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1. Short Answer
(a) Consider the greedy algorithm for activity selection discussed in class. If there is some
activity that has finish time earlier than the start time of all other activities, will this
activity always be selected by the greedy algorithm? Justify your answer.

(b) Is the minimum weight edge in a graph always in any minimum spanning tree for a
graph? Is it always in any single source shortest path tree for the graph? Justify your
answers.

(c) Assume you have an implementation of the Union-Find data structure that has an amortized cost of Θ(log n) for all operations (note that this is a suboptimal implementation
of Union-Find). If you use this data structure to implement Kruskal’s algorithm on a
connected graph with n nodes and m edges, what will be the run time of Kruskal’s?
Explain your answer.

(d) Consider the problem 3-SAT discussed in class. If someone proves that this problem
can be solved in polynomial time, what are the implications for the complexity classes
P and N P ? If someone shows that the problem can not be solved in polynomial time,
what does this imply about P and N P ? What would it imply about all the NP-Hard
problems?

2. Recurrences and Asymptotics
(a) Give an asymptotic solution for the following recurrence: T (n) = 4T (n/2) + 1

(b) Solve the following recurrence T (n) = 3T (n−1)+4T (n−2). Give the solution in general
form i.e. do not solve for the constants

√
(c) Assume the run time of some algorithm is given by the recurrence T (n) = 2T ( n)+log n.
What is the asymptotic run time of this algorithm?

(d) Prove that log n = o(log2 n).

3. P and N P
Consider the following problem which is based on a real-world problem occurring in computational biology. We want to build a “representative set” for a large collection of protein
molecules that we don’t understand. The idea is to intensively study the proteins in the
representative set and thereby learn something about all the proteins in the large collection.
To be useful, the representative set must have the following two properties: it must be small
so it’s not too expensive to study it; and every protein in the collection must either be in
the representative set or all proteins similar to it must be in the representative set. Thus the
representative set problem can be defined as follows. You are given a large set S of proteins
and you are also given a list L of all pairs of proteins that are similar to each other. Your
goal is to find a subset S 0 of S such that 1) every protein p in S is either in S 0 or all proteins
similar to p are in S 0 and 2) S 0 is the smallest subset with this property.
What is the difficulty of the representative set problem? I.e. is it NP-Hard or is it in P ? If
it’s NP-Hard, show this is the case and describe how you might approximate it. If it’s in P ,
give a polynomial time algorithm to solve the problem.

4. Trees
The minimum bottleneck spanning tree (MBST) is a spanning tree that seeks to minimize the
most expensive edge in the tree. More specifically, for a tree T over a graph G, we say that
e is a bottleneck edge of T if it’s an edge with maximal cost. The, the tree T is a minimum
bottleneck spanning tree if T is a spanning tree and there is no other spanning tree of G with
a cheaper bottleneck edge.
(a) Assume you are given a graph G and a weight w and that G has n nodes and m
edges. Give a simple O(n + m) time algorithm that determines if there is a MBST with
bottleneck edge with cost no more than w.

(b) Is a MBST for a graph G always a minimum spanning tree for G? If so, prove it. If not,
give a counter example.

(c) Is a minimum spanning tree for a graph G always a MBST for G? If so, prove it. If not,
give a counter example. Hint: Use the safe edge theorem.

5. Summer Fishing
Note: This problem is similar to a job interview question asked at Facebook.com.
After your hard work during the year at UNM, you want to take a long deserved fishing break
this summer. However, you want to plan your fishing trip so that you catch as many fish
as possible and have thus formulated the following problem. You have a map of the fishing
spots of New Mexico which you represent as a graph G. Each node in G is a fishing spot
and two nodes x and y are connected if and only if it’s possible to travel from x to y in an
evening (after a day of fishing). Let n be the number of nodes in this graph. Your fishing trip
will last for ` days and you’ve created a n by ` prediction matrix c, based on your uncanny
and infallible knowledge of fishing conditions, such that c(v, t) is the number of fish you will
catch at spot v on day t. Note that for the same fishing spot v, and for different days t and
t0 , c(v, t) may not equal c(v, t0 ) because of different weather conditions, and so forth. Your
problem is the following. Design an algorithm that given a graph G, a start node s in G, and
a matrix c, will plan a fishing trip that ensures you catch the maximum number of fish. In
other words, your algorithm will return a path of ` nodes, starting at s, and going through
G such that this path ensures that the maximum number of fish will be caught from among
all paths of length `. What is the runtime of your algorithm?

5. Summer Fishing, continued.

