordbi (g)(X − r),

(X−ai+1)
ordai+1 (g)−1 , and g to obtain σ, τ that are strictly positive over S(g) so that

1 = σ(X−bi)ordbi (g)(X−r)+τ(X−ai+1)
ordai+1 (g)−1. We use the Certificate algorithm to

compute certificates of σ, τ in QM(g). Multiplying (X−bi)ordbi (g)(X−r) to both sides

of the previous equation we obtain (X−bi)ordbi (g)(X−r) = ((X−bi)ordbi (g)(X−r))2σ+

(X−bi)ordbi (g)(X−r)(X−ai+1)
ordai+1 (g)−1τ . We distribute and rearrange the sums of

squares multipliers in the certificates of (X−bi)ordbi (g)(X−r)(X−ai+1)
ordai+1 (g)−1 and

τ to obtain a certificate of its product in QM(g). We multiply ((X−bi)ordbi (g)(X−r))2

by the certificate of σ in QM(g) to obtain a certificate of (X − bi)
ordbi (g)(X − r) in

QM(g). □

A similar construction works to compute a certificate of the form (X − r)(X −

ai+1)
ordai+1 (g) in QM(g).

Example 5.14 Let us consider the generator g = −(X + 2)(X + 1)3(X − 1)(X − 2)

and the input polynomial to be f = X(X − 1). We will follow the procedure in the

proof of Theorem 5.13 to compute a certificate of f in QM(g).

First, we compute a certificate of X(X − 1) in QM((X + 1)(X − 1)). We use

Lemma 2.21 to obtain X(X − 1) = 1
2
(X − 1)2 + 1

2
· (X + 1)(X − 1). Now, we

multiply the square term (X + 1)2 on both sides of the previous equation to obtain

(X + 1)2X(X − 1) = 1
2
((X + 1)(X − 1))2 + 1

2
· (X + 1)2(X + 1)(X − 1).

We compute a certificate of (X + 1)3(X − 1) in QM(g) using SOSBasicLemma

using inputs (X+1)3(X−1) and g
(X+1)3(X−1)

. We obtain (X+1)3(X−1) = s0+s1 ·g

where
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• s0 = ((X + 1)3(X − 1))2(
1222(X2−4)

2
(X+ 1999

1000)
4

5562249

− 2X
27

− 7097(X−2)(X−1)(X+1)3(X+2)(2X−5)
3291219

+ (X − 2)(X − 1)(X + 1)3(X +

2)

((
10259040(X−2)(X−1)(X+2)(X+1)3

1220688757
+ 79372768

1220688757

)4

+
59(X+ 1999

1000)
2

2201088

)
+ 5

27
)

• s1 = −2X3

27
+ X2

27
− 7097(X−1)2(2X−5)(X+1)6

3291219

+(X−1)2
((

10259040(X−2)(X−1)(X+2)(X+1)3

1220688757
+ 79372768

1220688757

)4

+
59(X+ 1999

1000)
2

2201088

)
(X+1)6

+
1222(X−2)(X−1)(X+ 1999

1000)
4
(X+2)(X+1)3

5562249
+ 2X

27
+ 8

27

We lift the certificate of (X+1)2X(X−1) to QM(g) with the above certificate as

(X+1)2X(X−1) = 1
2
((X+1)(X−1))2+1

2
·(s0+s1·g) = 1

2
((X+1)(X−1))2+1

2
s0+

1
2
s1·g.

Finally, to obtain a certificate of f in QM(g), we use the BasicLemma algorithm

to compute σ, τ strictly positive over S(g) such that 1 = σ(X+ 1)2 + τf . We obtain:

• σ =
101((X− 401

202
)2+ 799

2022
)((−20−X−X2+X3+X4)16)

5242880000000000000000000
(−(−20 −X −X2 +X3 +X4))

• τ = 3
4
X + 5

4
− 101

400
(X + 1)2 + 1

20
(−3

4
X + 1 + 101

400
X(X − 1))(X +

1)4
∑16

i=0 (1 − 1
20

(X + 1)2X(X − 1))i

We check τ is a nonnegative polynomial over R, so it can be decomposed into

sums of squares. On the other hand, σ is not nonnegative over R as S(σ) ≈

[−2.50782, 2.04944] but only strictly positive over S(g); hence, we compute a cer-

tificate of σ in QM(g) using the Certificate algorithm. We obtain σ = s2 + s3 · g

where

• s2 = σ − (g−16
18

)340g

• s3 = (g−16
18

)340
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Multiplying f by both sides to 1 = σ(X + 1)2 + τf we obtain

f = f 2τ + σ(X + 1)2X(X − 1)

= f 2τ + (s2 + s3 · g)(X + 1)2X(X − 1) [By lifting σ ∈ QM(g)]

= f 2τ + (s2 + s3 · g)(
1

2
((X + 1)(X − 1))2 +

1

2
s0 +

1

2
s1 · g)

[By lifting (X + 1)2X(X − 1) ∈ QM(g)]

= (f 2τ +
1

2
((X + 1)(X − 1))2s2 +

1

2
s0s2 +

1

2
s1s3g

2)

+ (
1

2
((X + 1)(X − 1))2s3 +

1

2
s0s3 +

1

2
s1s2) · g

(5.4)

Example 5.15 Let us consider the generator g = −(X+2)(X+1)3X2(X−1)(X−2)

and the input polynomial to be f = (X− 1
2
)(X−1). We will follow the procedure in

the proof of Theorem 5.13 to compute a certificate of f in QM(g). First, we compute

a certificate of f in QM(g1) where g1 = −(X + 2)(X + 1)3(X − 1)(X − 2), then we

compute the certificate of f in QM(g) using Theorem 5.10.

We compute a certificate of (X − 1
2
)(X − 1) in QM((X + 1)(X − 1)). We use

Lemma 2.21 to obtain (X − 1
2
)(X − 1) = 3

4
(X − 1)2 + 1

4
· (X + 1)(X − 1). Now, we

multiply the square term (X + 1)2 on both sides of the previous equation to obtain

(X + 1)2(X − 1
2
)(X − 1) = 3

4
((X − 1)(X + 1))2 + 1

4
· (X + 1)3(X − 1).

We use the certificate (X + 1)3(X − 1) = s0 + s1 · g1 obtained in Example 5.14.

We lift the certificate of (X+1)2(X− 1
2
)(X−1) to QM(g1) with the above certificate

as (X + 1)2(X − 1
2
)(X − 1) = 3

4
((X − 1)(X + 1))2 + 1

4
· (s0 + s1 · g1) = 3

4
((X − 1)(X +

1))2 + 1
4
s0 + 1

4
s1 · g1.

To obtain a certificate of f in QM(g1), we use the BasicLemma algorithm to

compute σ, τ strictly positive over S(g1) such that 1 = σ(X + 1)2 + τf . We obtain:

• σ = 101(29+X+3X2−X3−2X4)
12

573956280000000000000
(X − 1

404
(1143 − (109801)

1
2 ))(X − 1

404
(1143 +
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(109801)
1
2 ))

• τ = 7
18
X + 13

18
− 101

1080
(X + 1)2 + 1

15
(− 7

18
X + 23

36
+ 101

1080
(X − 1

2
)(X − 1))(X +

1)4(
∑11

i=0 (1 − 1
15

(X + 1)2(X − 1
2
)(X − 1))i)

We use the Certificate algorithm to compute certificates of σ, τ in QM(g1). We

obtain σ = σ2 + σ3 · g1, τ = τ2 + τ3 · g1 where

• σ2 = 101(29+X+3X2−X3−2X4)
10

573956280000000000000
(( 1

404
(−1143 − (109801)

1
2 ) + X)( 1

404
(−1143 +

(109801)
1
2 ) + X)(29 + X + 3X2 − X3 − 2X4)2 − ( 4782969

459986536544739960976801
(−2 −

X)(−2 +X)(−1 +X)(1 +X)3(16 + (−2 +X)(−1 +X)(1 +X)3(2 +X))
14

))

• σ3 = 101(29+X+3X2−X3−2X4)
10

573956280000000000000

( 4782969
459986536544739960976801

(16 + (−2 +X)(−1 +X)(1 +X)3(2 +X))
14

)

• τ2 = 13
18

+ 7X
18

− ( 101
1080

(1 +X)2)

− ((−2−X)(−2+X)(−1+X)(1+X)3(−16+(−2−X)(−2+X)(−1+X)(1+X)3)14)
4139545122369384765625

+ 1
15

(23
36

+ ( 101
1080

(−1 + X)(−(1
2
) + X)) − 7X

18
)(1 +

X)4
∑11

i=0 (1 − 1
15

(−1 +X)(−(1
2
) +X)(1 +X)2)i

• τ3 = (−16+(−2−X)(−2+X)(−1+X)(1+X)3)14

4139545122369384765625

Multiplying f by both sides of 1 = σ(X + 1)2 + τf we obtain
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f = f 2τ + σ(X + 1)2(X − 1

2
)(X − 1)

= f 2(τ2 + τ3 · g1) + σ(X + 1)2(X − 1

2
)(X − 1) [By lifting τ ∈ QM(g1)]

= f 2(τ2 + τ3 · g1) + (σ2 + σ3 · g1)(X + 1)2(X − 1

2
)(X − 1)

[By lifting σ ∈ QM(g1)]

= f 2(τ2 + τ3 · g1) + (σ2 + σ3 · g1)(
3

4
((X − 1)(X + 1))2 +

1

4
s0 +

1

4
s1 · g1)

[By lifting (X + 1)2(X − 1

2
)(X − 1) ∈ QM(g1)]

= (f 2τ2 +
3

4
σ2((X − 1)(X + 1))2 +

1

4
σ2s0 +

1

4
σ3s1g

2
1)

+ (f 2τ3 +
1

4
σ2s1 +

3

4
σ3((X − 1)(X + 1))2 +

1

4
σ3s0) · g1

(5.5)

Hence, f = s2+s3·g1 where s2 = f 2τ2+ 3
4
σ2((X−1)(X+1))2+ 1

4
σ2s0+ 1

4
σ3s1g

2
1 and

s3 = f 2τ3 + 1
4
σ2s1 + 3

4
σ3((X − 1)(X + 1))2 + 1

4
σ3s0. Finally, we compute a certificate

of f in QM(g) from the above certificate of f in QM(g1) using Theorem 5.10. For

the latter, we multiply X2 by the certificate of f in QM(g1), and we obtain X2f =

X2s2 + s3 · g. We use the BasicLemma algorithm with inputs X2, f and {g} to

compute ϕ, ψ strictly positive over S(g) so that 1 = ϕX2 + ψf . We obtain

• ϕ = −6X + 7 + 101
25

(X − 1
2
)(X − 1) − 3

100
(−6X + 7 + 101

25
(X − 1

2
)(X −

1))X2
∑138

i=0 (1 − 3
100
X2(X − 1

2
)(X − 1))i(X − 1

2
)(X − 1)

• ψ = 6X + 2 − 101
25
X2 + 3

100
(−6X + 7 + 101

25
(X − 1

2
)(X −

1))X4
∑138

i=0 (1 − 3
100
X2(X − 1

2
)(X − 1))i

We check ψ is a nonnegative polynomial over R, hence it is a sums of squares.

On the other hand, S(ϕ) ≈ [−2.06161, 2.81567]. We use the Certificate algorithm to

compute a certificate of ϕ in QM(g). We obtain ϕ = ϕ0 + ϕ1 · g where
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• ϕ0 = 101
(174224571863520493293247799005065324265472∗(10280))(

799
163216

+ (−603
404

+X)2)(−200 +

3X2− 9X3 + 6X4)138(200− 3X2 + 9X3− 6X4 + (−2 +X)(−1 +X) ∗X2 ∗ (1 +

X)3(2 + X)( 9
10

+ 1
(838950473)2

(754571078 + 33640755(−2 + X)(−1 + X)X2(1 +

X)3(2 +X))2))

• ϕ1 = 101
(174224571863520493293247799005065324265472∗(10280))(

799
163216

+ (−603
404

+X)2)(−200 +

3X2−9X3+6X4)138( 9
10

+ 1
(838950473)2

(754571078+33640755(−2+X)(−1+X)∗

X2 ∗ (1 +X)3(2 +X))2)

Multiplying f to both sides of the equation 1 = ϕX2 +ψf we obtain f = ϕX2f +

f 2ψ. Lifting the certificates of ϕ and X2f in QM(g) we obtain

f = ϕX2f + f 2ψ

= (ϕ0 + ϕ1 · g)(X2s2 + s3 · g) + f 2ψ

= (s2X
2ϕ0 + s3g

2ϕ1 + f 2ψ) + (s3ϕ0 + s2X
2ϕ1) · g

Example 5.16 Let us consider the generator g = −(X + 33
16

)(X + 1)(X − 1)3(X −

α), where α is a radical number α = 1
48

(65 − 65∗34
2
3

(14477+147
√
10131)

1
3

+ (34(14477 +

147
√

10131))
1
3 ), and the input polynomial to be f = (X + 1)X. We will follow

the procedure in the proof of Theorem 5.13 to compute a certificate of f in QM(g).

First, we compute a certificate of (X + 1)X in QM((X + 1)(X − 1)). We use

Lemma 2.21 to obtain (X + 1)X = 1
2
(X + 1)2 + 1

2
· (X + 1)(X − 1). Now, we

multiply the square term (X − 1)2 on both sides of the previous equation to obtain

(X + 1)X(X − 1)2 = 1
2
((X + 1)(X − 1))2 + 1

2
· (X + 1)(X − 1)3.

Now, we obtain a certificate of (X + 1)(X − 1)3 in QM(g). For the latter, we

use the SOSBasicLemma algorithm with inputs (X + 1)(X − 1)3 and g
(X+1)(X−1)3

to

obtain σ, τ sums of squares such that 1 = σ(X + 1)(X − 1)3 + τ g
(X+1)(X−1)3

. We

obtain
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• σ = 65536
2000033

• τ = 442630144X2

49(300648099+10469680(16α)−223665(16α)2)
+ 256(2145+8X(−65+(16α))−65(16α)+(16α)2)2

2000033(2145−65(16α)+(16α)2)

We get a certificate of (X + 1)(X − 1)3 in QM(g) multiplying (X + 1)(X −

1)3 on both sides of equation 1 = σ(X + 1)(X − 1)3 + τ g
(X+1)(X−1)3

. We obtain

(X + 1)(X − 1)3 = σ((X + 1)(X − 1)3)2 + τ · g. This certificate is used to lift the

previous certificate obtained for (X + 1)X(X − 1)2 to a certificate of QM(g); we

have (X + 1)X(X − 1)2 = 1
2
((X + 1)(X − 1))2 + 1

2
(σ((X + 1)(X − 1)3)2 + τ · g) =

1
2
((X + 1)(X − 1))2 + 1

2
σ((X + 1)(X − 1)3)2 + 1

2
τ · g.

Finally, to obtain a certificate of f in QM(g), we use the BasicLemma algorithm

to compute σ2, τ2 strictly positive over S(g) such that 1 = σ2f + τ2(X − 1)2. We

obtain

• σ2 = (19−17X+4X2)(−46+X−X2−X3+X4)18

4619∗22∗3 · (46 −X +X2 +X3 −X4)

• τ2 = −1
3
X(X + 1) + 1

4
(4 + 3X) + 1

46
(1
4
(5 − 3X) + 1

3
(X − 1)2)((X +

1)X)2
∑18

i=0 (1 − 1
46

(X − 1)2(X + 1)X)i

We check τ2 is a nonnegative polynomial over R, so it can be decomposed into

sums of squares. On the other hand, σ2 is not nonnegative over R as S(σ2) ≈

[−2.50083, 2.97327] but only strictly positive over S(g); hence, we compute a cer-

tificate of σ2 in QM(g) using the Certificate algorithm. We obtain σ2 = s0 + s1 · g

where

• s0 = (19−17X+4X2)(−46+X−X2−X3+X4)18

4619∗22∗3 (46 −X +X2 +X3 −X4 − 432
887
g)

• s1 = 432
887

(19−17X+4X2)(−46+X−X2−X3+X4)18

4619∗22∗3
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Multiplying f by both sides to 1 = σ2f + τ2(X − 1)2 we obtain

f = f 2σ2 + τ2(X − 1)2(X + 1)X

= f 2(s0 + s1 · g) + τ2(X − 1)2(X + 1)X [By lifting σ2 ∈ QM(g)]

= f 2(s0 + s1 · g) + τ2(
1

2
((X + 1)(X − 1))2 +

1

2
σ((X + 1)(X − 1)3)2 +

1

2
τ · g)

[By lifting (X + 1)X(X − 1)2 ∈ QM(g)]

= (f 2s0 +
1

2
τ2((X + 1)(X − 1))2 +

1

2
τ2σ((X + 1)(X − 1)3)2)

+ (f 2s1 +
1

2
τ2τ) · g

(5.6)

5.3.3 Certificates computation with MonogenicCert

In this section, we combine the results from the previous subsections into an algo-

rithm to compute certificates of the members in Archimedean monogenic quadratic

modules. We use Algorithm 14 to combine the certificates of products in QM(g).

Algorithm 14: Combine certificate of products

CombineCert(σ0, σ1, σ2, σ3, g)

Input: σ0, σ1, σ2, σ3, g ∈ A[X]

Output: σ, τ

Requires: σ0, σ1, σ2, σ3 ∈
∑

A[X]2

Ensures: σ, τ ∈
∑

A[X]2, f1f2 = σ + τ · g where f1 = σ0 + σ1 · g and

f2 = σ2 + σ3 · g

1 σ := σ0σ2 + σ1σ3g
2

2 τ := σ0σ3 + σ1σ2

3 return σ, τ
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The following algorithm finds the factors of a generator g with even multiplic-

ities that are coprime with input polynomial f . In particular, this construction is

necessary to guaranty the conditions in Section 5.3.2 so that the in-between fac-

tors of the nonnegative polynomial fnon−neg have an in-between interval [bi, ai+1] and

ordbi(g), ordai+1
(g) that are both odd.

Algorithm 15: Compute a squared divisor of g disjoint to fnon−neg

MonogenicDivisor(fnon−neg, g)

Input: fnon−neg, g ∈ A[X]

Output: p ∈ A[X]

Requires: S(g) =
⋃k

i=0 [ai, bi] is bounded non-empty, and fnon−neg is

nonnegative over S(g) without a strictly positive factor

Ensures: p|g, p ∈
∑

A[X]2, and (p, f) = 1

1 p := 1

2 for i = 0 to k − 1 do

3 Let f(bi,ai+1) be the ith in-between factor of fnon−neg

4 if f(bi,ai+1) is of the form (X − bi)
ordbi (f)(X − r) then

5 Let c1 < c2 < · · · < cm such that g(cj) = 0 and r < cj

6 if f(bi,ai+1) is of the form (X − r)(X − ai+1)
ordai+1 (f) then

7 Let c1 > c2 > · · · > cm such that g(cj) = 0 and r > cj

8 j := 1

9 while ordcj(g) ∈ 2N and ϵcj(g) = −1 do

10 p := p ∗ (X − cj)
ordcj (g)

11 j := j + 1

12 if j > m then

13 break

14 return p

In Algorithm 16, we present a solution to compute certificates in Archimedean
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monogenic quadratic modules:

Algorithm 16: Compute a certificate of membership of an input polynomial

f in QM(g)

MonogenicCert(f, g)
Input: f, g ∈ A[X]

Output: σ2, σ3 ∈ A[X]

Requires: S(g) =
⋃k

i=0 [ai, bi] is bounded non-empty, and f ∈ QM(g)

Ensures: σ2, σ3 ∈
∑

A[X]2 and f = σ2 + σ3 · g

1 Let g1 be the reduced generator g

2 Let f1 be the reduced input polynomial of f w.r.t. g1, σf := f
f1

3 Let A be the roots of g1 with even multiplicities that are zeros of f1

4 Let fA := f1∏
a∈A

(X−a)orda(g1) , gA := g1∏
a∈A

(X−a)orda(g1)

5 fpos := StrictPos(fA,S(gA)), fnon−neg :=
fA
fpos

6 p := MonogenicDivisor(fnon−neg , gA)

7 gA :=
gA
p
, fpos := fpos StrictPos(fnon−neg ,S(gA)), fnon−neg :=

fA
fpos

8 σ0 := 1, σ1 := 0

9 for i = 0 to k − 1 do

10 Let f(bi,ai+1)
be the ith in-between factor of fnon−neg

11 if f(bi,ai+1)
̸= 1 then

12 Use Theorem 5.13 to compute a certificate of f(bi,ai+1)
(= σ2 + σ3 · gA) in QM(gA)

13 σ0, σ1 := CombineCert(σ0, σ1, σ2, σ3, gA)

14 Let fnon−neg := 1
f(bi,ai+1)

fnon−neg

15 if fnon−neg ̸= 1 then

16 Use the SOSBasicLemma algorithm with input fnon−neg and
gA

fnon−neg
to compute sums of squares

σ2, σ3 such that 1 = σ2fnon−neg + σ3
gA

fnon−neg
, hence fnon−neg = σ2f2

non−neg + σ3 · gA
17 σ0, σ1 := CombineCert(σ0, σ1, σ2f2

non−neg , σ3, gA)

18 if fpos ̸= 1 then

19 Use the Certificate algorithm to compute certificates of fpos(= σ2 + σ3 · gA) in QM(gA)

20 σ0, σ1 := CombineCert(σ0, σ1, σ2, σ3, gA)

21 σ0 :=
∏

a∈A
(X − a)orda(g1)σ0

22 σ0 := σfσ0

23 σ1 := σfσ1

24 Use Theorem 5.10 with inputs σ0, σ1 to compute σ2, σ3 that removes the squared term p

25 Use the SOSBasicLemma algorithm with inputs g1 and g
g1

to compute sums of squares σ4, σ5 such that

1 = σ4g1 + σ5
g
g1

, hence g1 = σ4g21 + σ5 · g

26 σ2 := σ2 + σ3σ4g21

27 σ3 := σ3σ5

28 return σ2, σ3
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5.3.4 Examples

In this section, we summarize the results in the previous section using algorithmic

descriptions of our methods.

Example 5.17 Let us consider g = −(X − a1)
2(X − a2)

2 where a1 < a2 ∈ A. We

will compute certificates for the generalized natural generators g1 = (X − a1)
3, g2 =

(X − a1)
3(X − a2)

3, g3 = −(X − a2)
3 of QM(g).

For g1, we notice that the only common isolated point is a1, and hence the trans-

form problem becomes finding certificates of X−a1 ∈ QM(−(X−a2)2). Symbolically,

we have the following certificate X − a1 = a2−a1
2

+ (X−a1)2

2(a2−a1)
+ 1

2(a2−a1)
· (−(X − a2)

2).

Thus, multiplying (X − a1)
2 to both sides of the previous equation, we obtain

g1 = (a2−a1)(X−a1)2

2
+ (X−a1)4

2(a2−a1)
+ 1

2(a2−a1)
· g. Similarly, for g3 we obtain g3 =

(a2−a1)(X−a2)2

2
+ (X−a2)4

2(a2−a1)
+ 1

2(a2−a1)
· g.

For g2, we notice that the common isolated points are a1 and a2. After the

reduction, we need to compute a certificate of (X − a1)(X − a2) ∈ QM(−1). This is

easy using the identity f = (f+1
2

)2+(f−1
2

)2 ·(−1). Hence, we have (X−a1)(X−a2) =

( (X−a1)(X−a2)+1
2

)2 + ( (X−a1)(X−a2)−1
2

)2 · (−1). Multiplying (X − a1)
2(X − a2)

2 to both

sides of the previous equation, we obtain g2 = (X−a1)2(X−a2)2( (X−a1)(X−a2)+1
2

)2 +

( (X−a1)(X−a2)−1
2

)2 · g.

Example 5.18 Let us consider g = −(X + 1)X2(X − 1) and f = −(X + 2)X2(X −

2). The common isolated point of type A is at x = 0, so the problem reduces to

computing a certificate of −(X + 2)(X − 2) ∈ QM(−(X + 1)(X − 1)). We notice

that the transformed input polynomial is strictly positive over [−1, 1]. Hence, we use

the Certificate algorithm to compute this certificate; we obtain −(X + 2)(X − 2) =

s0 + s1 · (−(X + 1)(X − 1)) where
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• s0 = 305092478357544892203576742569362146711X4

996754108986690734692056990747445625000

+ 3X2(21610648533130655389439+6948244153016614683000X)2

2164539363341184841650008630794570099614500000

+ (−42185392614385+41573999385000X+37765651445754X2)2

882917255287406902982500000

• s1 = 47210
23743

(X + 999
1000

)2

Multiplying X2 to both sides of the previous equation, we obtain f = X2s0+s1 ·g.

Example 5.19 Consider a generator g = −(X + 3)(X + 2)X2(X − 2)(X − 3) and

the input polynomial f = (X + 1)X2(X − 1). The common isolated point of even

multiplicity is at x = 0, therefore, we work on the problem of finding certificates of

f1 := (X + 1)(X − 1) ∈ QM(g1) where g1 := −(X + 3)(X + 2)(X − 2)(X − 3). The

latter is a strictly positive polynomial over S1 = S(g1) = [−3,−2] ∪ [2, 3]. Using

the Certificate algorithm, we obtain (X + 1)(X − 1) = 1
875301

(1459587 + 32147X2 +

64858X4) + 64858
875301

· g1. Multiplying X2 by both sides of the previous equation, we

obtain f = X2

875301
(1459587 + 32147X2 + 64858X4) + 64858

875301
· g.

Example 5.20 In this example, we compare the results of our approach with Shang

et. al’s general method. Consider G = g where g = −(X + 1)2(X − 1)2 and the

input polynomial f = (X + 1)3.

First, we compute a certificate for this problem using our proposed method. The

common isolated point of even multiplicity is −1. Hence, we work on the problem

of finding a certificate of f1 := X + 1 in QM(−(X − 1)2). Since f1 is strictly positive

over S(−(X − 1)2) = {1}, we use Certificate to compute a certificate, we obtain

f1 = s0 + s1 · (−(X − 1)2) where

• s0 = 19
10

(− 4
19
X + 1)2 + 31

38
(X)2

• s1 = 9
10
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Multiplying (X + 1)2 by the certificate of f1, we obtain f = (X + 1)2s0 + 9
10

(X +

1)2 · g. Notice that in expanded form, deg((X + 1)2s0) = 4 and deg( 9
10

(X + 1)2) = 2.

Now, we use Shang et. al’s general method. We fix the input polynomial f at

x = −1 with f1 := f− 1
4

(X−1)2

(−1−1)2
·g. Since f1 is a sums of squares, we are done. Hence,

the certificate obtained is f = f1 + 1
4

(X−1)2

(−1−1)2
· g where

f1 =
41

16
(− 5

41
X3 +

13

41
X2 +X +

23

41
)2

+
25

82
(

3

25
X3 +X2 − 22

25
)2 +

1

50
(X3 + 1)2

Notice that in expanded form, deg(f1) = 6 and deg(1
4

(X−1)2

(−1−1)2
) = 2.

5.4 Experiments

This section compares the degree of certificates obtained by our method and

Shang et. al’s general method. This benchmark uses a monogenic generator

gn := −
∏n

m=1 (X2 −m2)2 whose semialgebraic set consists of only isolated points;

the semialgebraic set of gn is
⋃n

m=−n {m}. We compute certificates for the left gener-

alized natural generator (X+n)3 and the intermediate generalized natural generator

(X + 1)3(X − 1)3. All experiments were performed on an M1 MacBook Air with

8GB of RAM running macOS.

We report in Table 5.1 the time (in seconds) and degree of the sums of squares

term s0 in the certificate s0 + s1 · gn for the left natural generator. Table 5.2 reports

the same information for the intermediate generalized natural generator.
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Shang et. al’s general method MonogenicCert
n Degree Time (seconds) Degree Time (Seconds)
1 6 0.009 4 0.008
2 10 0.016 8 0.015
3 14 0.024 12 0.020
4 18 0.045 16 0.032
5 22 0.037 20 0.072
6 26 0.049 24 0.052
7 30 0.062 28 0.074
8 34 0.093 32 0.087
9 38 0.087 36 0.171

Table 5.1: Benchmark for left generalized natural generator (X + n)3

To illustrate the differences between the results, we show the certificates obtained

for n = 3. Using Shang et. al’s general method we obtain the following:

• s0 = 7413
2470

((X + 3)(− 4582199
18946916352

X6 + 9271979
8744730624

X5 + 76315279
4372365312

X4 − 192321023
5829820416

X3 −
3909944081
14574551040

X2 + 1
6
X + 1))2

+ 1233081947
809369600

((X + 3)( 22725230
144270587799

X6 + 9821461295
1731247053588

X5 − 1020935735
66586425138

X4 −
13849811725
88781900184

X3 + 3389515393
22195475046

X2 +X))2

+ 40714716893225719891375408079
261822230452628412551921664000

((X + 3)( 1198900430469628405932720410
529291319611934358587880305027

X6 −
12075663412512594339280166965

1587873958835803075763640915081
X5 − 169957767548858527863579712930

1587873958835803075763640915081
X4 +

11353451622434581163446949285
81429433786451439782750816158

X3 +X2))2

+ 986178191090045554560241949634619775537
148052380137217966207824507876411986411520

((X + 3)

(− 2493585893751142137207640690595775016
986178191090045554560241949634619775537

X6− 71062377988229463621870677026771460514
986178191090045554560241949634619775537

X5+

119340905781579531419385867627601931172
986178191090045554560241949634619775537

X4 +X3))2

+ 557171156561125794491859871169250245060474467063
2185264453834777230248943652694545266448479204802560

((X +

3)(− 345130648035903398234263308432678473939994334271
5571711565611257944918598711692502450604744670630

X6 +

204911969508006956895253907572429490704824933241
2228684626244503177967439484677000980241897868252

X5 +X4))2

+ 14700151320777857736364673079578001994501182717184959251
10974499191913429931406831618357309830124508078800753446092800

((X +

3)( 7134903942842979258567025029022485599858718909023105602
44100453962333573209094019238734005983503548151554877753

X6 +X5))2
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+ 1407967417877161712136510784167501469989925078623983804044649
33931196923386292466083645042160153612133370868558228189985404928000

((X + 3)(X6))2

• s1 = (X+2)2

474240

Using our approach, we obtain the following.

• s0 = 295993
1440

((X + 3)( 19440
295993

X5− 58961
295993

X4− 776379
2367944

X3 +X2 + 78930
295993

X− 4724307
5919860

))2

+ 1828280059
473588800

((X+3)( 740267620
16454520531

X5− 274501585
10969680354

X4− 29327648005
65818082124

X3+X+ 493844435
1828280059

))2

+ 164807382800357
117009923776000

((X + 3)( 37691841745750
1483266445203213

X5 − 88126422948670
1483266445203213

X4 −
276375357806195
2966532890406426

X3 + 1))2

+ 3823759689133438519
22782972598321351680

((X + 3)(− 3103476070015783114
19118798445667192595

X5 + 1671476728056867100
11471279067400315557

X4 +

X3))2

+ 7877019099865908996101
5946711068540323584748800

((X + 3)(−2345831642781271795560
7877019099865908996101

X5 +X4))2

+ 214359050447152166037749
2268581500761381790877088000

((X + 3)(X5))2

• s1 = 9
10

Shang et. al’s general method MonogenicCert
n Degree Time (seconds) Degree Time (Seconds)
1 8 0.014 8 0.003
2 12 0.020 8 0.090
3 16 0.027 12 0.102
4 20 0.036 16 0.234
5 24 0.055 20 0.369
6 28 0.057 24 1.549
7 32 0.078 28 0.950
8 36 0.107 32 1.524
9 40 0.106 36 2.328

Table 5.2: Benchmark for intermediate generalized natural generator (X+1)3(X−1)3

Similarly to the previous case, we illustrate the differences between the results

for n = 3. Using Shang et. al’s general method we obtain the following:
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• s0 = 2752117
1271808

((X + 1)(X − 1)( 34444
2752117

X6 − 8004375
35777521

X4 + X2 − 9727911
13760585

))2 +

71013
117760

((X + 1)(X − 1)( 349835
11078028

X5 − 1606835
3834702

X3 + X))2 + 863261864477
3240892979200

((X +

1)(X − 1)( 1101329539835
134668850858412

X6 − 54355980031625
606009828862854

X4 + 1))2 + 473671068125
7925132606976

((X +

1)(X − 1)(− 816810183927
7578737090000

X5 + X3))2 + 210558901076817201143
20038931859086624120832

((X + 1)(X −

1)(− 195712242434660256291
2105589010768172011430

X6 +X4))2 + 7877267215516599
241324450355855360000

((X + 1)(X − 1)(X5))2

+ 24221143817487318053959759
4525659363145909953076573593600

((X + 1)(X − 1)(X6))2

• s1 = 1
4416

((X − 1)(X + 2))2 + 1
4416

((X + 1)(X − 2))2

Using our approach, we obtain the following.

• s0 = 1295((X + 1)(X − 1)( 5167
186480

X4 − 74937
207200

X2 + 1))2 + 137
80

((X + 1)(X −

1)(− 175
1233

X3 +X))2 + 99694279
298368000

((X + 1)(X − 1)(−12383610
99694279

X4 +X2))2

+ 1333
443880

((X + 1)(X − 1)(X3))2 + 40390949
64601892792

((X + 1)(X − 1)(X4))2

• s1 = 1

5.5 Summary

In this chapter, we provide the MonogenicCert algorithm that allows us to compute

a certificate for a member in a monogenic Archimedean quadratic module. First,

we simplify the structure of both the generator and input polynomial by identifying

redundant sums of squares; these are sums of squares that can be part of the cer-

tificate itself as sums of squares multipliers; hence, the overall simplification reduces

the degree of the generator and input polynomial. The key idea of “ignoring” factors

with even multiplicities in Section 5.2 provides a bridge between the saturated and

general case; the latter stands for some factors with multiplicity 1 while in the gen-

eral case this might not be the case. In fact, Appendix B elaborates this observation

in more detail.

141



Chapter 5. Certificates Computation in Monogenic Quadratic Modules in A[X]

Thanks for the simplifications presented in Section 5.1 and Section 5.2, we were

able to use the methods in Chapter 3, particularly Section 3.2.1 to derive a certificate

of the nonnegative factor of the input polynomial and the Certificate algorithm to

obtain a certificate of the strictly positive factor. Since monogenic quadratic modules

are preorderings, these two certificates, corresponding to the nonnegative and strictly

positive components, can be combined to produce a certificate for the original input

polynomial.

The benchmark discussed in Section 5.4 shows that our method tends to obtain

certificates with smaller degrees compared to Shang et. al’s general method; however,

the timings seem to be a bit longer for our method.
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Chapter 6

Certificates Computation in

Archimedean Quadratic Modules

in A[X ]

This chapter introduces the QMCert algorithm to compute a certificate of a member

in an Archimedean quadratic module. The literature extensively discusses several

algorithmic aspects for these cases, such as membership procedures [4, 81], and equiv-

alent sets of generators [3] known as generalized natural generators, which extend the

concept of natural generators introduced in [41, 42]. Not much attention is given to

the certificate problem in the general case, or some cases are addressed under specific

conditions. For example, in [8] the authors require that the ideals ⟨f⟩ and ⟨I : f⟩ are

coprime where f is the input polynomial and I is a zero-dimensional ideal associated

to a set of equality constraints; notice that such conditions force the addition of

non-trivial equations in the system as the ideal needs to be zero-dimensional, which

implies the class of quadratic modules have associated finite semialgebraic sets, i.e., a

finite collection of points. Our proposed solution does not need additional conditions

and no constraints are imposed on the input polynomial nor generators.
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Section 6.1 generalizes the results in Section 5.1 by extending the simplification

of the input polynomial using not only a single generator but multiple generators

of an Archimedean quadratic module. In Section 6.2 we introduce notation and

concepts that allow us to identify which generators are relevant in the certificate of

the input polynomial. Section 6.3 uses the concepts in the previous section to identify

monogenic cases within the general case. Section 6.4 describes the intermediate set of

generatorsHf,G that have the property that a certificate of the product of its members

is computable. Section 6.5 presents the QMCert algorithm and discusses examples

and a comparison with Shang et. al’s general method. In Section 6.7 we apply the

specialized version of the QMCert algorithm to obtain certificates using the equivalent

set of two generators from [81]; these two generators have the smallest degree possible

that fully encodes the information from any other Archimedean quadratic module.

Section 6.8 concludes this chapter summarizing the main findings.

6.1 Redundant sums of squares with respect to a

set of generators

Any polynomial f in A[X] is a product of powers of linear and quadratic irreducible

factors. We define a reduction operation on the input polynomial with respect to

the generators G using its signature to simplify the computation of the membership

certificate in Archimedean quadratic modules QM(G). For the latter, Algorithm 17

computes a sums of squares divisor s0 of f in order to simplify the input polynomial

and focus on f
s0

; observe that a certificate for f can be constructed from a certificate

of f
s0

by multiplying the latter by s0, i.e., if f
s0

= σ0 +
∑s

i=1 σi · gi then f = s0σ0 +∑s
i=1 s0σi · gi. In the rest of the section we prove important properties of this divisor.
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Algorithm 17: Reduction of input polynomial with respect to G

Reducedinput(f,G)

Input: f ∈ A[X], G ⊆ A[X]

Output: r ∈ A[X]

Requires: S(G) is bounded

Ensures: r | f and r ∈
∑

A[X]2

1 Assume S(G) =
k⋃

i=0

[ai, bi]

2 Assume f = d
u∏

i=1

(X − ci)
mi

v∏
j=1

((X − dj)
2 + e2j)

nj with e′js ̸= 0

3 r :=
v∏

j=1

((X − dj)
2 + e2j)

nj

4 Let ωS(G) := (κ0, κ
+
0 , κ

−
0 , . . . , κk, κ

+
k , κ

−
k )

5 Let ωS(f) := (l0, l
+
0 , l

−
0 , . . . , lk, l

+
k , l

−
k )

6 for i from 1 to u do

7 if ∃η such that ci = aη or ci = bη then

8 if lη <∞ then

9 r := r ∗ (X − ci)
lη−κη

10 if l+η <∞ then

11 r := r ∗ (X − ci)
l+η −κ+

η

12 if l−η <∞ then

13 r := r ∗ (X − ci)
l−η −κ−

η

14 else

15 if mi is even then

16 r := r ∗ (X − ci)
mi

17 else

18 r := r ∗ (X − ci)
mi−1

19 return r

By inspection of Algorithm 17, the output r is a sums of squares as it is a
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product of at most two squared polynomials1. We will prove that f
r

belongs to

QM(G) whenever f ∈ QM(G).

Theorem 6.1 Let G = {g1, . . . , gs} be such that S(G) is compact, f ∈ A[X], and r

the output of Reducedinput(f,G). If f ∈ QM(G) then f
r
∈ QM(G).

Proof. We prove the main statement using an invariant that f
r

belongs to QM(G) in

Algorithm 17.

For the base case, we have r =
v∏

j=1

((X − dj)
2 + e2j)

nj . The polynomial f
r

satisfies

the order and sign conditions of Theorem 2.5 as each ej is not zero, therefore f
r

belongs to QM(G).

For the inductive case, assume that the polynomial f
r

is a member of QM(G) for

the (i− 1)th iteration of the algorithm. We will prove that f
r

is a member of QM(G)

after the ith iteration of the for loop.

We have two cases from the if statement inside the for loop of Algorithm 17.

The first case occurs whenever there exists η that ci = aη or ci = bη, which means

that ci corresponds to an endpoint of S(G). In such a case, we notice that only

one of the elements in the triplets li, l
+
i , l

−
i of the signature of a single polynomial

ωS({f}) is non-infinity, while the other two are infinity; this follows from Definition

Definition 2.13. Hence, the update operations from line 9 to line 13 in the algorithm

decrease the multiplicity of X − ci in f to the signature of QM(G). This allows f
r

to

preserve the sign and order conditions of Theorem 2.5 so f
r

belongs to QM(G).

For the second case, we have that ci is not an endpoint of S(G). Hence, the

algorithm removes an even power of X− ci to preserve the order and sign conditions

of f
r
, so that by Theorem 2.5, it is a member of QM(G). □

1This follows from the Brahmagupta-Fibonacci identity (a2+b2)(c2+d2) = (ac+bd)2+
(ad− bc)2
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We refer to the polynomial f
Reducedinput(f,G)

as the normal form of f with respect

to G. From the proof of Theorem 6.1, we observe the following properties:

• the normal form of f consists of products of monomials with multiplicities from

the signature of QM(G), while additional factors (roots that are not end points

of S(G)) have multiplicity 1.

• the normal form of f does not have complex conjugate roots.

6.2 Matching, pseudo-matching and pair-

matching

In this section, we introduce the concepts of matching, pseudo-matching and pair-

matching. The three encode the sign and order conditions at any given point a ∈ A

for membership in an Archimedean quadratic module of Theorem 2.5; nevertheless,

we often use these ideas on the roots of f . Additionally, it helps us to keep track of the

generators (or pair of generators) involved in the certificate of the input polynomial.

Definition 6.2 Let f, g, h ∈ A[X], and a ∈ A.

I. f matches g at a if

• orda(f) is even and ϵa(f) = 1, or

• 0 ≤ orda(f) − orda(g) is even and ϵa(f) = ϵa(g)

II. f pseudo-matches g at a if

• f(a) > g(a), or

• orda(g) + 1 ≤ orda(f) is odd, orda(g) is even, and ϵa(g) = −1
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III. f pair-matches (g, h) at a if the following hold

• max(orda(g), orda(h)) + 1 ≤ orda(f) is even,

• orda(g), orda(h) are odd, and

• ϵa(gh) = ϵa(f) = −1

The concepts of matching, pseudo-matching and pair-matching encode the sign

and order conditions from Theorem 2.5. In particular, these are useful in the following

context:

I. matching: this case detects when f is a local sums of squares at a, or identifies

the generators with same order parity and signs with f at a. The latter is

applicable for left/right endpoints of intervals of S(G) or isolated points of

type A,B,C or D.

II. pseudo-matching: this case detects when f is a strictly positive polyno-

mial over S(G), particularly at a, or identifies the generators with even order,

orda(f) is odd and the sign of the associated generator g at a is negative. The

latter is applicable for isolated points of type A,C or D.

III. pair-matching: this case identifies the pairs of generators with both odd

orders and orda(f) is even, and the sign with f at a is negative. This case is

applicable for isolated points of type B.

Example 6.3 Consider G = {g1, g2} where g1 = −(X + 2)2(X + 1)3(X − 1)(X −

2)(X − 3) and g2 = −(X + 2)5(X − 2)3.

• Consider f1 = (X + 2)3(X + 1)5.

– f1 does not match g1 or g2 at −2 because orda(f1) is odd, ord−2(f1) −

ord−2(g1) = 1 and ϵ−2(f1) = −1 while ϵ−2(g2) = 1.
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– f1 pseudo-matches g1 at −2 because ord−2(g1) = 2 is even, ord−2(f1) = 3

is odd, ord−2(f1) > ord−2(g1) and ϵ−2(g1) = −1.

– f1 matches g1 at −1 because ord−1(f1) − ord−1(g1) = 2 is even and

ϵ−1(f1) = ϵ−1(g1) = 1.

• Consider f2 = −(X + 2)4(X + 1)2(X − 2)4.

– f2 matches g1 at −2 because ord−2(f2) − ord−2(g1) = 2 is even and

ϵ−2(f2) = ϵ−2(g1) = −1.

– f2 does not match g1 or g2 at −1 because ord−1(f2) − ord−1(g1) = −1 is

odd and ϵ−1(f2) = −1 while ϵ−1(g2) = 1.

– f2 does not pseudo-match g1 at −1 because f2(−1) = 0 = g1(−1) and

ord−1(f2) = 2 is even.

– f2 does not pseudo-match g2 at −1 because f2(−1) = 0 < g2(−1) = 27

and ord−1(f2) = 2 is even.

– f2 does not match g1 nor g2 at 2 because ord2(f2) − ord2(g1) = 3 is odd

and ord2(f2) − ord2(g2) = 1 is odd.

– f2 pair-matches (g1, g2) at 2 because both ord2(g1) = 1 and ord2(g2) = 3

are odd, ord2(f2) = 4 is even, ord2(f2) = ord2(g2) + 1 and ϵ2(g1g2) =

ϵ2(f2) = −1.

Previously, we discussed how isolated points of type B are related with the con-

cept of pair-matching, as we need two generators with odd order and opposite sign

conditions at a given point. The following theorem relates the real zeros of a mem-

ber in a quadratic module with the generators with matching or pseudo-matching

generators excluding the zeros of type B with respect to G.
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Theorem 6.4 Assume f ∈ QM(G). For every real root a of f that is not of type

B with respect to G, there exists a generator g ∈ G such that f matches g at a or f

pseudo-matches g at a.

Proof. Let a be a real zero of f . If orda(f) is even and ϵa(f) = 1, then f matches

any g ∈ G at a. So, for the rest of the analysis, we consider that orda(f) is odd, or

orda(f) is even and ϵa(f) = −1.

We have two cases whether a is an end point of S := S(G) or not. Consider the

case where a is an end point of S. Since f ∈ QM(G) we know from [4, Theorem 2.18

p. 47] that f satisfies the following conditions:

1. for every left boundary point a of S \Sisol, we have orda(f) is even or orda(f)−

κ+a (G) ∈ 2N0: if orda(f) is even, from the fact that f ≥ 0 over S we have

ϵa(f) = 1, so f matches any g ∈ G. If orda(f) − κ+a (G), then f matches the

generator gi ∈ G such that orda(gi) = κ+a .

2. for every right boundary point a of S\Sisol, we have orda(f) is even or orda(f)−

κ−a (G) ∈ 2N0: this case is handled similarly to the previous case.

3. for every isolated point a of S, we have orda(f) is even and ϵa(f) = 1 or

Case 1: orda(f) ≥ κa(G) if κa(G) < κ+a (G) and κa(G) < κ−a (G)

Case 2: (orda(f) − κ+a (G) ∈ 2N0 and ϵa(f) = 1) or orda(f) ≥

min{κa(G), κ−a (G)} if κ+a (G) ≤ min{κa(G), κ−a (G)}

Case 3: (orda(f) − κ−a (G) ∈ 2N0 and ϵa(f) = −1) or orda(f) ≥

min{κa(G), κ+a (G)} if κ−a (G) ≤ min{κa(G), κ+a (G)}

If the first disjunct is satisfied, then f matches any g ∈ G as mentioned before.

For Case 1, if orda(f) is even, then f matches some gi ∈ G that orda(gi) =

κa(G); if orda(f) is odd and ϵa(f) = 1, then f pseudo-matches some gi ∈ G that
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orda(gi) = κ+a (G); if orda(f) is odd and ϵa(f) = −1, then f pseudo-matches

some gi ∈ G that orda(gi) = κ−a (G).

For Case 2, if orda(f) − κ+a (G) ∈ 2N0 and ϵa(f) = 1, then f matches some

generator gi ∈ G such that orda(gi) = κ+a (G).

If κa(G) = min{κa(G), κ−a (G)} ≤ orda(f), then f pseudo-matches some gener-

ator gi ∈ G such that orda(gi) = κa(G).

If κ−a (G) = min{κa(G), κ−a (G)} ≤ orda(f), orda(f) is odd, and ϵa(f) = −1,

then f matches some generator gi ∈ G such that orda(gi) = κ−a (G).

If κ−a (G) = min{κa(G), κ−a (G)} ≤ orda(f), orda(f) is odd, and ϵa(f) = 1, then

f matches some generator gi ∈ G such that orda(gi) = κ+a (G).

We dismiss the case where min{κa(G), κ−a (G)} = κ−a (G) ≤ orda(f), orda(f) is

even and ϵa(f) = −1, since for this case the isolated point a corresponds to a

type B.

Case 3 is handled similarly to Case 2 above.

If a is not an end point of S(G), we have two cases to determine whether a is

in the interior of S(G) or not. If a is in the interior of S(G), then it must be the

case that ϵa(f) = 1 as otherwise it contradicts the nonnegativity condition of f over

S(G). For such a case, f matches any g ∈ G as mentioned before. If a is not in the

interior of S(G) nor an end point, then a ̸∈ S(G), so there exists a generator g ∈ G

such that g(a) < 0. Then, f pseudo-matches g at a. □

The case of an isolated point a of type B when orda(f) is even and ϵa(f) = −1 is

not considered as for this case, precisely f pair-matches (gi, gj) at a where gi, gj are

the two generators that define a. We denote (X −∞) := 1 and (X − (−∞)) := −1.

The following theorem allows us to compute the certificates of a polynomial of the

form (X−c)(X−a)orda(f)(X−d) when f pair-matches (gi, gj) at a such that c (resp.

d) is the half point between a and the closest real root of the generators G to the
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left (resp. right) of a; in case there is not a real root of the generators G closest to

the left (resp. right) of a, we assign c (resp. d) with ∞ (resp. −∞).

Theorem 6.5 Let gi, gj be generators in G such that f pair-matches (gi, gj) at a.

The polynomial (X − c)(X − a)orda(f)(X − d) described above belongs to QM(G) and

its certificates are computable.

Proof. Let us assume that orda(gi) ≥ orda(gj). We will provide a procedure for

computing a certificate of the polynomial (X − c)(X − a)orda(gi)+1(X − d).

We use the MonogenicCert algorithm to compute a certificate of (X − c)(X −

a)orda(gi) in QM(compactG(gi)) as it is nonnegative over S(compactG(gi)). Similarly,

we obtain a certificate of (X − a)orda(gj)(X − d) in QM(compactG(gj)).

Let us consider the case where orda(gi) = 1. It is enough to find a certificate of

(X − c)(X − a)2(X − d) by finding the certificate of the product (X − c)(X − a) and

(X−a)(X−d) in the set of generators {X−α, compactG(gi), compactG(gj),−(X−β)}

where X − α and −(X − β) are strictly positive polynomials over S(G), i.e.,

(X − c)(X − a)2(X − d) = s0 + s1 · (X − α) + s2 · (X − c)(X − a)

+ s3 · (X − a)(X − d) + s4 · (−(X − β))
(6.1)

where si are sums of squares.

Now, let us consider the case where orda(gi) = 2n+ 1 for some n ∈ N. Our goal

is to compute a certificate of the polynomial (X−c)(X−a)2n+2(X−d). Multiplying

the sums of squares (X−a)2n on both sides of Equation (6.1) we obtain the following.
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(X − c)(X − a)2n+2(X − d)

= (X − a)2ns0 + (X − a)2ns1 · (X − α) + s2 · (X − c)(X − a)orda(gi)

+ (X − a)orda(gi)−orda(gj)s3 · (X − a)orda(gj)(X − d)

+ (X − a)2ns4 · (−(X − β))

(6.2)

Since orda(gi) − orda(gj) is even, Equation (6.2) is a certificate of (X − c)(X −

a)orda(gi)+1(X−d) in QM(X−α, (X−c)(X−a)orda(gi), (X−a)orda(gj)(X−d),−(X−β)).

We use the Certificate algorithm to compute certificates of X − α and −(X − β)

in QM(G) as these are strictly positive over S(G). As each generator is a certificate

itself, the Algorithm 9 for compactification provides certificates of compactG(gi) and

compactG(gi) in QM(G). Finally, we use Algorithm 20 to lift the certificates of (X−

c)(X − a)orda(gi)+1(X − d) from QM(X − α, compactG(gi), compactG(gj),−(X − β))

to QM(G). □

Example 6.6 We discuss a simple example to highlight the construction in the proof

of Theorem 6.5. Consider G = {g1, g2} where g1 = X3 and g2 = −X5. The input

polynomial f = −X6 is a member of QM(g1, g2).

First, we compute the certificate of −X2 in QM(X,−X). Using the formula of

Section 4.2 we obtain −X2 = 1
4
(X−1)2 ·X+ 1

4
(X+1)2 ·(−X). Multiplying X4 by the

previous equation, we obtain −X6 = 1
4
((X−1)X)2 · g1 + 1

4
(X+ 1)2 · g2 ∈ QM(g1, g2).

In this section, we have introduced the concepts of matching, pseudo-matching,

and pair-matching. The conditions for each of these cases identify a generator or a

pair of generators that are required by the certificate of an input polynomial. We

prove in Theorem 6.4 and Theorem 6.5 that for a member f ∈ QM(G), we can always

associate a generator in G with the real root of f .
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6.3 Pure and mixed polynomials

From Theorem 6.4, we observe the relation between the concepts of matching and

pseudo-matching with the real roots of a member in a quadratic module. The concept

of pure polynomials allows us to identify a kind of member in quadratic modules that

only requires a single generator to be used in its certificates.

Definition 6.7 Let G = {g1, . . . , gs} ⊆ A[X] and f ∈ A[X]. Let us define

LocalRelativeGens(f,G, a) and RelativeGens(f,G) as subsets of G as

LocalRelativeGens(f,G, a) := {g ∈ G | f matches or pseudo-matches g at a}

RelativeGens(f,G) :=
⋂

a∈Z(f)

LocalRelativeGens(f,G, a)

We say that f is pure with respect to G if RelativeGens(f,G) is not empty. We

say that f is mixed with respect to G if f is not pure with respect to G or there are

gi, gj ∈ G and a point a ∈ Z(f) such that f pair-matches (gi, gj) at a.

The motivation for the above definitions allows us to distinguish two cases of mem-

bers in a quadratic module. If f ∈ QM(G) is pure and f ≥ 0 over S(compactG(g))

for some g ∈ RelativeGens(f,G), then f ∈ QM(compactG(g)).

Theorem 6.8 Assume that f ∈ QM(G) is pure with respect to G and satis-

fies f ≥ 0 over S(compactG(g)) for some g ∈ RelativeGens(f,G). Then f ∈

QM(compactG(g)).

Proof. We will assume that the semialgebraic set of g ∈ RelativeGens(f,G) is

bounded, as otherwise we use the compactification algorithm on g. Since f ≥ 0

over S(g), we find that f is nonnegative over the end points of S(g).
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Using Theorem 2.15, it is enough to check the conditions at the end points x of

S(g). If f(x) > 0, we have that ordx(f) = 0 is even and ϵx(f) = 1, so we satisfy

item (1) of Theorem 2.15; hence, we just consider when x is a root of f . We have

two cases:

• x is a boundary point of S(g) that is not isolated: since x is a boundary point

of S(g), we find that ordx(g) is odd, so f cannot pseudo-match g at x; hence, f

matches g at x, so ordx(f) is even and ϵx(f) = 1,or ordx(f) − ordx(g) is even,

so we satisfy item (1) from Theorem 2.15.

• x is an isolated point of S(g): f matches or pseudo-matches g at x, so in any

case, we have ordx(f) ≥ ordx(g), which satisfies item (2) from Theorem 2.15.

□

Example 6.9 From Example 6.3, we have that f1 matches g1 at −2 and pseudo-

matches g1 at −1; thus, f1 is pure with respect to G as RelativeGens(f1, G) = {g1};

in fact, f1 ∈ QM(g1). As S(g1) is bounded, it is enough to use the MonogenicCert

algorithm to compute a certificate of f1. Let ĝ1 = −(X + 1)(X − 1)(X − 2)(X − 3)

and f̂1 = (X + 2)(X + 1). We have X + 1 = p0 + p1 · ĝ1 and X + 2 = q0 + q1 · ĝ1
where:

• p0 = 3
4
((X + 1)(− 7

36
X + 1))2 + 23

1728
((X + 1)X)2

• p1 = 1
24

• q0 = 34591
20892

(−10744
34591

X2 + X + 21190
34591

)2 + 130480693
903343965

( 10424235
1043845544

X2 + 1)2 +

3341007408243
72693403684160

(X2)2

• q1 = 5372
26115
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Hence, f̂1 = (p0 + p1 · ĝ1)(q0 + q1 · ĝ1) = (p0q0 + p1q1ĝ1
2) + (p0q1 + p1q0) · ĝ1.

Multiplying the sums of squares (X + 2)2(X + 1)4 by the previous equation, we

obtain f1 = (X + 2)2(X + 1)4(p0q0 + p1q1ĝ1
2) + (X + 1)2(p0q1 + p1q0) · g1, which is a

certificate of f1 ∈ QM(g1).

Notice that the conditions of Theorem 6.8 are true, we can reduce the certificate

computation to a monogenic certificate problem and obtain certificates using the

MonogenicCert algorithm with inputs f and the compactification of the polynomial

g ∈ RelativeGens(f,G).

6.4 Intermediate generators Hf,G

In this section, we describe a procedure for computing the elements of the intermedi-

ate generators Hf,G. This set of generators allows us to reconstruct a certificate of f

by multiplying the elements of Hf,G so that we can obtain a certificate of these prod-

ucts. Then, we use the Basic Lemma (Theorem 2.20) to remove additional factors

not in f . We prove the containment of Hf,G in QM(G). The goal of the algorithm

is to ensure that Hf,G satisfies the following conditions:

1. The strictly positive factor fpos of f is strictly positive over S(Hf,G).

2. Let fnon−neg := f
fpos

. S(Hf,G) ⊆ S(fnon−neg) ∩ [α, β] for some α < S(G) < β.

The first condition allows us to simplify the input polynomial, as the method

processes the real roots of the input polynomial. The second condition ensures that

the semialgebraic set of Hf,G is bounded and fnon−neg remains nonnegative over

S(Hf,G). Additionally, we can use the Certificate algorithm to compute a certificate

of fpos in QM(Hf,G).
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We construct Hf,G in four steps. First, we construct the set H0
f,G that involves

nonnegative factors of fnon−neg. Then, we set H1
f,G from H0

f,G by adding two strictly

positive polynomials that guaranty that S(H1
f,G) is bounded. Next, we define H2

f,G

from H1
f,G by adding polynomials of the form (X − αi)(X − βi) which remove the

intervals from H1
f,G that make fnon−neg evaluate to a negative number. Finally, Hf,G

is constructed from H2
f,G by adding polynomials of the form (X − γi)(X − δi) that

remove the intervals of H2
f,G that make fpos a negative number.

First, we compute the strictly positive factor fpos of f using the StrictPos algo-

rithm with inputs f and S(G) and set fnon−neg := f
fpos

. Let a be a real root of

fnon−neg. From Theorem 6.4, we know that LocalRelativeGens(fnon−neg, G, a) is not

empty or there exists a pair of generators gi, gj ∈ G such that fnon−neg pair-matches

(gi, gj). For every root a of fnon−neg such that there exist gi, gj that fnon−neg pair-

matches (gi, gj), we add the polynomial (X − c1)(X − a)orda(f)(X − c2) where c1

(resp. c2) is the mid point between a and max{z ∈ Z(fnon−neg) | z < a} (resp.

min{z ∈ Z(fnon−neg) | z > a}); Theorem 6.5 will allow us to compute a certificate

in QM(G) of each polynomial (X − c1)(X − a)orda(f)(X − c2) added to H0
f,G in this

step.

For every real root a of fnon−neg such that LocalRelativeGens(fnon−neg, G, a) is

not empty, we add to H0
f,G the following polynomials:

• a = a0:

– Case ϵa(fnon−neg) = 1 and orda(fnon−neg) is odd: We add to H0
f,G the

polynomial (X − a)orda(f).

– Case ϵa(fnon−neg) = −1 and orda(fnon−neg) is even: We add to H0
f,G the

polynomial (X − a)orda(f)(X − b) where b is the midpoint between a and

min{z ∈ Z(fnon−neg) | z > a}.

• a = bk:
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– Case ϵa(fnon−neg) = −1 and orda(fnon−neg) is odd: We add to H0
f,G the

polynomial −(X − a)orda(f).

– Case ϵa(fnon−neg) = −1 and orda(fnon−neg) is even: We add to H0
f,G the

polynomial −(X−b)(X−a)orda(f)(X−b) where b is the midpoint between

max{z ∈ Z(fnon−neg) | z < a} and a.

• a0 < a < bk:

– Case ϵa(fnon−neg) = −1 and orda(fnon−neg) is odd: We add to H0
f,G the

polynomial (X − a)orda(f)(X − b) where b is the midpoint between a and

min{z ∈ Z(fnon−neg) | z > a}.

– Case ϵa(fnon−neg) = 1 and orda(fnon−neg) is odd: We add to H0
f,G the

polynomial (X−b)(X−a)orda(f) where b is the midpoint between max{z ∈

Z(fnon−neg) | z < a} and a.

– Case ϵa(fnon−neg) = −1 and orda(fnon−neg) is even: We add to H0
f,G the

polynomial (X − c1)(X − a)orda(f)(X − c2) where c1 (resp. c2) is the

midpoint between a and max{z ∈ Z(fnon−neg) | z < a} (resp. min{z ∈

Z(fnon−neg) | z > a}).

Now, we set H1
f,G = H0

f,G ∪ {X − α,−(X − β)} so that X − α,−(X − β) are

strictly positive over S(G).

Now, we compute H2
f,G. First, we compute the semialgebraic of H1

f,G. For each

interval [ci, di] ⊆ S(H1
f,G) such that {x ∈ [ci, di] | fnon−neg(x) < 0} ̸= ∅ we add the

polynomial (X − αi)(X − βi) such that αi (resp. βi) is the midpoint in-between ci

(resp. di) and the closest root of a generator h ∈ H1
f,G to the left (resp.) of ci (resp.

di).

Finally, we compute Hf,G. First, we compute the semialgebraic of H2
f,G. For

each interval [ci, di] ⊆ S(H2
f,G) such that {x ∈ [ci, di] | fpos(x) < 0} ̸= ∅ we add the
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polynomial (X − γi)(X − δi) such that γi (resp. δi) is the midpoint in-between ci

(resp. di) and the closest root of a generator h ∈ H2
f,G to the left (resp.) of ci (resp.

di).

Proposition 6.10 Let H0
f,G and Hf,G be defined as above. We have S(fnon−neg) ⊆

S(H0
f,G). Furthermore, let α, β be such that α < S(G) < β. We have S(Hf,G) ⊆

S(fnon−neg) ∩ [α, β].

Proof. Assume by contradiction that there exists x ∈ S(fnon−neg) such that x ̸∈

S(H0
f,G). The latter implies that there is an h ∈ H0

f,G such that h(x) < 0. We

consider all possible cases of a polynomial h in H0
f,G:

• Pair-matching (gi, gj) at a: For this case, h is of the form (X − c1)(X −

a)orda(f)(X − c2) with orda(f) even. If h(x) < 0 then (x− c1)(x− a)orda(f)(x−

c2) < 0, so h is negative over (c1, a)∪ (a, c2). On the other hand, by continuity,

fnon−neg is negative over (r1, a) ∪ (a, r2) ⊇ (c1, a) ∪ (a, c2), where r1 (resp. r2)

is the closest root of fnon−neg to the left (resp. right) of a, so x ̸∈ S(fnon−neg).

• Matching gi at a:

– Case a = a0:

∗ Case ϵa(fnon−neg) = 1 and orda(fnon−neg) is odd. In this case, the

polynomial h is (X − a)orda(f). Hence, h is negative over (−∞, a).

As fnon−neg does not have a strictly positive factor, it is also negative

over (−∞, a), so x ̸∈ S(fnon−neg).

∗ Case ϵa(fnon−neg) = −1 and orda(fnon−neg) is even. In this case, the

polynomial h is (X−a)orda(f)(X−b). If h(x) < 0 then (x−a)orda(f)(x−

b) < 0, so h is negative over (a, b). On the other hand, by continuity,

fnon−neg is negative over (a, r) ⊇ (a, b), where r is the closest root of

fnon−neg to the right of a, so x ̸∈ S(fnon−neg).
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– Case a = bk: This case is handled similarly to the previous case.

– Case a0 < a < bk:

∗ Case ϵa(fnon−neg) = −1 and orda(fnon−neg) is odd. This case is han-

dled similarly to the previous case.

∗ Case ϵa(fnon−neg) = 1 and orda(fnon−neg) is odd. This case is handled

similarly to the previous case.

∗ Case ϵa(fnon−neg) = −1 and orda(fnon−neg) is even. This case is han-

dled similarly to the pair-matching case.

Now, we prove S(Hf,G) ⊆ S(fnon−neg) ∩ [α, β]. Suppose, by contradiction,

x ∈ S(Hf,G) but x ̸∈ S(fnon−neg) ∩ [α, β]. Since Hf,G contains the polynomials

X − α,−(X − β), we have x ∈ [α, β], thus the latter implies x ̸∈ S(fnon−neg), so

fnon−neg(x) < 0. Since x ∈ S(Hf,G), there must exist an interval [c, d] ⊆ S(Hf,G)

such that x ∈ [c, d]. However, this is not possible as the third step in the construction

of Hf,G adds polynomials of the form (X − αi)(X − βi) to avoid intervals for which

fnon−neg evaluates to a negative number. □

Proposition 6.11 The strictly positive factor fpos of f is strictly positive over

S(Hf,G).

Proof. The proof is similar to the proof of Proposition 6.10. Suppose, by contradic-

tion, x ∈ S(Hf,G) but x ̸∈ S(fpos). The latter implies fpos(x) < 0. Since x ∈ S(Hf,G),

there must exist an interval [c, d] ⊆ S(Hf,G) such that x ∈ [c, d]. However, this is not

possible as the fourth step in the construction of Hf,G adds polynomials of the form

(X − γi)(X − δi) to avoid intervals for which fpos evaluates to a negative number.

□
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Proposition 6.12 Hf,G ⊆ QM(G). Additionally, a certificates for each h ∈ Hf,G in

QM(G) are computable.

Proof. The polynomials X−α, −(X−β), (X−αi)(X−βi), and (X−γi)(X−δi) are

strictly positive over QM(G); hence, we can use the Certificate algorithm to compute

their certificates in QM(G).

Consider a nonnegative factor of fnon−neg added to Hf,G. These contain a root

a such that there exists a generator g ∈ G such that fnon−neg matches or pseudo-

matches g at a or there exists a pair of generators gi, gj ∈ G such that fnon−neg

pair-matches (gi, gj).

In the former case, we use Theorem 6.8 to obtain a certificate of the nonnegative

factor in QM(compactG(g)). For the second case, we use Theorem 6.5 to obtain a

certificate of the nonnegative factor. □

Example 6.13 In this example, we show the construction of elements of the inter-

mediate set of generators Hf,G for G = {g1, g2} where g1 = −(X + 2)(X + 1)3(X −

1)(X − 2), g2 = (X + 1)(X − 1)3, and the input polynomial f being considered is

(X + 1)(X − 1). We also compute a certificates in QM(G) of the elements in Hf,G.

1. First, we compute fpos = 1, so fnon−neg := f .

2. We add the following polynomials to Hf,G according to the generators matching

the roots of fnon−neg:

• f matches g2 at x = −1: We add to Hf,G the polynomial (X + 1)X.

• f matches g1 at x = 1: We add to Hf,G the polynomial X(X − 1).

3. To make S(Hf,G) bounded, we add the polynomials X + 3,−(X − 3).

161



Chapter 6. Certificates Computation in Archimedean Quadratic Modules in A[X]

4. Since 0 ∈ S(Hf,G) and 0 ̸∈ S(f), we then add the polynomial (X + 1
2
)(X − 1

2
)

to Hf,G, so Hf,G = {X + 3, (X + 1)X, (X + 1
2
)(X − 1

2
), X(X − 1),−(X − 3)}.

Now, we compute a certificate in QM(G) of the elements in Hf,G.

• X+3: This polynomial is strictly positive over S(G) and was added to Hf,G in

the last step to ensure that S(Hf,G) is bounded to the left. We use Certificate

to compute a certificate of it. We obtain X + 3 = s0 + s1 · g1 + s2 · g2 where

– s0 = 173501
42499

(− 792583
5552032

X3 − 470293
1388008

X2 + 134507
347002

X + 1)2 +

13880608185
7373618999

(−1343962716491
4441794619200

X3− 11048051195
88835892384

X2 +X)2 + 911010959414697919
60406985446841856000

(X3 +

139905551232275750
911010959414697919

X2)2 + 513147297549202684339117
49557830098131515980263680

(X2)2

– s1 = 11501
42499

– s2 = 0

• (X + 1)X: This polynomial matches g2. We compactify the generator

g2 to reduce the problem to a monogenic certificate problem. We obtain

compact{g1,g2}(g2) = −(X + 33
16

)(X + 1)(X − 1)3(X − α), where α is a radi-

cal number α = 1
48

(65 − 65∗34
2
3

(14477+147
√
10131)

1
3

+ (34(14477 + 147
√

10131))
1
3 ). The

certificate of compact{g1,g2}(g2) in QM(g1, g2) is calculated from the output

{σ, τ, h} of the Algorithm 8 as σ, τ are the sums of squares, 1 = σg2 + τh and

compact{g1,g2}(g2) = g2h. We have

– σ = 65536
2000033

– τ = 65536
2000033

((X − 65−16α
32

)2 + ( 1
32

√
4355 − 130(16α) + 3(16α)2)2)

– h = −(X + 33
16

)(X − α)

The polynomial h is strictly positive over S(g1, g2), and we use the Certificate

algorithm to obtain a certificate of it. We have h = s3 + s4 · g1 + s5 · g2 where
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– s3 = h− 3
10
g1

– s4 = 3
10

– s5 = 0

Hence, a certificate of compact{g1,g2}(g2) ∈ QM(g1, g2) is

compact{g1,g2}(g2) = σg22 · h+ τh2 · g2

= σg22 · (s3 + s4 · g1) + τh2 · g2

= σg22s3 + σg22s4 · g1 + τh2 · g2

We have (X + 1)X ∈ QM(compact{g1,g2}(g2)). For the latter, we use the

certificate obtained in Example 5.16. Lifting compact{g1,g2}(g2) ∈ QM(g1, g2)

from the previous certificate gives us a certificate of (X + 1)X in QM(g1, g2).

• (X + 1
2
)(X − 1

2
): This polynomial is strictly positive on S(G) and was added

to Hf,G to avoid the isolated point 0 that is not in the semialgebraic set of

the input polynomial f . We use Certificate to compute a certificate of it. We

obtain (X + 1
2
)(X − 1

2
) = s6 + s7 · g1 + s8 · g2 where

– s6 = (−1
2

+ X)(1
2

+ X) − 1679616
6634204312890625

(−2 −X)(−2 + X)(−1 + X)(1 +

X)3(−31
2

+ (−2 −X)(−2 +X)(−1 +X)(1 +X)3)8

– s7 = 1679616
6634204312890625

(−31
2

+ (−2 −X)(−2 +X)(−1 +X)(1 +X)3)8

– s8 = 0

• X(X − 1): This polynomial matches g1. Since X(X − 1) is nonnegative over

S(g1), we use the MonogenicCert algorithm to compute a certificate of X(X−1)

in QM(g1). For the latter, we use the certificate obtained in Example 5.14.

• −(X−3): This polynomial is strictly positive on S(G) and was added to Hf,G in

the last step to ensure that S(Hf,G) is bounded to the right. We use Certificate

to compute a certificate of it. We obtain −(X − 3) = s9 + s10 · g1 + s11 · g2
where
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– s9 = 516341
156215

(− 82265
4130728

X3 − 9910683
41307280

X2 − 8689
147526

X + 1)2

+ 690574799179
460915481800

(−144499855068
690574799179

X3 − 668391670287
2762299196716

X2 +X)2

+ 173716254385435964813
4832940772967887328000

(− 74048954978876122510
173716254385435964813

X3 +X2)2

+ 12542962326617044398511841
4341933548611340678922047200

(X3)2

– s10 = 11924
156215

– s11 = 0

6.5 Certificates computation with QMCert

In this section, we introduce the QMCert algorithm to compute a of an input poly-

nomial f in a given quadratic module QM(G) generated by a set of polynomials G.

The approach identifies whether the input polynomial is pure with respect to the set

of generators G. In such a case, we use the MonogenicCert algorithm to compute a

certificate of f ; otherwise, we factor out a strictly positive polynomial fpos from the

input polynomial and construct the intermediate set of generators Hfnon−neg ,G from

the remaining factors of the input polynomial f . As discussed in the previous section,

the intermediate factors Hf,G have the property of we can find certificates for the

products of its members; using this property we obtain a certificate of the nonnega-

tive input polynomial by multiplying elements in Hfnon−neg ,G. Finally, such product

of elements in Hfnon−neg ,G might include additional factors added not in fnon−neg; to

remove these we use the Basic Lemma.

By construction of the intermediate generators Hf,G, we have
∏

h∈Hf,G

Z(h)∩Z(f)̸=∅

h =

fnon−negp where p is a polynomial. Since fnon−neg and p are coprime and non-

negative over S(Hf,G), we can find σ, τ strictly positive over S(Hf,G) using

BasicLemma(fnon−neg, p,Hf,G) such that 1 = σfnon−neg + τp. Multiplying f =

fposfnon−neg by both sides of the previous equation, we obtain f = f 2
non−negσfpos +

τfpos
∏

h∈Hf,G

Z(h)∩Z(f)̸=∅

h. Since both σfpos, τfpos are strictly positive over S(Hf,G), we can

use the Certificate algorithm to compute their certificates in QM(Hf,G).

164



Chapter 6. Certificates Computation in Archimedean Quadratic Modules in A[X]

By distributing the products in τfpos
∏

h∈Hf,G

Z(h)∩Z(f)̸=∅

h, a certificate of τfpos
∏

h∈Hf,G

Z(h)∩Z(f)̸=∅

h

is obtained in QM(Hf,G) after lifting the products of elements in Hf,G that might

appear using the method in Appendix B. Finally, by Proposition 6.12, we obtain a

certificate of f in QM(G). In Algorithm 18, we formalize these ideas.

Algorithm 18: Algorithm to compute certificates in general case

QMCert(f,G)
Input: f ∈ A[X], G = {g1, . . . , gs} ⊆ A[X]

Output: σ0, σ1, . . . , σs ∈ A[X]

Requires: QM(G) is Archimedean, f ∈ QM(G)

Ensures: σi ∈
∑

A[X]2, f = σ0 +
∑s

i=1 σi · gi
1 ν := Reducedinput(f,G), f1 := f

ν

2 gens := RelativeGens(f1, G)

3 if f1 is pure with respect to G then

4 Take g ∈ gens with smallest degree

5 Compute certificate of f1 in QM(compactG(g)) using the MonogenicCert algorithm, i.e.,

f1 = s0 + s1 · compactG(g)

6 Lift certificate of f1 from QM(compactG(g)) to QM(G) using the certificate of compactG(g) in

QM(G), i.e., f1 = σ0 +
∑s

i=1 σi · gi
7 else

8 fpos := StrictPos(f1,S(G))

9 fnon−neg := f1
fpos

10 Construct Hf1,G from Section 6.4 using fpos, fnon−neg , G

11 H :=
∏

h∈Hf1,G

Z(h)∩Z(f1)̸=∅

h

12 Find σ, τ using BasicLemma(fnon−neg ,
H

fnon−neg
, Hf1,G) such that 1 = σfnon−neg + τ H

fnon−neg

13 Compute a certificate of σfpos in QM(Hf1,G) using Certificate(Hf1,G, σfpos), i.e.,

σfpos = τ0 +
∑

h∈Hf1,G
τh · h

14 Compute a certificate of τfpos in QM(Hf1,G) using Certificate(Hf1,G, τfpos), i.e.,

τfpos = τ
′
0 +

∑
h∈Hf1,G

τ
′
h · h

15 Compute a certificate of (τ
′
0 +

∑
h∈Hf1,G

τ
′
h · h)H using the product property of Hf1,G in

Appendix B, i.e., (τ
′
0 +

∑
h∈Hf1,G

τ
′
h · h)H = τ

′′
0 +

∑
h∈Hf1,G

τ
′′
h · h

16 Combine the certificates above to obtain a certificate of f1 in QM(Hf1,G), i.e.,

f1 = (f2
non−negτ0 + τ

′′
0 ) +

∑
h∈Hf1,G

(f2
non−negτh + τ

′′
h ) · h

17 Lift certificate of f1 from QM(Hf1 , G) to QM(G) using the certificates of the members in Hf1,G in

QM(G), i.e., f1 = σ0 +
∑s

i=1 σi · gi

18 return νσ0, . . . , νσs
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6.6 Examples

Example 6.14 This example is a continuation of Example 6.13. We use the QMCert

algorithm compute the certificate of f = (X + 1)(X − 1) with the set of generators

G = {g1, g2} where g1 = −(X+ 2)(X+ 1)3(X−1)(X−2) and g2 = (X+ 1)(X−1)3.

Previously, we obtained Hf,G = {X+3, (X+1)X, (X+ 1
2
)(X− 1

2
), X(X−1),−(X−3)}

and their certificates in QM(G).

The certificate of the product (X+1)X,X(X−1) in QM(Hf,G) is (X+1)X2(X−

1) = 1
2
(X − 1)2 · (X + 1)X + 1

2
(X + 1)2 ·X(X − 1). Now, we apply the BasicLemma

algorithm with inputs f,X2 and Hf,G to obtain σ, τ strictly positive over S(Hf,G)

such that 1 = σf + τX2. We obtain:

• σ = 1
360

(−1440−19X2+19X4

1440
)160(−1

4
+X2)(−(−1440 − 19X2 + 19X4))

• τ = 1− 4(−1 +X)(1 +X) + 19
1440

(−1 + 4X2)
∑160

i=0 (1 − 19(−1+X)X2(1+X)
1440

)i((X +

1)(X − 1))2

We check τ is a nonnegative polynomial over R so it can be decomposed

into a sums of squares. On the other hand, σ is not nonnegative over R as

S(σ) ≈ [−3.03646,−1
2
] ∪ [1

2
, 3.03646] but only strictly positive over S(Hf,G); hence,

we compute a certificate of σ in QM(Hf,G) using the Certificate algorithm. We obtain

σ = s0+s1 ·(X+3)+s2 ·(X+1)X+s3 ·(X+ 1
2
)(X− 1

2
)+s4 ·X(X−1)+s5 ·(−(X−3))

where

• s0 = 4
1440

(−1440−19X2+19X4

1440
)160(130387

8442
((−1

2
− X)2(1

2
− X)2(3 − X)2(−1279974

2567725
−

426658X
2567725

)140) + 130387
8442

((−1279974
2567725

+ 426658X
2567725

)140(−1
2

+X)2(1
2

+X)2(3 +X)2))

• s1 = 4
1440

(−1440−19X2+19X4

1440
)160(130387

8442
(−1

2
− X)2(1

2
− X)2(3 − X)2(−1279974

2567725
−

426658X
2567725

)140(
71(1− 12X

71
)2

210
+ 2X2

213
) + 130387

8442
(−1279974

2567725
+ 426658X

2567725
)140(−3 + X)2(−1

2
+

X)2(1
2

+X)2(
71(1+ 12X

71
)2

210
+ 2X2

213
))
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• s2 = 0

• s3 = 4
1440

(−1440−19X2+19X4

1440
)160(1440 − (651935

804
(3 − X)(−1279974

2567725
− 426658X

2567725
)140) +

19X2−19X4−(651935
804

(−1279974
2567725

+ 426658X
2567725

)140(3+X))+(130387
1407

(3−X)2(−1279974
2567725

−
426658X
2567725

)140(3 + X)2( 71
210

(1 − 12X
71

)2 + 2X2

213
)) + (130387

1407
(3 − X)2(−1279974

2567725
+

426658X
2567725

)140(3 +X)2( 71
210

(1 + 12X
71

)2 + 2X2

213
)))

• s4 = 0

• s5 = 4
1440

(−1440−19X2+19X4

1440
)160((130387

8442
(−3 −X)2(−1

2
−X)2(1

2
−X)2(−1279974

2567725
−

426658X
2567725

)140(( 71
210

(1− 12X
71

)2)+ 2X2

213
))+(130387

8442
(−1279974

2567725
+ 426658X

2567725
)140(−1

2
+X)2(1

2
+

X)2(3 +X)2(( 71
210

(1 + 12X
71

)2) + 2X2

213
)))

We obtain a certificate of f ∈ QM(Hf,G) by multiplying f to the equation 1 =

σf + τX2. We obtain

f = f 2σ + τX2f

= f 2(s0 + s1 · (X + 3) + s3 · (X +
1

2
)(X − 1

2
) + s5 · (−(X − 3)))

+ τ(
1

2
(X − 1)2 · (X + 1)X +

1

2
(X + 1)2 ·X(X − 1))

= f 2s0 + f 2s1 · (X + 3) +
1

2
τ(X − 1)2 · (X + 1)X

+ f 2s3 · (X +
1

2
)(X − 1

2
) +

1

2
τ(X + 1)2 ·X(X − 1) + f 2s5 · (−(X − 3))

Finally, we obtain a certificate of f ∈ QM(G) by lifting from QM(Hf,G) to

QM(G); for the latter, we use the certificates computed in Example 6.13 of the

elements in Hf,G in QM(G).

Example 6.15 In this example, we compare the results of the proposed method

and Shang et. al’s general method. Consider the set of generators G = {g1, g2}

where g1 = −(X + 2)X3 and g2 = −X3(X − 2). Let the input polynomial be

(X + 1)X4(X − 1). We reduce the problem to computing a certificate of (X +

167



Chapter 6. Certificates Computation in Archimedean Quadratic Modules in A[X]

1)X2(X − 1) in QM(−(X + 2)X,−X(X − 2)). For convenience, we reuse the same

polynomials for the above problem, i.e., let g1 = −(X + 2)X and g2 = −X(X − 2)

and f = (X + 1)X2(X − 1)

First, we use our proposed approach. In this case, it is enough to use Theorem 6.5.

We compute a certificate of (X + 1)X in QM(g2). First, we compute the certificate

of X + 1 in QM(g2) using the Certificate algorithm as X + 1 is strictly positive over

S(g2). We obtain the certificate X + 1 = s0 + s1 · g2 where

• s0 = 35152
20931

(X − 49373
70304

)2 + 505372919
2943066048

• s1 = 35152
20931

Now, we compute a certificate of X in QM(g2) using SOSBasicLemma with inputs

X and −(X − 2). We obtain X = s2 + s3 · g2 where

• s2 = 1
2
X2

• s3 = 1
2

Thus, multiplying and rearranging the certificates of X and −(X − 2), we obtain

(X + 1)X = s4 + s5 · g2 where

• s4 = s0s2 + s3s1g
2
2

• s5 = s2s1 + s0s3

Similarly, we compute a certificate of X(X−1) in QM(g1). We obtain X(X−1) =

s10 + s11 · g1 where:

• s6 = 35152
20931

(X + 49373
70304

)2 + 505372919
2943066048
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• s7 = 35152
20931

• −(X − 1) = s6 + s7 · g1

• s8 = 1
2
X2

• s9 = 1
2

• −X = s8 + s9 · g1

• s10 = s6s8 + s9s7g
2
1

• s11 = s8s7 + s6s9

Then, we apply the procedure in Appendix B.3 to compute a certificate of the

product of (X + 1)X and X(X − 1), which is our reduced problem. We have (X +

1)X2(X − 1) = 1
2
(X − 1)2 · (X + 1)X + 1

2
(X + 1)2 ·X(X − 1).

Putting all the above together, we have (X + 1)X4(X − 1) = s12 + s13 · g1 + s14g2

where g1 = −(X + 2)X3, g2 = −X3(X − 2) are the original generators, and

• s12 = X2(1
2
(X − 1)2s4 + 1

2
(X + 1)2s10)

• s13 = 1
2
(X + 1)2s11

• s14 = 1
2
(X − 1)2s5

The degrees of the certificate obtained are deg(s12) = 8, deg(s13) = 4,

deg(s14) = 4.

Now, let us use Shang et. al’s general method. We fix the input polynomial f at

x = 0 with f1 := f − (4(X + 1
2
)2 · g1 + 4(X − 1

2
)2 · g2) = 17X4 + 9X6. Since f1 is a

sums of squares, we are done. Hence, the certificate obtained is f = f1 + 4(X + 1
2
)2 ·

g1 + 4(X − 1
2
)2 · g2.
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Finally, we use the Extended Gram matrix method to check the quality of the

certificate obtained with this method. Let md :=


1

X
...

Xd−1

. There are no pos-

itive semidefinite matrices A0 and A1 of dimension d × d with d < 3 such that

f = ((md)TA0m
d) + ((md)TA1m

d) · g1 + ((md)TA2m
d) · g2. However, there exist pos-

itive semidefinite matrices that satisfy these conditions with d = 3. We obtain the

following.

A0 =


6.555009 × 10−7 0 −0.405252

0 0.810504 −27.1442

−0.405252 −27.1442 7.44974 × 106



A1 =


3.72841 × 106 −888.157 −0.386659

−888.157 0.275157 0.0000923

−0.386659 0.0000923 0



A2 =


3.72844 × 106 888.152 −0.388337

888.152 0.274097 −0.0000923

−0.388337 −0.0000923 0


The certificate obtained with this approach is

f = ((m3)TA0m
3) + ((m3)TA1m

3) · g1 ++((m3)TA2m
3) · g2

≈ (0.000256028 + 4.08976 ∗ 10−10X − 1582.84X2)2 + (0.+ 0.90028X − 30.1508X2)2

+ (0.+ 2223.38X2)2

+ ((1930.92 + 0.459964X − 0.000201115X2)2 + (0.+ 0.25006X + 8.44035 ∗ 10−7X2)2

+ (0.+ 0.0000809667X2)2) · g1

+ ((1930.91− 0.459968X − 0.000200247X2)2 + (0.+ 0.252162X + 7.45169 ∗ 10−7X2)2

+ (0.+ 0.0000809673X2)2) · g2
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In expanded form, the degrees of the certificates are deg((m3)TA0m
3) = 4,

deg((m3)TA1m
3) = 4 and deg((m3)TA2m

3) = 4.

Example 6.16 In this example, we compare the results of the proposed method

and the method in [8]. The method in [8] requires an associated ideal I to be zero-

dimensional; a certificate in such a context is of the form σ0+
∑s

i=1 σi · gi+
∑t

i=1 pi · hi
for G = {g1, . . . , gs} encoding inequality constraints, and H = {h1, . . . , ht} encoding

equality constraints; hence σi are sums of squares and pi are polynomials. Although

the certificate problem for quadratic modules does not explicitly incorporate poly-

nomial equalities, such equalities can be enforced by encoding an ideal using two

inequality constraints. We illustrate this encoding in the example below.

Consider G = {g1, g2} where g1 = (X + 1)3(X − 1) and g2 = −(X + 1)(X − 1)3

and f = X + 1 as the input polynomial. The semialgebraic set of G corresponds to

two isolated points {−1, 1}, so we can include the equality constraint I = ⟨h1⟩ where

h1 = (X + 1)(X − 1) without modifying the semialgebraic set.

First, we use our proposed method. In this case, we identify f as pure with

respect to g1; in fact, f ∈ QM(g2). Thus, we use the MonogenicCert algorithm.

For the latter, we use the SOSBasicLemma algorithm with inputs (X + 1)to obtain

1 = σ · (X+1)+ 1
8
· (−(X−1)3) where σ = 7

8
(−2

7
X+1)2 + 3

56
X2 is a sums of squares.

We obtain a certificate of f by multiplying f by both sides of the previous equation,

i.e., f = 7
8
((−2

7
X + 1)(X + 1))2 + 3

56
(X(X + 1))2 + 1

8
· g2.

Now, we use the method in [8]. We obtain a witness for the condition ⟨I : f⟩ +

⟨f⟩ = ⟨1⟩, in this case we have (−1
2
)(X − 1) ∈ ⟨I : f⟩ and 1

2
(X + 1) ∈ ⟨f⟩ and

1 = (−1
2
)(X − 1) + 1

2
(X + 1). Multiplying f to both sides of the previous equation,

we obtain f = 1
2
(X + 1)2 + (−1

2
) · h1.
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6.7 Certificate computation using Shang et al’s

generators

In her Ph.D. thesis[4], the author characterizes Archimedean quadratic modules in

one variable using the end points of the semialgebraic set induced by the generators as

well as the orders of the generators and the input polynomial. This characterization

is formalized as the signature in [81]. There exists an equivalent set of generators

consisting of three polynomials encoding the information from the signature.

The authors in [81] reduced the minimal number of generators from three to

two by incorporating additional factors into the generators so that the new set of

generators describes the same signature. For the rest of this section, we refer to these

two generators as g1 and g2. The 2Generators algorithm in [81] computes g1 and g2 by

initially assigning them −1 and 1, respectively, and updating them for each endpoints

in the semialgebraic set S(G), by multiplying polynomials involving the endpoints

with the appropriate order according to the signature of QM(G). In Table 6.1, we

describe the ith−update done in the main loop of the 2Generators algorithm.

Interval gnew
1 := gold1 (X − ai)

κ
+
i (X − bi)

κ
−
i

gnew
2 := gold2

Type A gnew
1 := gold1 (X − ai)

κi

gnew
2 := gold2

Type B gnew
1 :=


gold1 (X − ai)

κ
−
i if i = 1

gold1 (−(X − ai))
κ
+
i if i = k

gold1 (X − ai)
κ
+
i (X − (ai +

ai+1−ai
5

)) otherwise

gnew
2 :=


gold2 (X − ai)

κ
+
i if i = 1

gold2 (−(X − ai))
κ
−
i if i = k

gold2 (X − ai)
κ
−
i (X − (ai + 2

ai+1−ai
5

)) otherwise

Type C gnew
1 := gold1 (X − ai)

κi

gnew
2 :=

gold2 (X − ai)
κ
+
i if i = 1

gold2 (X − ai)
κ
+
i (X − (ai −

ai−bi−1
5

)) otherwise

Type D gnew
1 := gold1 (X − ai)

κi

gnew
2 :=

gold2 (−(X − ai))
κ
−
i if i = k

gold2 (X − ai)
κ
−
i (X − (ai +

ai+1−ai
5

)) otherwise

Table 6.1: ith-update operation in main loop of 2Generators

In this section, we provide a method for computing certificates for members in
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QM(g1, g2). We apply the QMCert algorithm to nonnegative factors of the input

polynomial. Then, we directly multiply these nonnegative factors to obtain the

original input polynomial. The latter provides a certificate in QM(g1, g2, g1g2). To

lift the previous certificate to QM(g1, g2), we use a specialized approach to find a

certificate of g1g2 in QM(g1, g2). In Section 6.7.1, we discuss a method to obtain a

certificate of g1g2 in QM(g1, g2) distinguishing two cases whether S(g1, g2) contains

isolated points of type B or not. Section 6.7.2 presents an algorithm to compute a

certificate in Shang’s et al’s two generators and compares the output in QMCert.

6.7.1 Certificate of product of generators

In this section, we address the problem of computing certificates for g1g2 in

QM(g1, g2).

S(g1, g2) does not contain isolated points of type B

If the associated semialgebraic set S(g1, g2) does not contain isolated points of type B,

the certificate of the product of generators can be reduced to a monogenic certificate

problem. The following theorem characterizes the membership problem of monogenic

quadratic modules.

Theorem 6.17 Let g1, g2 be the generators produced by the 2Generators algorithm.

If S(g1, g2) does not have isolated points of type B then g1g2 ∈ QM(g1).

Proof. By inspection of the 2Generators algorithm, if S(g1, g2)

does not have isolated points of type B, then g1 is of the form
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−
∏

i
ai<bi

(X − ai)
κ+
i (X − bi)

κ−
i
∏

i
ai=bi

(X − ai)
κi ; hence,

S(g1) =
⋃
i

ai<bi

[ai, bi] ∪
⋃
i

ai=bi

{ai}

so S(g1) is bounded.

We notice that g2 is nonnegative over S(g1) as g2 evaluates to zero at the isolated

points in S(g1) and it evaluates to a positive value over the regular intervals in S(g1);

otherwise, suppose that there exists x ∈ [ai, bi] for some [ai, bi] ⊆ S(g1) so that

g2(x) < 0, then the latter leads to a contradiction as [ai, bi] ⊆ S(g1, g2). Therefore,

we find that g1g2 is also nonnegative over S(g1).

At every end point of S(g1) we have orda(g1g2)−orda(g1) = orda(g2) = 0 ∈ 2N and

ϵa(g1g2) = ϵa(g1) and for every isolated point of S(g1), we have orda(g1g2) ≥ orda(g1);

therefore, by Theorem 2.15, we have g1g2 ∈ QM(g1). □

Example 6.18 Consider g1 = −(X+1)2(X−1)2 and g2 = −(X+1)(X−1). We can

see that g1g2 = (X + 1)3(X − 1)3 ∈ QM(g1). We apply the MonogenicCert algorithm

with inputs g1g2 and g1.

First, we reduce both the input and the generator by ignoring the roots of even

multiplicities in line 4 of the MonogenicCert algorithm, we have (X + 1)(X − 1) ∈

QM(−1), its certificate is (X + 1)(X − 1) = ( (X+1)(X−1)+1
2

)2 + ( (X+1)(X−1)−1
2

)2 · (−1).

Multiplying (X + 1)2(X − 1)2 to both sides of the previous equation, we obtain

g1g2 =
1

4
((X + 1)(X − 1) + 1)(X + 1)(X − 1))2

+
1

4
((X + 1)(X − 1) − 1)2 · g1

∈ QM(g1)
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S(g1, g2) contains isolated points of type B

If S(g1, g2) contains isolated points of type B we consider the following approach.

Let g1 = β1g1 and g2 = β2g2 be such that both β1, β2 are the product of the updates

of Table 6.1 related to isolated points of type B in S(g1, g2).

Example 6.19 We discuss the factors β1 and β2 from above of the Shang et al’s two

generators using a simple example. For the latter, we show step by step the updates

of the two generators using the 2Generators algorithm.

Consider G = {(X + 2)(X + 1)2X,X(X − 1)2(X − 2),−(X + 2)(X − 2)}. The

semialgebraic set of G is {−2,−1, 0, 1, 2}; notice that −1, 1 are isolated points of

type A, while the rest of isolated points of S(G) are of type B. The generators

obtained by 2Generators are g1 = (X + 2)(X + 1)2X(X − 1
5
)(X − 1)2(X − 2) and

g2 = −(X + 2)X(X − 2
5
)(X − 2). Using Table 6.1, we show the updates to g1, g2 in

the main loop of 2Generators.

• Initial step: g1 = −1, g2 = 1

• Isolated point at x = −2: g1 = −(X + 2), g2 = (X + 2)

• Isolated point at x = −1: g1 = −(X + 2)(X + 1)2, g2 = (X + 2)

• Isolated point at x = 0: g1 = −(X+2)(X+1)2X(X− 1
5
), g2 = (X+2)X(X− 2

5
)

• Isolated point at x = 1: g1 = −(X + 2)(X + 1)2X(X − 1
5
)(X − 1)2, g2 =

(X + 2)X(X − 2
5
)

• Isolated point at x = 2: g1 = (X + 2)(X + 1)2X(X − 1
5
)(X − 1)2(X − 2), g2 =

−(X + 2)X(X − 2
5
)(X − 2)

From this sequence of updates to g1 (resp. g2), we see that the polynomials

(X + 2), X(X − 1
5
) and −(X − 2) (resp. (X + 2), X(X − 2

5
) and −(X − 2)) are the
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updates related to isolated points of type B. Hence, β1 = −(X+2)X(X− 1
5
)(X−2)

and β2 = −(X + 2)X(X − 2
5
)(X − 2).

In the following proposition, we prove that β2 is nonnegative over

S(compact{g1,g2}(g2)).

Proposition 6.20 Let β2 be as defined above. We have that β2 is nonnegative

over S(compact{g1,g2}(g2)). Furthermore, we can compute a certificate of β2 in

QM(compact{g1,g2}(g2)).

Proof. Let S := S(compact{g1,g2}(g2)). We will prove that each of the polynomials

in the updates in Table 6.1 involving isolated points of type B is nonnegative over

S. We address each of the following cases:

• The first isolated point of S(g1, g2) is of type B: The factor of g2 is (X−a0)κ
+
0 .

The semialgebraic set of the latter is [a0,∞) ⊇ S.

• The last isolated point of S(g1, g2) is of type B: The factor of g2 is −(X−ak)κ
−
k .

The semialgebraic set of the latter is (−∞, ak] ⊇ S.

• The ith isolated point of S(g1, g2) is of type B: The factor of g2 is (X −

ai)
κ−
i (X − (ai + 2ai+1−ai

5
)). The semialgebraic set of the latter is (−∞, ai] ∪

[ai + 2ai+1−ai
5

,∞) ⊇ S.

Since the polynomial β2 is the product of the polynomials in the updates in

Table 6.1 that involve isolated points of type B, then β2 is nonnegative over

S(compact{g1,g2}(g2)).

The polynomial
compact{g1,g2}(g2)

β2
is a product of factors similar to β2 that involve

isolated points of type C and D. Hence, it is nonnegative over S(compact{g1,g2}(g2))
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following a similar proof above. Therefore, we can use the SOSBasicLemma algorithm

with inputs β2,
compact{g1,g2}(g2)

β2
to obtain sums of squares σ, τ such that 1 = σβ2 +

τ
compact{g1,g2}(g2)

β2
. Multiplying β2 by the previous equation, we obtain β2 = σβ2

2 +

τ · compact{g1,g2}(g2). Since the compactification algorithm provides a certificate for

compact{g1,g}(g2) in QM(g1, g2), β2 ∈ QM(g2) and its certificates are computable. □

Proposition 6.21 Let β2 be as defined above and let B = {ap1 , . . . , apm} be isolated

points of type B of S(g1, g2). The semialgebraic set of the polynomial β2g1 is bounded.

Proof. Inspecting Table 6.1, if a0 ̸∈ B and ak ̸∈ B the polynomials β1, β2 are

β1 =
m∏
i=1

(X − api)
κ+
pi (X − (api +

dpi
5

))

β2 =
m∏
i=1

(X − api)
κ−
pi (X − (api +

2dpi
5

))

Whether a0 (resp. ak) is in B, the polynomials β1 and β2 above also include the

factor (X − a0)
κ−
0 and (X − a0)

κ+
0 (resp. −(X − ak)κ

+
k and −(X − ak)κ

−
k ). In all of

the cases, we have the following

β1β2 =
m∏
i=1

(X − api)
κ+
pi

+κ−
pi (X − (api +

dpi
5

))(X − (api +
2dpi

5
)) (6.3)

Similarly, since g1 does not contain roots associated with isolated points of type

B, we have the following:

g1 = −

∏
i

ai<bi

(X − ai)
κ+
i (X − bi)

κ−
i


 ∏

i
ai=bi,ai ̸∈B

(X − ai)
κi

 (6.4)
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From the latter, by multiplying Equation (6.3) and Equation (6.4), we obtain

S(β1β2g1) = S(β2g1) =
⋃

i
ai<bi

[ai, bi] ∪
⋃

i
ai=bi

{ai}

∪
⋃

api∈B
[api +

dpi
5
, api +

2dpi
5

], so S(β2g1) is bounded. □

Finally, we use the following theorem to compute a certificate of g1g2 in

QM(g1, g2):

Theorem 6.22 Let g1 = β1g1 and g2 = β2g2 be as defined above and let B =

{ap1 , . . . , apm} be the isolated points of type B of S(g1, g2). The certificates of g1g2

in QM(g1, g2) are computable.

Proof. Using Theorem 6.17, we know that g1g2 ∈ QM(g1). Hence, we use the

MonogenicCert algorithm to compute σ0, σ1 ∈
∑

A[X]2 such that g1g2 = σ0 + σ1g1.

Multiplying β1β2 by the previous equation, we obtain

g1g2 = β1β2σ0 + σ1 · β2g1

= σ0

m∏
i=1

(X − api)
K+

pi
+K−

pi (X − (api +
dpi
5

))(X − (api +
2dpi

5
))

+ σ1 · β2g1

(6.5)

Since each K+
pi

+ K−
pi

∈ 2N then σ0
∏m

i=1 (X − api)
K+

pi
+K−

pi is a sums of squares.

Additionally, each (X − (api +
dpi
5

))(X − (api +
2dpi
5

)) ∈ QM(compact{g1,g2}(g1)) as

they are nonnegative over S( compact{g1,g2}(g1)). Hence,

m∏
i=1

(X − (api +
dpi
5

))(X − (api +
2dpi

5
)) ∈ QM(compact{g1,g2}(g1))

We use the MonogenicCert algorithm to compute a certificate for the latter.

Since the compactification algorithm provides certificates of compact{g1,g2}(g1) in
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QM(g1, g2), we have a certificate of β1β2σ0 in QM(g1, g2). To conclude our proof, we

need to compute a certificate of β2g1 in QM(g1, g2).

Using the NonNeg algorithm, we compute the nonnegative factors of g1 and β2,

let B := NonNeg(g1) ∪ NonNeg(β2). By Proposition 6.21, we know that S(β2g1)

is bounded, so the semialgebraic set S(B) is also bounded. Thus, we can use the

procedure in Appendix B to compute a certificate of the product β2g1 in QM(B).

We can compute the certificate for each nonnegative factor in B using a combination

of the MonogenicCert algorithm and the compactification procedure.

Finally, multiplying σ1 by the certificate of β2g1 obtained provides a certificate of

the second summand in Equation (6.5). Therefore, g1g2 ∈ QM(g1, g2) as a certificated

is obtained from the procedure described above. □

6.7.2 Certificate of members using Shang et al’s generators

Given an input polynomial h ∈ QM(g1, g2), we use the following approach to compute

a certificate of h in QM(g1, g2).

1. Decompose h into two factors. The first factor, hpos, which is strictly positive

over S(g1, g2) and the second one, hnon−neg, which is a nonnegative polynomial

over S(g1, g2).

2. Use the Certificate algorithm to compute a certificate of fpos in QM(g1, g2).

3. We use the NonNeg algorithm to obtain the nonnegative factors of hnon−neg.

4. For each nonnegative factor hnon−neg,i in NonNeg(hnon−neg), we use

QMCert(hnon−neg,i, {g1, g2}) to compute a certificate in QM(g1, g2).

5. Finally, we multiply the certificates of hpos and each hnon−neg,i and rearrange

the sums of squares multipliers. The product of these certificates might be of

179



Chapter 6. Certificates Computation in Archimedean Quadratic Modules in A[X]

the form s0 + s1 · g1 + s2 · g2 + s3 · g1g2 where each si is a sums of squares. Using

the certificates of the product of the generators g1g2 from Section 6.7, we have

a representation of h in QM(g1, g2).

6.8 Summary

This chapter provides the QMCert algorithm to compute a certificate for a member

f in an Archimedean quadratic module QM(G). The key idea is due to the concept

of LocalRelativeGens(f,G, a), which identifies a “local” generator with respect to

a zero a of f which is also an endpoint in S(G) and uses the ideas of pure and

mixed polynomials to identify whenever the certificates of an input polynomial can be

computed using a single polynomial; in this case we use the MonogenicCert algorithm

from Chapter 5.

If the polynomial is not pure, the method multiplies additional strictly positive

factors to the input polynomial such that the nonnegative factors of the resulting

polynomial are all pure. To combine these, we use the property of the intermediate

set of generators Hf,G that allow us to compute a certificate of the products of its

elements.

Previous work in Chapter 5, especially the MonogenicCert algorithm, is widely

used whenever the input polynomial is pure or mixed with respect to the original

set of generators. For the former case, the problem reduces entirely to a monogenic

certificate problem, while the latter case uses a construction to compute certificates

of nonnegative polynomials using the generators in LocalRelativeGens(f,G, a); the

latter are used as the monogenic generators.

In Section 6.7, we refine the QMCert algorithm to compute certificates of members

using the two generators in [81]. These generators enjoy the property that there is no
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overlap in their roots with respect to the signature, which makes it clear the choice

of “local” generators addressing each common root of f and the endpoints of S(G).
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Chapter 7

Certifying the Emptiness of

Monogenic Quadratic Modules in

A[X ]

A system of polynomial equations has no solution whenever we can certify that 1

belongs to the radical ideal generated by the polynomials involved in the system via

Nullstellensatz [38, 73]. Similarly, when a system of polynomial inequalities has no

solutions, or equivalently, the semialgebraic S(G) associated with the generators is

empty, the Positivstellensatz (Theorem 2.1) provides an algebraic characterization

that −1 belongs to the preordering PO(G).

This certification perspective naturally leads us to examine the quadratic modules

themselves. A quadratic module module Q is called proper if it does not contain −1.

The literature on real algebraic geometry concerns mostly problems related to proper

quadratic modules, as the non-proper quadratic modules contain all the polynomials

in the polynomial ring. However, it is not obvious to formally certify that a quadratic

module is non-proper unless a certificate of −1 is given.
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Previous chapters addressed certificate problems in the univariate case. In this

chapter, we consider the problem of computing a certificate of −1 for monogenic

quadratic modules QM(g) when S(g) is empty in the multivariate case. We focus on

this particular case as QM(g) is a preordering and thus Positivstellensatz justifies

the membership of −1.

In Section 7.1, we describe an algorithm to compute a certificate for −1 in these

kinds of quadratic modules. In addition, we discuss examples of several variables.

Section 7.2 concludes this chapter summarizing the main results.

7.1 Certificate of −1

Any quadratic module generated by a single polynomial g is a preordering. Hence,

by Theorem 2.1, we know that −1 ∈ QM(g) if and only if S(g) is empty. This kind

of quadratic module includes the entire set of polynomials in A[X]; in fact, this is

clear using the formula f =
(
f+1
2

)2
+
(
f−1
2

)2 · (−1).

The focus of this section therefore becomes on finding a certificate of −1 for the

inconsistent case. The approach of the algorithm aims to find two sums of squares

in a Bézout-like identity for −1 using the generator g and ϵ − g for some positive

ϵ. To handle the certificates of nonnegative polynomials, our algorithm uses the

ExtLasserre algorithm from [82] discussed in Section 2.1.10.

Theorem 7.1 Let g ∈ A[X] such that S(g) is empty. There exists a positive con-

stant ϵ such that ϵ− g is strictly positive over Rn.

Proof. Let ϵ1 be the maximum value of g over Rn, i.e., ϵ1 ≥ g(x) for every x ∈ Rn.

Since S(g) is empty, we have ϵ1 < 0. Set ϵ := − ϵ1
2

. We will prove that −ϵ − g is

strictly positive over Rn.
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Suppose, by contradiction, there exists y ∈ Rn such that −ϵ−g(y) ≤ 0, and hence

ϵ1 ≤ 2g(y). By the choice of ϵ1, we have ϵ1 ≥ g(x) for every x ∈ Rn, so ϵ1 ≥ g(y);

thus, we have 2g(y) ≥ ϵ1 ≥ g(y). Subtracting g(y) from the previous inequalities we

obtain g(y) ≥ ϵ1 − g(y) ≥ 0, which means y ∈ S(g). This is a contradiction, as S(g)

is empty. □

Our procedure for computing a certificate of −1 in the inconsistent case is the

following.

Algorithm 19: Computing a certificate of −1 in inconsistent monogenic

quadratic modules

Input: g ∈ A[X]

Output: σ0, σ1 ∈ A[X]

Requires: S(g) is empty

Ensures: −1 = σ0 + σ1 · g and σ0, σ1 ∈
∑

A[X]
2

1 Let ϵ1 be the maximum value of g over Rn

2 Let ϵ := − ϵ1
2

3 if −ϵ− g is a sums of squares then

4 σ0 := 1
ϵ
(−ϵ− g), σ1 := 1

ϵ

5 else

6 Use ExtLasserre to compute a certificate of −ϵ− g in QM(g), i.e.,

−ϵ− g = σ
′
0 + σ

′
1 · g

7 σ0 := 1
ϵ
σ

′
0, σ1 := 1

ϵ
(1 + σ

′
1)

8 return σ0, σ1

7.1.1 Examples

In the following examples, we modify the examples in Section 2.1.9 by subtracting a

negative value from the generators to obtain an empty case. First, we start with a
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simple example in the univariate case.

Example 7.2 Consider the generator g = −(X2 + 1). The maximum value of g is

obtained at x = 0 with g(0) = −1. Hence, the value of ϵ is 1
2
. In this case, we have

that −1
2
−g is 1

2
+X2, which is a sums of squares; hence, we are done. The certificate

of −1 obtained is −1 = 1 + 2X2 + 2 · g.

Example 7.3 Let us consider the generator g = −X4 − X2Y 2 + 2X2Y + XY 2 −

Y 2 − 1. The maximum value of g is −1 + 1
72

(44 + 88064

(5095441+1433475
√
345)

1
3
− (5095441 +

1433475
√

345)
1
3 ) ≈ −0.921668 obtained at x ≈ 0.814681, y ≈ 0.781727. Hence, we

set ϵ to 1
2
(1 − 1

72
(44 + 88064

(5095441+1433475
√
345)

1
3
− (5095441 + 1433475

√
345)

1
3 )). In this

case, we have that −ϵ− g is a sums of squares, i.e.,

−ϵ− g = (
(−72X(915X + 34Y ) + 1037α1)α2

12444
)2

+ (−13X2

30
+X(

1

61
− Y

2
) + Y )2

+ (
X(1673940 + 13481X − 1059814Y )

1830
√

948566
)2

+ (
X(63257(5327374X − 9953711Y ) + 1807855200(915X + 34Y )α3)

31110
√

27899(37037758631 − 3615710400α3)
)2

+ (
1

510
X2α4)

2

where

• α1 = 116 − 88064

(−5095441+1433475
√
345)

1
3

+ (−5095441 + 1433475
√

345)
1
3

• α2 = 1

3
√

271806

(11280+(6(205703889507−7215316775
√

345))
1
3 +(6(205703889507+7215316775

√
345))

1
3 )

• α3 = 304560+(24293217942997686−852114480493950
√
345)

1
3+27(6(205703889507+7215316775

√
345))

1
3

66048858
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• α4 = 1/(4597111667268979339216893997985363782/( 674411076615813994143139976074465678172633

−(8431490583012933083002159706197450483002990183125332800∗6
2
3 )/(10446626370516172910914694309840959973050437−

366102480402133342126885395764559408189025
√
345)

1
3 −

385263550098120166279057200(6 (10446626370516172910914694309840959973050437 −

366102480402133342126885395764559408189025
√
345))

1
3 ))

1
2

Hence, we are done; the certificate obtained for −1 in QM(g) is

−1 =
1

ϵ
((

(−72X(915X + 34Y ) + 1037α1)α2

12444
)2

+ (−13X2

30
+X(

1

61
− Y

2
) + Y )2

+ (
X(1673940 + 13481X − 1059814Y )

1830
√

948566
)2

+ (
X(63257(5327374X − 9953711Y ) + 1807855200(915X + 34Y )α3)

31110
√

27899(37037758631 − 3615710400α3)
)2

+ (
1

510
X2α4)

2) +
1

ϵ
· g

Example 7.4 Consider the generator g = −1+XY −X2−Y 2−Z2. The maximum

value of g is −1 attained at x = y = z = 0. We set ϵ = 1
2
. In this case, we have that

−1
2
− g is a sums of squares, i.e., −1

2
− g = 1

2
+ Z2 + (Y − X

2
)2 + 3

4
X2. Hence, the

certificate of −1 we obtain is

−1 = (1 + 2Z2 + 2(Y − X

2
)2 +

3

2
X2)

+ 2 · g

7.2 Summary

In this chapter, we discuss a simple method for certifying the emptiness of a mono-

genic quadratic module.
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Section 7.1 discussed the case where S(g) is empty. The construction relies on

a novel idea similar to the Basic Lemma Theorem 2.19. However, the difference

between the construction and the Basic Lemma is that the former obtain an identity

involving 1 while our construction finds an identity involving −1. Finally, nonnega-

tive polynomials in the identity are lifted to a member in QM(g) using the ExtLasserre

algorithm of [82].
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Conclusions

This thesis develops a method for computing certificates of members in Archimedean

univariate quadratic modules specified by a finite set of generators in the univariate

case, and addresses the problem of certifying the emptiness of quadratic modules

in A[X]. For the first part, we started our study with simpler cases, such as the

saturated and monogenic case. These cases provided interesting insights to tackle

the general problem; the methods developed in the saturated case allow us to com-

pute certificates of products that were possible to generalize to multiplicities greater

than 1, and the monogenic case, in combination with the compactification method,

provides a framework to compute certificates of nonnegative factors. The proposed

methods are novel, symbolic, and obtain certificates in terms of the original genera-

tors.

For the second part of the thesis, we applied an optimization algorithm to com-

pute an upperbound of g to obtain a Bézout-like identity for −1 and the ExtLasserre

algorithm was used to handle nonnegative polynomials that are not sums of squares.
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8.1 Summary of findings

We briefly summarize the techniques developed and the relevance of the work done

in this thesis.

8.1.1 Chapter 3

The compactification method described in Algorithm 9 provides a novel approach to

find a certificate of a member in a quadratic module such that this member has a

bounded semialgebraic set. This is particularly useful for the purposes of the thesis

as it allows us to use the SOS variant of the Basic Lemma construction with mem-

bers that do not necessarily have bounded semialgebraic sets. The compactification

algorithm can be seen as a special case of the Theorem 2.19 (Basic Lemma) applied

to a simpler case involving a member of a quadratic module and a polynomial of

degree at most 2. The similarities are that both methods compute strictly positive

polynomials in a Bézout-like identity of 1. However, the compactification algorithm

in Algorithm 9 does not use a complex construction as Algorithm 3 since the former

is optimized for the univariate case.

One particular application that is of vital importance for this thesis work allows us

to compute certificates of nonnegative factors of members in quadratic modules. This

technique is used in Chapters 4, 5, and 6 of this thesis, as our typical approach aims

to decompose the input polynomial into simpler nonnegative factors and combine

them later using the multiplicative closure of quadratic modules in one variable.

We emphasize that the compactification algorithm is symbolic and exact and does

not rely on numerical approaches; on the other hand, it requires upfront information

about the roots of the generators and input polynomial, which are algebraic numbers.
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8.1.2 Chapter 4

For the saturated case, the set of generators have a unique equivalent set of natural

generators determined by its semialgebraic set. The algorithms developed in this

chapter are symbolic and exact. The computation of the natural generators works

for different sets of generators defining the same semialgebraic set; this is one of the

advantages of the proposed method, as the certificates of the input polynomial can be

lifted from different sets of generators given they share the same signature. However,

the second part of the proposed method changes for different sets of generators,

since certificates of natural generators must be computed in terms of a given set of

generators.

The Algorithm 12 has been implemented in Maple in the package CertSatQM and

compared with RealCertify and Shang et. al’s general method in a collection of

examples. The experimental evaluation shows that the quality of the certificates

obtained using our Algorithm 12 finds sums of squares with a smaller degree in

contrast to the approaches reported in the existing literature.

8.1.3 Chapter 5

For the monogenic case, the proposed method is fully symbolic as it mostly relies on

the Basic Lemma (Theorem 2.19). Our solution notices that the even multiplicities

can always be “ignored” and reincorporated as the sums of squares multipliers in

the representation of members of quadratic modules. This observation is crucial to

obtain a practical algorithm which has been thoroughly tested using many examples.

We use a divide-and-conquer approach. The “divide” part splits nonnegative

factors of f and finds certificates for each in QM(g). The “conquer” part multiplies

these factors to obtain a certificate of f in QM(g); the latter is possible because
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QM(g) is a preordering. First, we obtain a normal form for both the input polynomial

f and the generator g by removing redundant factors, which are factors that do not

change the signatures of f nor g with respect to the signature of g. Then, we

formulate a subproblem ignoring the isolated points of even multiplicity in g. This

allows us to use the constructions from Chapter 4 involving the Basic lemma [42] and

Berg’s lemma [4]. To obtain a certificate of the original problem, we bring back the

isolated points removed by multiplying them directly with the previous certificate

and rearrange terms so that they are absorbed in the sums of squares multipliers or

the generator g.

We use the same theoretical tools from Chapter 4. In addition, we also used

the characterization of monogenic quadratic modules given by Augustin [4]. The

experimental comparison with Shang et al’s alternative method shows our approach

to find certificates with smaller degree.

8.1.4 Chapter 6

The approach for the general case combines the techniques developed in the saturated

and monogenic cases. We compute a certificate of a member f in an Archimedean

quadratic module QM(G). No restrictions are considered for these two inputs. We

preprocess the input polynomial by multiplying additional factors that allow us to

use the techniques in Chapter 5 in order to satisfy nonnegativity conditions.

We introduce an intermediate set of generators Hf,G with the property that the

certificates of products of its elements are computable and QM(Hf,G) ⊆ QM(G).

This set contains the generalized natural generators of G. This result is a gener-

alization of item 2.(a) in Chapter 4 above. We use a divide-and-conquer approach

to compute certificates of members in QM(G). The “divide” part splits the prepro-

cessed input polynomial into nonnegative factors and “matches” each of these factors

191



Chapter 8. Conclusions

with a generator hi ∈ Hf,G.

Certificates for the latter are obtained using the algorithm in Chapter 5 since this

subproblem is a monogenic problem. The “conquer” part combines the certificates of

each previous nonnegative factor and applies the property of the intermediate gener-

ators H that certificates of their products are computable. Finally, we remove the ad-

ditional polynomials introduced in the preprocessing step using the Basic lemma [42]

as the introduced polynomial satisfies the requirements of the lemma.

8.1.5 Chapter 7

We certify the emptiness of a monogenic quadratic module. For the latter, we refine

the construction ExtLasserre of [82] to compute a certificate for −1. We developed

a procedure to compute a Bézout-like identity for −1 and to lift the nonnegative

polynomial multiplier to a member in QM(g) to obtain a certificate of −1 in QM(g).

8.2 Future work

The research presented in this thesis has contributed substantial advances to the

verification and certificate computation of Archimedean quadratic modules. Never-

theless, several enhancements can be made to further improve the work presented

here.

The Basic Lemma is a fundamental tool in the algorithms presented in this thesis,

especially for the problems in the univariate case addressed in the chapters 4, 5,and 6.

However, the original result from Theorem 2.19 applies to the multivariate case. We

believe that this result can be further optimized for the univariate case. Some reasons

to foresee possible improvements of this observation is due to the compactification
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Algorithm compact in Algorithm 9; this algorithm showed a similar construction

that is less complex than the construction in the original proof of the Basic Lemma

and uses some properties applicable only in the univariate case, for example, that

non-negative polynomials can be expressed as sums of squares.

Similarly, the Certificate algorithm from [82] is widely used in the algorithms of

this thesis. The fundamental constructive results of the Certificate algorithm are a

Lemma by Averkov [6] and a technique to approximate non-negative polynomials

as sums of squares by Lasserre in [44]; both of these results hold for the multivari-

ate case. Although the univariate case does not benefit from specializing Lasserre’s

approximation theorem 1, improving the construction of Averkov’s lemma to the

univariate case would optimize different aspects of certificate computation of strictly

positive polynomials over compact semialgebraic sets in the univariate case. Spe-

cial algorithms of this kind would also make the complexity analysis of them more

suitable.

A significant part of the motivation in developing certificates for members in

Archimedean quadratic modules is to use them in verification applications. The

prototypical implementation of the algorithms developed in Chapter 4 and Chapter 5

requires a significant amount of work to be useful in this kind of application. The

Algorithm 18 for the method QMCert has not yet been implemented as it requires a

complete implementation of the algorithms for SaturatedCert and MonogenicCert.

Whenever a statement fails to satisfy a given property, formal methods require

the production of a counterexample within a model of the theory. In the context

of verification, another way to see the contributions of this thesis is in the proof-

production of members in an Archimedean quadratic module. However, whenever a

polynomial is not a member, currently there are no easy ways to report this result.

1This is because every non-negative polynomial in R[X] can be expressed as a sum of
squares.
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It will be of interest to develop methods to exhibit the non-membership of these

polynomials in verification settings. Currently, the literature usually uses short proofs

for examples such as in [86, Example, p. 168]. A suitable model should be easy to

represent within formal methods. A good candidate for this task might be the

signature method from [4, 81].
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Auxiliary Constructions

A.1 The lifting operation

Throughout the thesis, we use the term “lifting” to indicate a substitution in the

generators gi’s of a representation in some quadratic module by the certificate of

the gi’s in another quadratic module. In this section, we formalize this notion and

provide some examples to illustrate the idea.

Definition A.1 Let G = {g1, . . . , gs}, H = {h1, . . . , ht} be such that QM(G) ⊆

QM(H) and f ∈ QM(G). Assume that we have a certificate of f = σ0 +
∑s

i=1 σi · gi
in QM(G) and certificates for each gi = σ0,i +

∑t
j=1 σj,i · hj in QM(H). We refer

to lifting f from QM(G) to QM(H) as the action of obtaining a certificate of f in

QM(H) by replacing the certificates of each gi in QM(H) with the certificate of f in

QM(G), i.e., f = (σ0 +
∑s

i=1 σiσ0,i) +
∑t

j=1 (
∑s

i=1 σiσj,i) · hj.

Notice that if we consider certificates as vectors of dimension 1 × n + 1 where

n is the number of generators, lifting can be formulated as a matrix multiplication

operation, i.e.,
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(
σ0 σ1 · · · σs

)


1 0 · · · 0

σ0,0 σ1,1 · · · σt,1
...

...
. . .

...

σ0,s σ1,s · · · σt,s


=

(
σ0 +

∑s
i=1 σiσ0,i

∑s
i=1 σiσ1,i · · ·

∑s
i=1 σiσt,i

)
We formalize the previous observation in the following algorithm:

Algorithm 20: Lifting operation

Input: A certificate σ0, σ1, . . . , σs for some f ∈ QM(G) and certificates

σ0,i, σ1,i, . . . , σt,i for each gi ∈ G in QM(H)

Output: A certificate τ0, τ1, . . . , τt of f ∈ QM(H)

1 Let v =
(
σ0 σ1 · · · σs

)

2 Let M =


1 0 · · · 0

σ0,0 σ1,1 · · · σt,1
...

...
. . .

...

σ0,s σ1,s · · · σt,s


3 Let τi the the ith entry in vM for 0 ≤ i ≤ t

4 return τ0, τ1, . . . , τt

Example A.2 Consider the monogenic quadratic module G := {g} where g =

−(X + 3)(X + 2)(X − 2)(X − 3). Its semialgebriac set is S := [−3,−2] ∪ [2, 3]

and its natural generators are Nat(S) = {(X + 3), (X + 2)(X − 2),−(X − 3)}.

Using Theorem 2.9, we can prove that QM(G) is saturated. From the latter and

Theorem 2.8, we have QM(Nat(S)) ⊆ QM(G). We want to illustrate the lifting

operation by computing a certificate of the input polynomial f = (X + 1)(X − 1) in

QM(Nat(S)) and then lifting the certificate to QM(G).
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We obtain a certificate of the polynomial (X+1)(X−1) using Lemma 2.21 using

the natural generator (X + 2)(X − 2). From the latter, we obtain (X + 1)(X − 1) =

3
4
X2 + 1

4
· (X + 2)(X − 2). To lift the certificate of f in QM(Nat(S)) to QM(G), it

is enough to find the certificate of the natural generator (X + 2)(X − 2) in QM(G).

We use the MonogenicCert algorithm for this; we obtain (X + 2)(X − 2) = 1
5
((X +

2)(X − 2))2 + 1
5
· g.

Finally, we obtain a certificate of f in QM(G) by lifting. We obtain

(X + 1)(X − 1) =
3

4
X2 +

1

4
· (X + 2)(X − 2)

=
3

4
X2 +

1

4
·
(

1

5
((X + 2)(X − 2))2 +

1

5
· g

)
=

3

4
X2 +

1

20
((X + 2)(X − 2))2 +

1

20
· g

A.2 Auxiliary proofs for Section 4.3

Lemma A.3 Let p := α(X − a)(X − b)m + β(X − c)m(X − d) with m ∈ 2N + 1,

b, c ∈ A within (a, d), and α := 1
(d−a)(d−b)m

, β := 1
(a−c)m(a−d)

. Then p is of the form

q · (X − a)(X − d) + 1 for some q ∈
∑

A[X]2.

Proof. Notice that p(a) = p(d) = 1. Using Euclid’s division algorithm, the residue

of p divided by (X − a)(X − d) is at most of degree 1, i.e., p = q(X − a)(X − d) + r

with deg(r) ≤ 1. Let r = γ1X + γ2. If γ1 = 0 we are done as γ2 = 1. Otherwise,

p(a) = r(a) = 1, similarly p(d) = r(d) = 1. Hence, r(a) = r(d), so γ1a+γ2 = γ1d+γ2,

which implies that a = d. This contradicts the assumption that a < d.

Now, we will show q ∈
∑

A[X]2 to conclude the proof. We will show that the

only real roots of the polynomial p− 1 are a, d with multiplicity 1, which shows that
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q must be a product of complex conjugate roots, which means that q is a sum of

squares.

Suppose q has a real root e different from a and d. This implies p(e) = 1. We

will prove this leads to a contradiction by showing that p evaluates to a value greater

than 1 over (−∞, a) and (d,∞) and smaller than 1 over (a, d).

First, write p as p = p1
p1(d)

+ p2
p2(a)

where p1 = (X − a)(X − b)m and p2 = (X −

c)m(X − d). For the interval x ∈ (d,∞), we see that p1(x)
p1(d)

is strictly greater than 1

and p2(x)
p2(a)

is nonnegative; hence p(x) is strictly greater than 1. A similar argument

holds for the interval (−∞, a).

Now, let us consider the case where x ∈ (a, d). If b = c we have p = p2(a)+p1(d)
p2(a)p1(d)

(X−

b)m (X − r) where r = ap2(a)+dp1(d)
p2(a)+p1(d)

. We can see that p has at most two real zeros

which belong to the interval (a, d) as a < r < d. Since p1(d), p2(a) are positive, the

leading coefficient of p is positive. The minimum value p∗ of p is attained within

(a, d); this implies that p strictly decreasing the interval (a, p∗) and strictly increases

in the interval (p∗, d). As p(a) = p(d) = 1, we conclude that p reaches a value less

than 1 over (a, d).

Now, let us consider the case where b < c. We can check that p(b) = b−d
a−d

( b−c
a−c

)m <

1 and p(d) = a−c
a−d

( b−c
b−d

)m < 1. To finish this case, we analyze the intervals (a, b), (b, c)

and (c, d). Consider the interval (a, b). The polynomial p1
p1(d)

evaluates negative

values on (a, b) and the polynomial p2
p2(a)

strictly decreases over (a, b) with maximum

value 1; thus p evaluates a value less than 1 over the interval (a, b); similar reasoning

handles the interval (c, d).

Now, we address the interval (b, c). First, we notice that
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dp

dX
=

1

p1(d)
((X − b)m +m(X − a)(X − b)m−1)

+
1

p2(a)
((X − c)m +m(X − d)(X − c)m−1)

=
(X − b)m−1

(d− a)(d− b)m
((m+ 1)X − (b+ma))

+
(X − c)m−1

(a− d)(a− c)m
((m+ 1)X − (c+md))

(A.1)

We want to show that dp
dX

is strictly increasing over (b, c). The polynomial q1 :=

(X−b)m−1

(d−a)(d−b)m
((m+ 1)X − (b+ma)) has at most two real roots, b and b+ma

m+1
. The last is

contained in the interval [a, b], which means that the polynomial q1 strictly increases

for any point after b. Similarly, we can show that the polynomial (X−c)m−1

(a−d)(a−c)m
((m +

1)X − (c + md)) is strictly increasing for any point before c. Hence, from equation

(A.1), we see that dp
dX

is strictly increasing over (b, c).

We have dp
dX

(b) = 1
b−c

m(b−d)+(b−c)
a−d

( b−c
a−c

)m < 0 as b < c. Similarly, dp
dX

(c) =

1
c−b

m(a−c)+(b−c)
a−d

( c−b
d−b

)m > 0. By the Intermediate Value theorem, we have that dp
dX

has a zero η in (b, c) and it is unique since dp
dX

is strictly increasing over (b, c). Fur-

thermore, η corresponds to the global minimum value of p over R. Hence p(x) < 1

for x ∈ (b, c), as otherwise there would be a local maximum value of p in (b, c), which

is not the case.

Finally, let us consider the case where c < b. For the interval (a, c), p1
p1(d)

is less

than 1 and p2
p2(a)

is always nonnegative over (a, c), hence p is less than 1 over (a, c).

A similar argument handles the interval (b, d). For the interval [c, b] we notice that

both p1
p1(d)

and p2
p2(a)

are non-positive, so p is less than 1 over [b, d]. Therefore, p is

less than 1 over (a, d).

Therefore, q has no real roots and is a product of irreducible quadratics of the

form q =
∏

j ((X − aj)
2 + b2j)

ej . Since the leading coefficient of p is positive, we see
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that q is a sums of squares. □

Proposition A.4 Let f be a polynomial such that S(f) =
⋃k

i=0 [ci, di] is bounded,

divisible by (X−dj)m(X−cj+1)
n where m is odd and n is even. Then (X−dj)m(X−

cj+1)
n+1 belongs to QM(f). Furthermore, the certificates of (X − dj)

m(X − cj+1)
n+1

in QM(f) are computable.

Proof. First, we notice that ϵdj(f) = −1 as dj is a right end point. Let I = {i ∈ N |

j + 1 < i ≤ k, ordci(f) is odd } be a set of indices.

If I is empty, this means that f only has end points of even multiplicity to the right

of cj+1. If so, we define the polynomial s := (X − dj)
m−1

∏k
i=j+1 (X − ci)

ordci (f) and

define f̂ := f
s
. Notice that s is a sums of squares so the semialgebraic set of f̂ is S(f)

without the isolated points cj+1, . . . , ck. Additionally, the multiplicity of (X − dj) in

f̂ is 1. The polynomial −(X − dj) is nonnegative over S(f̂), therefore, we compute

its certificate using the procedure in Section 3.2.1 in QM(f̂). The polynomial −(X−

cj+1) is strictly positive over QM(f̂), so we compute its certificate using the Certificate

algorithm. Since QM(f̂) is a preordering, we obtain a certificate of (X − dj)(X −

cj+1) in QM(f̂) rearranging the certificates of −(X − dj) and −(X − cj+1). Let

(X − dj)(X − cj+1) = σ0 + σ1 · f̂ . Multiplying s by the previous equation, we obtain

(X − dj)
m(X − cj+1)

n+1
∏k

i=j+2 (X − ci)
ordci (f) = sσ0 + σ1 · f . Finally, we compute a

certificate of (X− dj)
m(X− cj+1)

n+1 in QM(f) using the procedure in Section 3.2.1.

If I is not empty, let l ∈ I be the smallest one. In this case, we define s :=

(X−dj)m−1
∏l−1

i=j+1 (X − ci)
ordci (f)(X−cl)ordcl (f)−1. We compute a certificate of (X−

dj)(X−cl) in QM(f̂) using the procedure in Section 3.2.1. Then, using Lemma 2.21,

we compute a certificate of (X − dj)(X − cj+1) in QM((X − dj)(X − cl)), lifting the

certificate to QM(f̂) as we have a certificate of (X−dj)(X−cl) in QM(f̂). We repeat

the same procedure of multiplying s from the case when I is empty to compute a

certificate of (X − dj)
m(X − cj+1)

n+1 in QM(f). □
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A.3 Algorithm to split nonnegative factors of in-

put polynomial f

This appendix introduces the Algorithm 21 that provides a method to compute

nonnegative factors of a given polynomial. This method is used in the QMCert

algorithm in order to split the input into several polynomials that are members of

the quadratic module, and their certificates are easier to obtain with our proposed

methods.

Algorithm 21: Algorithm to compute nonnegative factors

NonNeg(f)
Input: f ∈ A[X]

Output: A set {f1, . . . , fl} of nonnegative factors of f

Ensures: Each fi divides f and fi is nonnegative over S(f)

1 Let c1 < · · · < cm be the real roots of f and e1, . . . , em their multiplicities

2 Let odd roots, neg even roots be empty arrays

3 for i from 1 to m do

4 if ϵci (f) = −1 and ei is even then

5 Add (ci, ei) to neg even roots

6 if ei is odd then

7 Add (ci, ei) to odd roots

8 l := |odd roots|
9 if l = 0 then return {−

∏
(c,e)∈neg even roots

(X − c)e}

10

11 output := ∅
12 Let (c1, e1) be the first element of odd roots

13 if ϵc1 (f) = 1 then

14 Add (X − c1)
e1

∏
(c,d)∈neg even roots

c<c1

(X − c)e to output

15 Remove (c1, e1) from odd roots

16 Let (cl, el) be the last element of odd roots

17 if ϵcl (f) = −1 then

18 Add −(X − cl)
el

∏
(c,d)∈neg even roots

c>cl

(X − c)e to output

19 Remove (cl, el) from odd roots

20 while odd roots is non-empty do

21 Let (ci, ei), (cj , ej) be the first two elements of odd roots

22 Add (X − ci)
ei (X − cj)

ej
∏

(c,d)∈neg even roots
ci<c<cj

(X − c)e to output

23 Remove (ci, ei), (cj , ej) from odd roots

24 return output
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A.3.1 Examples

Consider f1 := −(X + 3)(X + 2). The real roots of f1 are −3 and −2 with odd mul-

tiplicities without roots of even multiplicities. Since ϵ−3(f1) = 1, the Algorithm 21

adds X + 3 to output. Since ϵ−2(f1) = −1, the algorithm adds −(X + 2) to output.

Consider f2 := (X + 1)(X + 3
4
)(X + 1

4
)X2(X − 1). We have odd roots =

{(−1, 1), (−3
4
, 1), (−1

4
, 1), (1, 1)} and neg even roots = {(0, 2)}. The Algorithm 21

outputs (X + 1)(X + 3
4
) and (X + 1

4
)X2(X − 1).
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Certificate Computation of

Product of Members in the

Intermediate Set of Generators

Hf,G

Given two natural generators ni, nj of a saturated quadratic module of Nat(G), a

certificate of the product ninj is of the form ninj = σ0+σ1 ·ni+σ2 ·nj +σ3 ·(X−a)+

σ4 · (−(X − b)) where X − a,−(X − b) are strictly positive polynomials over S(G).

In this section, we generalize the previous result by describing a method to compute

a certificate of the product of members in the intermediate set of generators Hf,G in

our approach.

First, we focus on the products of members in Hf,G without monomials of even

multiplicity. Then, we address the problem of the remaining cases as these can be

reduced to the former case. For the rest of this section, we use the polynomials hi, hj

to denote the two members of Hf,G to be considered in the certificate computation
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of their product.

B.1 Product between (X − a0)
κ+0 and (X − bi)

κ−i (X −

ai+1)
κ+i+1

Let hi = (X−a0)κ
+
0 and hj = (X−bi)κ

−
i (X−ai+1)

κ+
i+1 . If a0 = bi, from [41][Theorem

2.5], we have (X−a0)2(X−ai+1) = (X−ai+1)
2·(X−a0)+(ai+1−a0)·(X−a0)(X−ai+1).

Multiplying both sides by the previous equation by (X−a0)κ
+
0 +κ−

i −2(X−ai+1)
κ+
i+1 −1,

we obtain

hihj = (X − a0)
κ+
0 +κ−

i −2(X − ai+1)
κ+
i+1 −1((X − ai+1)

2 · (X − a0)

+ (ai+1 − a0) · (X − a0)(X − ai+1))

= s0 · hi + s1 · hj

where s0 = (X − a0)
κ−
i −1(X − ai+1)

κ+
i+1 +1 and s1 = (ai+1 − a0)(X − a0)

κ+
0 −1 are

both sums of squares.

If a0 ̸= bi, by our previous result in the saturated case, we have (X − a0)(X −

bi)(X − ai+1) = s0 + s1 · (X − a0) + s2 · (X − bi)(X − ai+1) + s3 · (−(X − b)) where

−(X − b) is a strictly positive polynomial over S(Hf,G). Multiplying both sides of

the previous equation by (X − a0)
κ+
0 −1(X − bi)

κ−
i −1(X − ai+1)

κ+
i+1 −1, we obtain the

following.
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hihj = (X − a0)
κ+
0 −1(X − bi)

κ−
i −1(X − ai+1)

κ+
i+1 −1s0

+ (X − bi)
κ−
i −1(X − ai+1)

κ+
i+1 −1s1 · hi

+ (X − a0)
κ+
0 −1s2 · hj

+ (X − a0)
κ+
0 −1(X − bi)

κ−
i −1(X − ai+1)

κ+
i+1 −1s3 · (−(X − b))

B.2 Product between (X − a0)
κ+0 and −(X − bk)

κ−k

Let hi = (X − a0)
κ+
0 and hj = −(X − bk)κ

−
k . If a0 = bk, by our previous result in the

saturated case, we have −(X−a0)2 = (X−a0−1
2

)2 · (X−a0)+(X−a0+1
2

)2 · (−(X−a0)).

Multiplying both sides by (X − a0)
κ+
0 +κ−

k −2 we obtain the following.

hihj =

(
X − a0 − 1

2

)2

(X − a0)
κ−
k −1 · hi

+

(
X − a0 + 1

2

)2

(X − a0)
κ+
0 −1 · hj

If a0 ̸= bk, by our previous result in the saturated case, we have (X − a0)(−(X −

bk)) = 1
bk−a0

((X − bk)2 · (X − a0) + (X − a0)
2 · (−(X − bk))). Multiplying (X −

a0)
κ+
0 −1(X − bk)κ

−
k −1 to both sides of the previous equation, we obtain:

hihj =
1

bk − a0

(
(X − bk)κ

−
k +1 · hi + (X − a0)

κ+
0 +1 · hj

)
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B.3 Product between (X − bi)
κ−i (X − ai+1)

κ+i+1 and

(X − bj)
κ−j (X − aj+1)

κ+j+1

Let hi = (X − bi)
κ−
i (X − ai+1)

κ+
i+1 and hj = (X − bj)

κ−
j (X − aj+1)

κ+
j+1 . If ai+1 = bj,

from [41][Theorem 2.5], we have (X− bi)(X−ai+1)
2(X−ai+2) = ai+1−bi

ai+2−bi
(X−ai+2)

2 ·

(X− bi)(X−ai+1)+ ai+2−ai+1

ai+2−bi
(X− bi)2 · (X−ai+1)(X−ai+2). Multiplying both sides

of the previous equation by (X − bi)
κ−
i −1(X − ai+1)

κ+
i+1 +κ−

i+2 −2(X − ai+2)
κ+
i+2 −1, we

obtain the following.

hihj = ((X − bi)
κ−
i −1(X − ai+1)

κ+
i+1 +κ−

i+2 −2(X − ai+2)
κ+
i+2 −1)

(
ai+1 − bi
ai+2 − bi

(X − ai+2)
2 · (X − bi)(X − ai+1)

+
ai+2 − ai+1

ai+2 − bi
(X − bi)

2 · (X − ai+1)(X − ai+2))

= s0 · hi + s1 · hj

where s0 = ai+1−bi
ai+2−bi

(X − ai+1)
κ−
i+2 −1(X − ai+2)

κ+
i+2 +1 and s1 = ai+2−ai+1

ai+2−bi
(X −

bi)
κ−
i +1(X − ai+1)

κ+
i+1 −1 are both sums of squares.

If ai+1 < bj, by our previous result in the saturated case, we have

(X − bi)(X − ai+1)(X − bj)(X − aj+1) = s0 + s1 · (X − a) + s2 · (X − bi)(X −

ai+1)+s3 · (X− bj)(X−aj+1)+s4 · (−(X− b)) where X−a and −(X− b) are strictly

positive polynomials over S(Hf,G). Multiplying both sides by the previous equation

by σ := (X − bi)
κ−
i −1(X − ai+1)

κ+
i+1 −1(X − bj)

κ−
j −1(X − aj+1)

κ+
j+1 −1 ∈

∑
A[X]2, we

obtain
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hihj = σs0 + σs1 · (X − a)

+ (X − bj)
κ−
j −1(X − aj+1)

κ+
j+1 −1s2 · hi

+ (X − bi)
κ−
i −1(X − ai+1)

κ+
i+1 −1s3 · hj

+ σs4 · (−(X − b))

B.4 Product between (X − bi)
κ−i (X − d)m1 and (X −

c)m2(X − ai+1)
κ+i+1 with bi < c < d < ai+1 and

m1,m2 ∈ 2N + 1

Let hi = (X − bi)
κ−
i (X − d)m1 , hj = (X − c)m2(X − ai+1)

κ+
i+1 , ĥi = (X − bi)

κ−
i (X −

c)m2 , ĥj = (X − d)m1(X − ai+1)
κ+
i+1 , and Hfix := {X − a, hi, hj,−(X − b)} where

X − a,−(X − b) are strictly positive over S(Hf,G). Clearly, hihj = ĥiĥj. We reduce

the problem of computing certificates of hihj in QM(Hfix) to the case addressed in

Section B.3 by computing certificates of hihj in QM(X − a, ĥi, ĥj,−(X − b)) for

some strictly positive polynomials X − a,−(X − b) over S(Hf,G). In order to lift the

certificates from the new set of generators to Hfix, we need to find a certificates of

ĥi and ĥj in QM(Hfix). We focus on the first case as the method discussed can also

handle the second case.

By Lemma 2.21, we compute a certificate of (X−bi)(X−c) ∈ QM((X−bi)(X−d)),

i.e, there are computable sums of squares s0, s1 such that (X − bi)(X − c) = s0 + s1 ·

(X−bi)(X−d). Hence, we can multiply the sums of squares (X−bi)κ
−
i −1(X−c)m2−1

by the previous equation, which gives us a certificate of ĥi = (X − bi)
κ−
i −1(X −

c)m2−1s0 + s1 · hi ∈ QM(hi). Similarly, we find certificates for ĥj ∈ QM(hj).

Example B.1 Let h1 = X + 3, h2 = (X + 2)(X − 1), h3 = (X + 1)(X − 2), h4 =
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−(X − 3), and Hfix = {h1, h2, h3, h4}. We want to compute the certificate of h2h3 in

QM(Hfix). First, we compute a certificate of ĥ2 = (X + 2)(X + 1) in QM(h2). Using

Lemma 2.21 we obtain ĥ2 = 2
3
(X+2)2+ 1

3
·h2, similarly we have ĥ3 = 2

3
(X−2)2+ 1

3
·h3.

Now, we compute a certificate of ĥ2ĥ3 in QM(h1, ĥ2, ĥ3, h4) using the method

described in Section B.3.

We have 1 = σ1h1ĥ2h4 + τ1ĥ3 where:

• σ1,1 = 25651419
1281797120

(− 4415585
34201892

X3 − 1251755
102605676

X2 +X − 8011232
76954257

)2

+ 28331277347353
2311869023304840

(− 29384854743375
14505614001844736

X3 − 890819840493969
7252807000922368

X2 + 1)2

+ 1994111861811973593029
18593254251396257291960320

(−1285483076174859368325
3988223723623947186058

X3 +X2)2

+ 106766816304202787495261701
32717399570283849383175990738944

(X3)2

• σ1,2 = 697
2002808

• τ1,1 = 7224817
31919480

(− 15161753
693582432

X3 − 21619799
231194144

X2 + 7181883
28899268

X + 1)2

+ 174487837272007
1844899213881280

(− 302420779830331
2791805396352112

X3 + 719486242613227
8375416189056336

X2 +X)2

+ 138684576679824814487417
102658148942691815356907520

( 42850403008996998246261
138684576679824814487417

X3 +X2)2

+ 182956542720540303136597309
39840656144761211125813354648440

(X3)2

• τ1,2 = 2157
1595974

• σ1 = σ1,1 + τ1,2ĥ3
2

• τ1 = τ1,1 + τ1,2(h1ĥ2h4)
2

Then, we have h1ĥ2ĥ3h4 = σ1(h1ĥ2h4)
2 · ĥ3 + τ1ĥ3

2
· h1ĥ2h4.

Finally, we have 1 = σ2h1h4 + τ2ĥ2ĥ3 where:

• σ2 = 1
40
X2 + 1

10

• τ2 = 1
40
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Then, we have

ĥ2ĥ3 = τ2(ĥ2ĥ3)
2 + σ2 · h1ĥ2ĥ3h4

= τ2(ĥ2ĥ3)
2 + σ1σ2(h1ĥ2h4)

2 · ĥ3 + σ2τ1ĥ3
2
· h1ĥ2h4

To obtain a certificate in QM(h1, ĥ2, ĥ3, h4), we compute a certificate of h1ĥ2h4

in QM(h1, ĥ2, h4) using the methods discussed in Section B.2 and Section B.1. First,

we find h1h4 = 1
6
((X − 3)2 · h1 + (X + 3)2 · h4). Now, we apply the SOSBasicLemma

algorithm with inputs h1h4 and ĥ2 to obtain 1 = σ3h1h4 + τ3ĥ2 where

• σ3 = 5077893
74983750

(−1210241
3385262

X + 1)2 + 51983202049
253839639492500

(X)2

• τ3 = 29282713
149967500

(− 22495125
117130852

X + 1)2 + 116498980322719
70263284189240000

(X)2

Hence, h1ĥ2h4 = σ3(h1h4)
2 · ĥ2 + τ3ĥ2

2
· h1h4 = σ3(h1h4)

2 · ĥ2 + 1
6
τ3ĥ2

2
(X − 3)2 ·

h1 + 1
6
τ3ĥ2

2
(X + 3)2 · h4, so

ĥ2ĥ3 = τ2(ĥ2ĥ3)
2 + σ1σ2(h1ĥ2h4)

2 · ĥ3 + σ2τ1ĥ3
2
· h1ĥ2h4

= τ2(ĥ2ĥ3)
2 + σ1σ2(h1ĥ2h4)

2 · ĥ3 + σ2σ3τ1(h1ĥ3h4)
2 · ĥ2

+
1

6
σ2τ1τ3(ĥ2ĥ3)

2(X − 3)2 · h1 +
1

6
σ2τ1τ3(ĥ2ĥ3)

2(X + 3)2 · h4

Finally, we obtain the certificate of h2h3 = ĥ2ĥ3 in QM(h1, h2, h3, h4) by lifting

the certificates of ĥ2 (resp. ĥ3) by h2 (resp. h3).
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h2h3 = τ2(ĥ2ĥ3)
2 + σ1σ2(h1ĥ2h4)

2 · (
2

3
(X − 2)2 +

1

3
· h3)

+ σ2σ3τ1(h1ĥ3h4)
2 · (

2

3
(X + 2)2 +

1

3
· h2)

+
1

6
σ2τ1τ3(ĥ2ĥ3)

2(X − 3)2 · h1 +
1

6
σ2τ1τ3(ĥ2ĥ3)

2(X + 3)2 · h4

= τ2(ĥ2ĥ3)
2 +

2

3
σ1σ2(h1ĥ2h4)

2(X − 2)2 +
2

3
σ2σ3τ1(h1ĥ3h4)

2(X + 2)2

+
1

6
σ2τ1τ3(ĥ2ĥ3)

2(X − 3)2 · h1 +
1

3
σ2σ3τ1(h1ĥ3h4)

2 · h2

+
1

3
σ1σ2(h1ĥ2h4)

2 · h3 +
1

6
σ2τ1τ3(ĥ2ĥ3)

2(X + 3)2 · h4

B.5 Product between (X − bi)
κ−i (X − ai+2)

κ+i+2 and

(X − ai+1)
κ−i+1(X − c)m with bi < ai+1 < c < ai+2

and m ∈ 2N + 1

Let hi = (X − bi)
κ−
i (X − ai+2)

κ+
i+2 , hj = (X − ai+1)

κ−
i+1(X − c)m, and Hfix = {X −

a, hi, hj,−(X − b)} where X − a and −(X − b) are strictly positive over S(Hf,G).

Let ĥi = (X − bi)(X − ai+2) and ĥj = (X − ai+1)(X − c). We use Lemma 2.21 to

find a certificate of ĥj in QM(ĥi), i.e., we can find sums of squares σ0, σ1 such that

ĥj = σ0 + σ1 · ĥi. Hence, the product ĥiĥj = σ1ĥi
2

+ σ0 · ĥi. Then, we multiply

the sums of squares (X − bi)
κ−
i −1(X − ai+1)

κ−
i+1 −1(X − c)m−1(X − ai+2)

κ+
i+2 −1 by the

previous equation to obtain the following.

hihj = σ1ĥi
2
((X − bi)

κ−
i −1(X − ai+1)

κ−
i+1 −1(X − c)m−1(X − ai+2)

κ+
i+2 −1)

+ σ0(X − ai+1)
κ−
i+1 −1 · hi
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B.6 Product of members in Hf,G with even multi-

plicities

In this section, we extend the cases considered in this appendix so far by including fac-

tors of even multiplicities. We consider the problem of computing certificates of the

product of the following form Hi = hi
∏n1

k=1 (X − ck)2mk , Hj = hj
∏n2

k=1 (X − dk)2mk

where hi, hj are the polynomials considered in previous subsections of this appendix

and ϵck(Hi) = −1 for 1 ≤ k ≤ n1 (resp. ϵdk(Hj) = −1 for 1 ≤ k ≤ n2).

The method is uniform for any of the previous cases. First, we create a sub-

problem that ignores factors with even multiplicities. To obtain a certificate for the

original input; we multiply these factors and rearrange them with the sums of squares

multipliers or with the intermediate generators to recover the original generators.

We illustrate the approach by modifying the Example B.1:

Example B.2 Let p1 = X + 3, p2 = (X + 2)(X + 1
2
)2(X − 1

4
)4(X − 1), p3 = (X +

1)(X + 1
2
)4(X + 1

3
)2(X − 2), p4 = −(X − 3), and Pfix = {p1, p2, p3, p4}. We want to

compute the certificate of p2p3 in QM(Pfix).

First, we ignore the factors with even multiplicities in the inputs. The resulting

subproblem is, in fact, Example B.1 where p1 = h1, p2 = (X + 1
2
)2(X − 1

4
)4h2, p3 =

(X + 1
2
)4(X + 1

3
)2h3, p4 = h4. Hence, we reuse the certificate of h2h3 ∈ QM(Hfix)

computed in earlier, i.e. h2h3 = s0 + s1 · h1 + s2 · h2 + s3 · h3 + s4 · h4 where s′is are

the sums of squares computed in Example B.1. Multiplying the ignored factors with

even multiplicities (X + 1
2
)6(X + 1

3
)2(X − 1

4
)4 to the previous equation, we obtain:
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p2p3 =

(
(X +

1

2
)3(X +

1

3
)(X − 1

4
)2
)2

s0 +

(
(X +

1

2
)3(X +

1

3
)(X − 1

4
)2
)2

s1 · p1

+

(
(X +

1

2
)2(X +

1

3
)

)2

s2 · p2 +

(
(X +

1

2
)(X − 1

4
)2
)2

s3 · p3

+

(
(X +

1

2
)3(X +

1

3
)(X − 1

4
)2
)2

s4 · p4
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In: Journal of Complexity 12.2 (June 1996), 167–174. issn: 0885-064X. doi:

10.1006/jcom.1996.0011. url: http://dx.doi.org/10.1006/jcom.1996.0011.

[87] Jos F. Sturm. “Using SeDuMi 1.02, A Matlab toolbox for optimization over

symmetric cones”. In: Optimization Methods and Software 11.1-4 (1999),

pp. 625–653. doi: 10.1080/10556789908805766. eprint: https://doi.org/10.

1080/10556789908805766. url: https://doi.org/10.1080/10556789908805766.

[88] K. C. Toh, M. J. Todd, and R. H. Tütüncü. “SDPT3 — A Matlab software
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