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Abstract

In this paper, we give several new lattice identities valid in non-
modular lattices such that a uniquely complemented lattice satisfying any
of these identities is necessarily Boolean. Since some of these identities are
consequences of modularity as well, these results generalize the classical
result of Birkhoff and von Neumann that every uniquely complemented
modular lattice is Boolean. In particular, every uniquely complemented
lattice in M V N5, the least non-modular variety, is Boolean.
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1 Introduction

In 1904 Huntington [6] conjectured that every uniquely complemented lattice
must be distributive (and hence a Boolean algebra). In 1945, R. P. Dilworth
shattered this conjecture by proving [4] that every lattice can be embedded in
a uniquely complemented lattice. For a much strengthened version of the same
resuslt, see Adams and Sichler [1].

However, it turns out that if we assume almost any mild “natural” con-
dition on a uniquely complemented lattice, then it becomes distributive. As
an example, we have the theorem of Birkhoff and von Neumann that every
uniquely complemented modular lattice is Boolean. Other conditions which
force a uniquely complemented lattice to be distributive include weak atomicity
(Bandelt and Padmanabhan [3]) and upper continuity (Bandelt [2] and Salii
[?], [?] independently). A monograph written by Salii [?] gives a comprehensive
survey of results of this type. Among these mild additional conditions which
force a uniquely complemented lattice to be distributive, modularity is the only
known condition which is a lattice identity. In this paper, we give a number of
new lattice identities valid in non-modular lattices such that a uniquely com-
plemented lattice satisfying any of these identities is necessarily Boolean. In
particular, the least non-modular variety M V Nj, turns out to be one such
variety.

Following [7], we call a variety K of lattices a Huntington variety if ev-
ery uniquely complemented member of K is distributive. For example, the
Birkhoff-von Neumann theorem mentioned above says that the modular vari-
etry is Huntington.

Theorem 1. The variety of lattices defined by
(zAyV@Az))V(EAEzV(eAy))=xA(zVy)
s a non-modular Huntington variety.

Proof. We show that the condition a A b = 0 forces the inequality a < b and
hence by a well-known theorem of O. Frink (e.g. see [8]), the lattice will neces-
sarily be Boolean. Indeed, let a Ab’ = 0 for some two elements a, b in a uniquely
complemented lattice satisfying the identity

@A@YV (EA)))V(@AEV(@AY)=5A(2VYy).
Put z = 2’ in the above to get
(A V(AE V@Ay)) =zA @@ Vy).
Now let z = b', y = a. We have
' ANa)yvV (' ABYV O ANa))=b A(bVa).

So if we assume that a Ab = 0, then we get ¥’ A (bVa) =0. Also, b’V (bVa) =
(b vb)Va=1Va=1. Thus both b and bV a are complements of the element



b’. Since the lattice is uniquely complemented, we get the desired conclusion
bV a =b. In other words, we have proved that the given lattice satisfies the
bi-implication a < b if and only if a Ad = 0 and hence, by Frink’s theorem, the
lattice is distributive. O

It is interesting to note that Otter, a first-order theorem prover obtained
verbatically a similar proof (see Appendix).

Theorem 2. The self-dual variety of lattices defined the pair of equations

zV(yA@Vz)=zV(yAEV(AEzVy)
sA(yV(zAz)=an(yV(zA@V(zAY))

18 Huntington.

The proof is in the Appendix.

2 Non-Modular Huntington Equations

Given a uniquely complemented lattice, if any of the following equations holds,
the lattice is a Boolean algebra.

ceAyViEAVu))=zAYV(zA(V(zAuw))) (H1)
eAyV(@Az) =AYV (A(ZAYV2)V(YA2)) (H2)
TAGV @A V) =3 A Y (@Y [ AD) A (V) (114)
EA @AYV (@A) =2 A (@AY Y (@A) (A @VY))  (HI5)
eA (@AY V(zAu) =xA((yA @V (zAw))V(zAu) (H25)
eAyVEAEVY)) =AYV (@A2)V(zAYYVa)) (H49)
eAyVEAVY))=xzAlyV({(zAz)V(zAu))) (H51)
eV (yA(@Vz)=zVyA(EV@A(zVy)) (H55)
(xVvy)A(evz)=azV((zVy A{(zAy)V2)) (H61)
xA(yVz)=xzAyV@eA(zV(@AyV(zAz)))) (H64)
x/\(y\/(z/\u)):m/\(y\/(x/\ (x Ay)V (zAuw)))) (H65)

AyVEAVY))=2AyV(EA WY (zAy)) (H76)

AV (A @ V) = oA (A GV (@A) Y (2 AW) (179)



Figure 1: All the Covers of the Least Non-Modular Lattice N5

Figure 2: what should this caption be?



Table 1: Lattices (L1 — L15, M3, N5, NMO08) for which the Equations Hold

HL) [1 2 7 10 11 13 14 15 Ns
(H2) 1 4 6 7 8 9 10 11 12 13 14 15 Ms Ns NMO8
(H4) | 1 4 6 78 9 10 11 13 14 15 Mz Ns; NMOS
(H15) 1 4 6 7 9 10 11 13 15 Mz N; NMOS
(H25) 1 6 7 8 9 10 11 13 14 15 N5
(H49) 1 6 7 9 10 11 13 14 15 N5
(H51) | 1 7 10 11 13 14 15 Ns
(H55) P 56 7 8 9 10 12 13 14 15 Ms Ns NMO8
(H61) 2 56 8 9 10 12 14 15 Mz Ns NMO8
(H64) 2 6 7 &8 9 10 11 12 13 14 15 N5
(H65) 2 6 7 8 9 10 12 13 14 15 Ns
(H76) 6 78 9 10 13 14 15 Ns
(H79) 7 10 13 14 15 Ns
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Appendix

Proof of Theorem 1

4,3 (xVy)Vz=zV(yVz) [axiom)]
5 TAy=yAzx [axiom)]



6 (xAY)ANz=zA(yAz) [axiom)]
11,10 xV(zAhy) == [axiom)]
13,12 zA(yVa)== [axiom)]
25,24 VT =1 [axiom]
31,30 x Az’ =0 [axiom]
32 ZVvae=1 [axiom)]
37,36 rANl=x [axiom]
39,38 INz==x [axiom)]
41,40 zrV0=z [axiom]
45,44 xA0=0 [axiom)]
58 xVy#£llyhz #£0l2' =y [axiom]
62 ANB=A [denial]
64 A’V B #£A [denial]
65 zA(yVz)=(@AzV(@eAy))V(EAyV(zAz)) [axiom)]
66 (A(yVEA2)V(EAEzV(eAy))=xzA(zVy) [65]
74 AN(BANz)=AANzx [62 — 6]
89 (Ay) V(A (@ V(eAy)=xA (2 Vy) 66 «— 30;41]
95 xA@yVeAy))== [66 «— 32;37,11]
145,144  AAB' =0 [74 — 30:45]
286 AV ((zAy)Vz) ==z [95 — 66;13,4,11 4]
370 AN(A'VB) =0 89 « 144;145,41,31,25)
404 (A'VBYAA=0 370 « 5]
4308 aV (' Vy) =1 286 «— 38;39]
4348 A'vVB =A [hyper,58,4308,404]
4350 O 4348,64]
Proof of Theorem 2

2 rVy=yVz [axiom]
4,3 (xVy)Vz=zV(yVz) [axiom)]
5 TANy=yAzx [axiom)]
7,6 (xAYANz=xAN(YAz) [axiom)]
8 zA(zVy) == [axiom)]
12 zA(yVe) == [axiom)]
17,16 (xVy)Ahy=y [axiom]
19,18 xV(yAx)==x [axiom)]
20 (xAy)Vae=z [axiom)]
22 (xAy)Vy=y [axiom)]
27,26 AT =1 [axiom]
28 zVa' =1 [axiom)]
32 ¥ve=1 [axiom)]
35,34 T ANx=0 [axiom]
37,36 rANl=x [axiom)]
41,40 xV0=x [axiom)]
43,42 OvVe=ux [axiom]



44
49,48
56
61,60
63,62
64

65

66

67

69

72
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78
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89
100,99
102
115
125
149
162
200,199
233
241
271
378,377
413
598
605
613,612
615,614
620
648
690
692
772,771
806
1977
2776
28572856
2858
5067
5596
83454
88747
88755

zAN0=0

zVv1l=1

w/yy#l\mw#olx’:y

ANB=A

AV B 4 A

x\/(y/\(sz)):m\/(y/\ zV(zA(zVY)))
(v (zA2) =2 AV (A @Y (AL))

AyV(EA@EV(zAY) =zA(yV(zAz))
(A Gv (A (V) = 2)

BVA=B

AN(BANz)=AANx

B'VA # A

B\/(A\/x)—B\/x

yA(xNy)) =

yA(ZV(xA(ZVyD»::xv(yA(ZV$D

(@Vvy) Alyvae) =z

ANzVz)=zV(yA(xVz))

A/\( v)=A4A

zA(yAx)=xzA(xAy)

(@AY Ay V(EAy) Ax))=(@Ay) AyV

Bv(xVvA) =BV

BvA =1

AvB=1

eV (yA(yAe) =z

(Vy)AyVe)=(xVy) A

V(yNyAx)Vz)=zVz

TAy=yA(yAz)

(A (@zAy)V(yrz)=yAz

zA(xAy)=x Ay

(xAy)V(yAx):yAx
(y/\:c)\/z)—m\/z
(yVa) A

Vv (

Vv ( y) =
V((xVvy) Ay) =
V(y ) =
A y) =

—~

v (
v (
v (
Vi(y

ANyVvze))==
(zVy) A (zVy) Ay
(ac\/y) ANy=zA(zVy)

ax1om]

m]
ax1om]
m)

enlal

©
B &
S
=)

(65 — 40;19,43,43

[65 «— 34;41,100

[69 100

[76 «— 8;63

[67 «— 44;41,43.43

x) [67 «— 32;37
[125 — 18;4

[81 — 28:49

[233 «— 2

[89 «— 5

[271 — 3

[149 « 5;7,27
[149 — 22

[598 «— 5
[605;613
[413;613

[115 « 34;41,378
[648 — 2

[648 «— 5

[690 — 16

[692 — 12;7,772

V(Ao AV ) =AY (@A ) [162 — 67

Aly

V(yAz) = [620 « 28;49

V(zAy) = [2776 «— 5

(y\/(z/\(z\/y))’) 1 [2776 «— 3

AyA(yAz))=0 [806 «— 614:35,615,7
:r/\(y/\(x/\y)) 0 [5067 «— 5
ANDBVA NBNAY))=A [1977 «— 241;37,2857,37
BV(A'A(BAAY) =1 [83454 — 2858;61,200

ANBAAY =B
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89203 B'VA =A [88755 — 20
89205 O [89203,78]



