
CS 506 Half Plane Intersection, Duality and Arrangements Spring 2020

Note: These lecture notes are based on the textbook “Computational Geometry” by Berg et al.and
lecture notes from [3], [1], [2]

1 Halfplane Intersection Problem

We can represent lines in a plane by the equation

y = ax+ b

where a is the slop and b the y-intercept. Note that this can not represent vertical lines, which
have infinite slope (but these do not occur in general position)

Every non-vertical line defines two halfplanes, consisting of the points above and below the line.

• lower halfplane: y ≤ ax+ b

• upper halfplane: y ≥ ax+ b

1.1 Halfplane Intersection

Halfplane Intersection Problem: Given a collection H = {h1, . . . hn} of n closed halfplanes,
compute their intersection

Note that a halfplane is a convex set so the intersection of any number of them is also convex.
Unlike the convex hull, the intersection of halfplanes may be empty or unbounded.

A good way to represent the output would be to list the lines bounding the intersection in
clockwise order.

How big can this output be? By convexity, each halfplane can appear only once as a side. Hence
number of sides is O(n).

Lowerbound? Can show via sorting it is Ω(n log n). [Jared: good exercise]
Motivation: Generate convex shape approximations. Optimizations problems (e.g. linear pro-

gramming, gradient descent) often occur over intersection of halfspaces.
Higher dimensions: This can be challenging since the number of facets in the intersection of n

halfspaces in d-dimensions can be Θ(n⌊d/2⌋).
We’ll discuss two algorithms: (1) divide-and-conquer; and (2) duality based.

2 Divide-and-Conquer

procedure Divide-and-Conquer(H)
If n = |H| = 1, return the halfplane
Partition the halfplanes into H1 and H2 of size ⌊(⌋n/2) and ⌈(⌉n/2)
Let K1 and K2 be the intersections of H1 and H2, computed ecursively
Return the intersection of K1 and K2

end procedure

If we can perform the intersection (last step) in O(n) time then the algorithm will take O(n log n)
time, which can be shown via solving a simple recurrence (T (n) = 2T (n/2) + n).

Thus, we must intersect two convex (possibly empty or unbounded) polygons in linear time
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K2

K1

K = K1 \K2

Fig. 36: Intersecting two convex polygons by plane sweep.

Lower Envelopes and Duality: Next we consider a slight variant of this problem, to demonstrate some
connections with convex hulls. These connections are very important to an understanding of compu-
tational geometry, and we see more about them in the future. These connections have to do with a
concept called point-line duality. In a nutshell there is a remarkable similarity between how points
interact with each other an how lines interact with each other. Sometimes it is possible to take a
problem involving points and map it to an equivalent problem involving lines, and vice versa. In the
process, new insights to the problem may become apparent.

The problem to consider is called the lower envelope problem, and it is a special case of the halfplane
intersection problem. We are given a set of n lines L = {`1, `2, . . . , `n} where `i is of the form
y = aix � bi. Think of these lines as defining n halfplanes, y  aix � bi, each lying below one of the
lines. The lower envelope of L is the boundary of the intersection of these half planes (see Fig. 37).
The upper envelope is defined symmetrically.

upper envelope

lower envelope

Fig. 37: Lower and upper envelopes.

The lower envelope problem is a restriction of the halfplane intersection problem, but it an interesting
restriction. Notice that any halfplane intersection problem that does not involve any vertical lines can
be rephrased as the intersection of two envelopes, a lower envelope defined by the lower halfplanes and
an upper envelope defined by the upward halfplanes.

We will see that solving the lower envelope problem is very similar (in fact, essentially the same as)
solving the upper convex hull problem. Indeed, they are so similar that exactly the same algorithm
will solve both problems, without changing even a single character of code! All that changes is the way
in which you interpret the inputs and the outputs.

Lines, Points, and Incidences: In order to motivate duality, let us discuss the representation of lines
in the plane. Each line can be represented in a number of ways, but for now, let us assume the
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Figure 1. Plane Sweep Intersection of Polygons (from Berg et al.)

2.1 Plane Sweep

We compute the intersection of K1 and K2 via a plane sweep.
First, break both polygons into upper and lower chains. The upper chain of a polygon is just

the sequence of points that are above the line induced by the leftmost and rightmost point in the
polygon. The lower chain is the sequence of points below this line. So this step can be done in
O(n) time.

Next, sweep! By convexity, the sweep line intersects each polygon in at most two points. Hence,
there are at most 4 points to consider at any point during the sweep. All we need to do is output
the extremal points at each “event” (e.g. highest and lowest).

What about the total number of “events” that can happen as we sweep from left to right? The
next event can be either the rightmost endpoint of one of the polygon edges stabbed (4 possibilities)
or it can be the intersection of two edges (4 possibilities). Thus, we encounter O(n) events; each
event can be processed in O(1) time (e.g. find the upper or lower point to output); and the next
event can be computed in O(1) time. Hence, total time is O(n).

3 Envelopes and Duality

3.1 Lower Envelope Problem

We are given n lines {ℓ1, . . . ℓn}. The lower envelope is the intersection of their lower halfplanes.
The upper envelope is the intersection of their upper halfplanes.

3.2 Duality Definition

• Given any point p = (a, b), let p∗ be the line ax− b.

• Given any line ℓ = ax+ b, let ℓ∗ be the point (a,−b)

Primal and Dual planes

• Primal plane: Original (x,y) plane

• Dual plane: The new (a,b) plane
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It is convenient to define the dual transformation so that it is its own inverse (that is, it is an involution).
In particular, it maps points in the dual plane to lines in the primal, and vice versa. For example,
given a point p = (pa, pb) in the dual plane, its dual is the line y = pax� pb in the primal plane, and
is denoted by p⇤. It follows that p⇤⇤ = p and `⇤⇤ = `.

Properties of Point-Line Duality: Duality has a number of interesting properties, each of which is easy
to verify by substituting the definition and a little algebra.

Self Inverse: p⇤⇤ = p.

Order reversing: Point p is above/on/below line ` in the primal plane if and only if line p⇤ is
below/on/above point `⇤ in the dual plane, respectively (see Fig. 39).

Intersection preserving: Lines `1 and `2 intersect at point p if and only if the dual line p⇤ passes
through points `⇤1 and `⇤2.

Collinearity/Coincidence: Three points are collinear in the primal plane if and only if their dual
lines intersect in a common point.

`1 : y = 2x + 1

`2 : y = �x
2 + 6

x

y

a

b

(a) (b)

Order reversing

p = (1, 4)

`⇤2 =
⇣
�1
2,�6

⌘

`⇤1 = (2,�1)

p⇤ : b = a� 4
p is above `1 and below `2

p⇤ is below `⇤1 and above `⇤2

Fig. 39: The order-reversing property.

The self inverse property was already established (essentially by definition). To verify the order revers-
ing property, consider any point p and any line `.

p is on or above ` () py � `apx � `b () `b � px`a � py () p⇤ is on or below `⇤

(From this is should be apparent why we chose to negate the y-intercept when dualizing points to lines.)
The other two properties (intersection preservation and collinearity/coincidence are direct consequences
of the order reversing property.)

Convex Hulls and Envelopes: Let us return now to the question of the relationship between convex hulls
and the lower/upper envelopes of a collection of lines in the plane. The following lemma demonstrates
the, under the duality transformation, the convex hull problem is dually equivalent to the problem of
computing lower and upper envelopes.

Lemma: Let P be a set of points in the plane. The counterclockwise order of the points along the
upper (lower) convex hull of P (see Fig. 40(a)), is equal to the left-to-right order of the sequence
of lines on the lower (upper) envelope of the dual P ⇤ (see Fig. 40(b)).

Proof: We will prove the result just for the upper hull and lower envelope, since the other case is
symmetrical. For simplicity, let us assume that no three points are collinear.
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Figure 2. Order-Reversing Property of Duality (from Berg et al.)

3.3 Duality Properties

• Self-Inverse: p∗∗ = p

• Order Reversing: p is above/on/below ℓ in the primal plane iff p∗ is below/on/above ℓ∗ in
the dual plane.

• Preserves Vertical Distances: The vertical distance between p and ℓ equals the vertical
distance between p∗ and ℓ∗

• Intersection preservation: Lines ℓ1 and ℓ2 intersect at point p in the primal plane iff the
dual line p∗ passes through points ℓ∗1 and ℓ∗2

• Colinearity/Coincidence: Three points are collinear in the primal plane iff their dual lines
intersect at the same point.

Order Reversal Property To show point p is above line ℓ iff line p∗ is below point ℓ∗

• Point p = (q, r) is above the line ℓ = sx+ t ⇐⇒ r ≥ sq + t

• r ≥ sq + t ⇐⇒ qs− r ≤ t

• qs− r ≤ t ⇐⇒ line p∗ = qx− r is below point ℓ∗ = (s, t) is below the

3.4 Convex Hulls and Envelopes

Lemma: Let P be a set of points in the plane. Then the ccw order of the upper convex hull of P
equals the left to right order of the lines on the lower envelope of the dual P ∗. Symmetrically the
order in the lower convex hull of P is the left-to-right order of lines in the upper envelope.

Proof: Assume no three points are co-linear. Consider two consecutive points q and r on the upper
hull and let ℓ be the line through these two points. By definition of the hull, ℓ is above all points
in P . Thus, by the order reversing property, all dual lines of P ∗ pass above point ℓ∗. This means
that point ℓ∗ lies on the lower envelope. Next, consider the dual lines q∗ and r∗. By the incidence
property, the dual point ℓ∗ is the intersection of these two lines. (By general position, we assume
the two points have different x-coordinates and so q∗ and r∗ have different slopes). Thus, the edges
in the lower-envelope associated with the point ℓ∗ are determined by the lines q∗ and r∗.
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upper envelope

lower envelope

p⇤1

p⇤1

p⇤2

p⇤4

p⇤5

p⇤3

p⇤7

p⇤7

p⇤6

p1

p2
p6

p7
p4

p3
p5

upper hull

lower hull

(a) (b)

Fig. 40: Equivalence of hulls and envelopes.

Consider a pair of points pi and pj that are consecutive vertices on the upper convex hull. This
is equivalent to saying that all the other points of P lie beneath the line `ij that passes through
both of these points.

Consider the dual lines p⇤i and p⇤j . By the incidence preserving property, the dual point `⇤ij is the
intersection point of these two lines. (By general position, we may assume that the two points
have di↵erent x-coordinates, and hence the lines have di↵erent slopes. Therefore, they are not
parallel, and the intersection point exists.)

By the order reversing property, all the dual lines of P ⇤ pass above point `⇤ij . This is equivalent
to saying the `⇤ij lies on the lower envelope of P ⇤.

To see how the order of points along the hulls are represented along the lower envelope, observe
that as we move counterclockwise along the upper hull (from right to left), the slopes of the edges
increase monotonically. Since the slope of a line in the primal plane is the a-coordinate of the
dual point, it follows that as we move counterclockwise along the upper hull, we visit the lower
envelope from left to right.

One rather cryptic feature of this proof is that, although the upper and lower hulls appear to be
connected, the upper and lower envelopes of a set of lines appears to consist of two disconnected
sets. To make sense of this, we should interpret the primal and dual planes from the perspective of
projective geometry, and think of the rightmost line of the lower envelope as “wrapping around” to the
leftmost line of the upper envelope, and vice versa. The places where the two envelopes wraps around
correspond to the vertical lines (having infinite slope) passing through the left and right endpoints of
the hull. (As an exercise, can you see which is which?)

Primal/Dual Equivalencies: There are a number of computational problem that are defined in terms of
a�ne properties of point and line sets. These can be expressed either in primal or in dual form. In
many instances, it is easier to visualize the solution in the dual form. We will discuss many of these
later in the semester. For each of the following, can you determine what the dual equivalent is?

• Given a set of points P , find the narrowest slab (that is, a pair of parallel lines) that contains P .
Define the width of the slab to be the vertical distance between its bounding lines.

• Given a convex polygon K, find the longest vertical line segment with one endpoint on K’s upper
hull and one on its lower hull.

• Given a set of points P , find the triangle of smallest area determined by any three points of P .
(If three points are collinear, then they define a degenerate triangle of area 0.)
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Figure 3. Envelope/Convex Hull Duality (from Berg et al.)

Introduction

Duality

Arrangements

Duality

A geometric interpretation:

parabola U : y = x
2/2

point p = (px,py) on U

derivative of U at p is px, i.e., p
⇤

has same slope as the tangent

line

the tangent line intersects y-axis
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2
x
/2)

) p
⇤
is the tangent line at p
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q
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0

p
⇤

q
⇤
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Computational Geometry Lecture 11: Arrangements and Duality

Figure 4. Duality: a geometric view ([2])

It remains only to show that the points in the lower envelope are ordered left-to-right. Note
that as we move ccw along the upper hull (i.e. right-to-left), the slopes of the edges increase. Since
the slope of the line in the primal plane determines the x-coordinate of the dual point, this means
that we visit the lower envelope from left-to-right.

The proof for the upper envelope follows by symmetry. □

Note that we can perform half-plane intersection via computing the upper and lower envelope
problems as follows. Given a set of half-planes to intersect, first find the upper envelope of the
half-planes that are open to the top, then find the lower envelope of the half-planes that are open
to the bottom. Then merge these two envelopes (in O(1) time), by computing the leftmost and
rightmost intersection points.

3.5 Duality: A geometric View

Let U be the parabola y = x2/2. Consider some point (px, py) on U . Note that p∗ = pxx − py.
Then:

• p∗ has same slope as the tangent line, since the derivative of U at p is px.

• p∗ has same y-intercept as tangent line, since the tangent line intersects the y-axis at (0, p2x/2).

– the tangent line equation is: py = px(px)−b, which implies that b = p2x−py = p2x−p2x/2 =
p2x/2.
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Introduction

Duality

Arrangements

Duality

It can be applied to other objects, like segments

primal plane

s

p

q`

dual plane

s
⇤

p
⇤

q
⇤

`⇤

The dual of a segment is a double wedge

Question: What line would dualize to a point in the right

part of the double wedge?

Computational Geometry Lecture 11: Arrangements and Duality

Figure 5. Dual of a line segment is a wedge ([2])

Lecture 14: Line Arrangements: Basic Definitions and the Zone
Theorem

Line Arrangements: So far we have studied a few of the most important structures in computational
geometry: convex hulls, Voronoi diagrams and Delaunay triangulations. The next most important
structure is that of a line arrangement.

Consider a finite set L of lines in the plane.12 These lines naturally subdivide the plane into a cell
complex, which is called the arrangement of L, and is denoted A(L) (see Fig. 71(a)). The points
where two lines intersect form the vertices of the complex, the segments between two consecutive
intersection points form its edges, and the polygonal regions between the lines form the faces. Although
an arrangement contains unbounded edges and faces, as we did with Voronoi diagrams (from a purely
topological perspective) it is possible to add a vertex at infinity and attach all these edges to this
vertex to form a proper planar graph (see Fig. 71(b)). An arrangement can be represented using any
standard data structure for cell complexes, a DCEL for example.

face

edge

vertex

(a) (b)

Fig. 71: Arrangement of lines; (a) the basic elements of an arrangement and (b) adding a vertex at infinity
to form a proper planar graph.

As we shall see, arrangements have many applications in computational geometry. Through the use of
point-line duality, many of these applications involve sets of points. We will begin by discussing the
basic geometric and combinatorial properties of arrangements and an algorithm for constructing them.
Later we will discuss applications of arrangements to other problems in computational geometry.

Combinatorial Properties: The combinatorial complexity of an arrangement is the total number of ver-
tices, edges, and faces in the arrangement. An arrangement is said to be simple if no three lines
intersect at a common point. Through our usual general position assumption that no three lines in-
tersect in a single point, it follows that we will be interested only in simple arrangements. We will
also assume that no two lines are parallel. The following lemma shows that all of these quantities are
⇥(n2) for simple planar line arrangements.

Lemma: Let A(L) be a simple arrangement of n lines L in the plan. Then:

(i) the number of vertices (not counting the vertex at infinity) in A(L) is
�n
2

�

(ii) the number of edges in A(L) is n2

(iii) the number of faces in A(L) is
�n
2

�
+ n+ 1

Proof: The fact that the number of vertices is
�n
2

�
is clear from the fact that (since no two are parallel)

each pair of lines intersects in a single point.

To prove that the number of edges is n2, we use induction. The basis case is trivial (one line
and one unbounded edge). When we add a new line to an arrangement of n � 1 lines (having

12In general, it is possible to define arrangements in Rd by considering a finite collection of (d� 1)-dimensional hyperplanes.
In such a case the arrangement is a polyhedral cell complex that subdivides Rd.
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Figure 6. Basic elements of an arrangement. Adding a vertex at infinity creates a proper planar graph ([1])

Thus for p on U , p∗ is exactly the tangent line at p. What about for any point q = (qx, qy) not
necessarily on U?

• q∗ has the same slope as the tangent line at qx

• q∗ intersects the point (qx, qy − (qy − q2x/2))

3.6 Some Observations

• Duality can be applied to objects other than lines and points. For example, we can take the
dual of a line segment.

• The dual of a segment is a double wedge. See Figure 5.

• Q: What line would dualize to a point in the right side of the figure?

4 Arrangements

An application of duality. In a set of n points, are there 3 that are on a line. Naive algorithm takes
O(n3) time. Faster algorithm uses duality and arrangements. Detecting 3 points on a line dualizes
to detecting 3 lines intersecting at a point!

4.1 Arrangement Definition and Complexity

An arrangement of lines consists of faces, edges and vertices that are created via a set of lines in
the plane.

Combinatorial complexity.
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`i

ZA(`i)

`i

(b)(a)

Fig. 72: Adding the line `i to the arrangement; (a) traversing the arrangement and (b) the zone of a line `i.
(Note that only a portion of the zone is shown in the figure.)

and hence pass through i faces (assuming general position). Since each face is bounded by at most i
lines, each facial traversal will take O(i) time, and this gives a total O(i2). Hey, what went wrong?
Above we said that we would do this in O(i) time. The claim is that the traversal does indeed traverse
only O(i) edges, but to understand why, we need to delve more deeply into a concept of a zone of an
arrangement.

Zone Theorem: The most important combinatorial property of arrangements (which is critical to their
e�cient construction) is a rather surprising result called the zone theorem. Given an arrangement A
of a set L of n lines, and given a line ` that is not in L, the zone of ` in A(`), denoted ZA(`), is the set
of faces of the arrangement that are intersected by ` (see Fig. 72(b)). For the purposes of the above
construction, we are only interested in the edges of the zone that lie below `i, but if we bound the
total complexity of the zone, then this will be an upper bound on the number of edges traversed in the
above algorithm. The combinatorial complexity of a zone (as argued above) is at most O(n2). The
Zone theorem states that the complexity is actually much smaller, only O(n).

Theorem: (Zone Theorem) Given an arrangement A(L) of n lines in the plane, and given any line
` in the plane, the total number of edges in all the cells of the zone ZA(`) is at most 6n.

Proof: As with most combinatorial proofs, the key is to organize everything so that the counting can
be done in an easy way. Note that this is not trivial, because it is easy to see that any one line of
L might contribute many segments to the zone of `. The key in the proof is finding a way to add
up the edges so that each line appears to induce only a constant number of edges into the zone.

The proof is based on a simple inductive argument. For the sake of illustration, let us rotate the
plane so that ` is horizontal. By general position, we may assume that none of the lines of L are
parallel to `. We split the edges of the zone into two groups, those that bound some face from
the left side and those that bound some face from the right side. An edge of a face is said to be
left bounding if the face lies in the right halfplane of the line defining this edge, and a face is right
bounding if the face lies in the left halfplane of the line defining this edge. We will show that there
are at most 3n left bounding edges in the zone (see Fig. 73(a)). A symmetrical argument applies
to the right-bounding edges, thus yielding a total of 6n edges.14

For the base case, when n = 1, then there is exactly one left bounding edge in `’s zone, and
1  3 = 3n. Assuming by induction that the hypothesis is true for any set of n� 1 lines, we will
show that it holds for an arrangement of n lines. Consider the rightmost line of the arrangement
to intersect `. Call this `1. (Selecting this particular line is very important for the proof.) Suppose
that we consider the arrangement of the other n� 1 lines. By the induction hypothesis there will
be at most 3(n� 1) left-bounding edges in the zone for `.

Now let us add back `1 and see how many more left-bounding edges result. Consider the rightmost
face of the arrangement of n� 1 lines. (Shaded in Fig. 73(b).) Note that all of the edges of this

14Note that an edge of the zone that crosses ` itself contributes only twice to the complexity of the zone, once as a left-
bounding edge and once as a right-bounding edge. The book’s proof counts each such edge four times because it distinguishes
not only left and right, but it counts separately the part of the edge that lies above ` from the part that lies below `. Thus,
they obtain a higher bound of 8n.
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Figure 7. (a) adding ℓi to an arrangement; (b) the zone of line ℓi ([1])

Lemma: An arrangement in the plane has

•
!
n
2

"
vertices

• n2 edges

•
!
n
2

"
+ n+ 1 faces

Proof: First note that the number of vertices equals the number of intersection points of lines.
Assuming general position, this is

!
n
2

"
vertices.

Next we prove the bound on the edges by induction. Base case is trivial. Inductive step: When
we add a new line to an arrangement of n− 1 lines, we start with (n− 1)2 edges by the IH. Then
the new line splits exactly one edge from each of the existing lines. Also, the new line is split into n
edges by its intersection with the other lines. Thus, the total number of edges in the arrangement
with the new line is (n− 1)2 + (n− 1) + n = n2

The number of faces follows by Euler’s formula v − e+ f = 2 □

Note that we can represent the arrangement fully as:

• The vertex and edge graph as shown in Figure 6

• A pointer for each edge to the two faces that edge is in

• For each face, a linked list that maintains the edges of the face in CCW order

Thus for d = 2, the complexity of an arrangement is O(n2). It turns out that , for all d ≥ 2,
the complexity of an arrangement is O(nd).

4.2 Building an Arrangement

We build an arrangement by adding one line after another. Let L = {ℓ1, . . . ℓn} denote the set
of lines. We show that line ℓi can be added in O(i) time. This gives a O(n2) time algorithm for
building the entire arrangement.

Suppose the first i− 1 lines have been inserted and consider the insertion of ℓi.
First, determine the leftmost unbounded face containing ℓi. Assume that at x = ∞, the lines

are sorted by increasing slope. Then can find in O(i) time where ℓi falls in terms of slope. This
determines the leftmost face containing ℓi.

Next, the line ℓi cuts through a bunch of edges and faces that we need to split up. To determine
which edges are cut, we “walk” the line through the arrangement from one face to the next. When
we enter a face, we need to determine through which edge ℓi exits that face. We do this in a
brute-force manner by just walking the edges in ccw order till we find the edge at which ℓi exits
the face. We then jump to the face on the other side of that edge. See Figure 7(a).
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` `
`1

ea

eb

(a) (b)

Fig. 73: Proof of the Zone Theorem.

face are left-bounding edges. Line `1 intersects ` within this face. By convexity, `1 intersects the
boundary of this face in two edges, denoted ea and eb, where ea is above `, and eb is below. The
insertion of `1 creates a new left bounding edge along `1 itself, and it splits the left bounding edges
ea and eb into two new left bounding edges for a net increase of three edges. Observe that `1
cannot contribute any other left-bounding edges to the zone, because (depending on slope) either
the line supporting ea or the line supporting eb blocks `1’s visibility from `. (Note that it might
provide right-bounding edges, but we are not counting them here.) By the induction hypothesis
the existing zone had at most 3(n� 1) left-bounding edges, and the insertion of `1 has generated
three new edges, and therefore the total number of left-bounding edges on the zone is at most
3(n�1)+3  3n, as desired. Including the right-bounding edges yields the final total of 6n edges.

Lecture 15: Applications of Arrangements

Applications of Arrangements and Duality: Last time we introduced the concept of an arrangement
of lines in the plane, and we showed how to construct such an arrangement in O(n2) time. Line
arrangements, when combined with the dual transformation, make it possible to solve a number of
geometric computational problems. A number of examples are given below. Unless otherwise stated,
all these problems can be solved in O(n2) time and O(n2) space by constructing a line arrangement.
Alternately, they can be solved in O(n2 log n) time and O(n) space by applying plane sweep to the
arrangement.

General position test: Given a set of n points in the plane, determine whether any three are
collinear.

Minimum area triangle: Given a set of n points in the plane, determine the minimum area triangle
whose vertices are selected from these points.

Minimum k-corridor: Given a set of n points, and an integer k, determine the narrowest pair of
parallel lines that enclose at least k points of the set. The distance between the lines can be
defined either as the vertical distance between the lines or the perpendicular distance between the
lines (see Fig. 74(a)).

Visibility graph: Given line segments in the plane, we say that two points are visible if the interior
of the line segment joining them intersects none of the segments. Given a set of n non-intersecting
line segments, compute the visibility graph, whose vertices are the endpoints of the segments, and
whose edges a pairs of visible endpoints (see Fig. 74(b)).

Maximum stabbing line: Given a set of n line segments in the plane, compute the line ` that stabs
(intersects) the maximum number of these line segments (see Fig. 74(c)).
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Figure 8. (a) all left bounding edges of ℓ; (b) rightmost face intersected by ℓ and the left bounding edges created by
ℓ1.([1])

Problem: Naively, we can say that we encounter i − 1 lines, and hence pass through i faces.
Since each face is bounded by at most i lines, we take O(i2) time. But this is slower than what was
claimed. To improve the analysis, we need the zone theorem.

4.3 The Zone Theorem

Given an arrangement A(L) and a line ℓ not in L, the zone of ℓ in A(L), denoted ZA(ℓ), is the
set of faces of the arrangement that are intersected by ℓ. The Zone theorem below states that the
complexity of the zone (i.e. number of edges of all faces in the zone) is O(n). The proof below is
from [1].

Theorem: Given an arrangement A(L) of n lines in the plane, and given any line ℓ in the plane,
the total number of edges in all the faces that ℓ intersects is at most 6n.

Proof: For simplicity, rotate the plane so that ℓ is horizontal. We call an edge a left bounding
edge for the face lying to the left of it, and a right bounding edge for the face lying to the right
(Figure 8(a)). Otherwise, call the edge right bounding. We show that there are at most 3n left
bounding edges. A symmetrical argument works for right-bounding edges.

Base Case: n = 1, there is exactly one left bounding edge in ℓ’s zone, and 1 ≤ 3n = 3.

Inductive Step: Consider an arrangement of n lines and let ℓ1 be the line that intersect ℓ at the
rightmost point. By the inductive hypothesis, there are at most 3(n−1) left-bounding edges in the
zone for ℓ in the arrangement A(L− ℓ1).

Consider the rightmost face intersected by ℓ and note that all edges of this face are left-bounding
edges. Line ℓ1 intersects ℓ within this face and, by convexity, it intersects the boundary of this face
in two edges, call them ea and eb. The insertion of ℓ into this face creates a new left bounding
edge along ℓ, and also splits ea and eb into two new left bounding edges for a net increase of 3
edges (Figure 8(b)). Note that ℓ1 can not contribute any other left-bounding edges to the zone: to
the left of ℓ1, the edges induced by ℓ1 can form right-bounding edges only; to the right of ℓ1, all
other faces possibly touched by r are shielded from ℓ by either the line supporting ea or the line
supporting eb.

Thus, the total number of left bounding edges on the zone of ℓ in A(L) is at most 3(n−1)+3 ≤
3n. □

7
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circle of radius r1 and angle ✓. The loss due to the area of the triangle on the left is r22✓/2. Thus,
since r1 < r2 this rotation will decrease the area of region lying below h infinitesimally. A rotation
in the opposite increases the area infinitesimally. Since the number of points bounded by h does
not change as a function of ✓, the discrepancy cannot be achieved as long as such a rotation is
possible.

Call the lines satisfying (i) as type-1 and the lines satisfying (ii) as type-2. We will show that the
discrepancy for each set of lines can be computed in O(n2) time.

Since for each point p 2 P there are only a constant number of lines ` (at most two, I think) through
this point such that p is the midpoint of `\U , it follows that there are at most O(n) type-1 lines, and
hence the discrepancy of all of these lines can be tested by brute force in O(n2) time.

Type-2 Discrepancies and Levels: Computing the discrepancies of the type-2 lines will involve arrange-
ments. In the primal plane, a line ` that passes through two points pi, pj 2 P , is mapped in the dual
plane to a point `⇤ at which the lines p⇤i and p⇤j intersect. This is just a vertex in the arrangement of
the dual lines for P . So, if we have computed the arrangement, then all we need to do is to visit each
vertex and compute the discrepancy for the corresponding primal line.

It is easy to see that the area `\U of each corresponding line in the primal plane can be computed in
O(1) time. So, all that is needed is to compute the number of points of P lying below `, for `’s lower
halfspace, and the number of points lying above it, for `’s upper halfspace. (As indicated in the above
remark, we take the two points lying on ` as being above or below, whichever makes the discrepancy
higher.) In the dual plane, this corresponds to determining the number of dual lines that lie above
each vertex in the arrangement and the number of lines that lie below it. If we know the number of
dual lines that lie above each vertex in the arrangement, then it is trivial to compute the number of
lines that lie below by subtraction.

In order to count the number of lines lying above/below a vertex of the arrangement, it will be useful
to the notion of a level in an arrangements. We say that a point is at level k, denoted Lk, in an
arrangement if there are at most k� 1 lines above this point and at most n� k lines below this point.
The k-th level of an arrangement is an x-monotone polygonal curve (see Fig. 80(a)). For example, the
upper envelope of the lines is level 1 of the arrangement, and the lower envelope is level n. Note that
(assuming general position) each vertex of the arrangement is generally on two levels. (Beware: Our
definition of level is exactly one greater than our text’s definition.)

L1

L3

L5

(a) (b)

1

2

3
4

5

3

4

L2

L4

L6

Fig. 80: Examples of levels in an arrangement.

We claim that it is an easy matter to compute the level of each vertex of the arrangement (e.g., by
plane sweep). The initial levels at x = �1 are determined by the slope order of the lines. Whenever
we sweep over a vertex, we swap the level numbers associated with the two lines (see Fig. 80(b)).
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Figure 9. (a) Levels of an arrangement. (b) rightmost face intersected by ℓ and the left bounding edges created by ℓ1.([1])

5 Some Applications

5.1 Three Points on a line?

Given a set P of n points, in O(n2), we can determine there are 3 points on a line (i.e. are the
points in general position?).

Algorithm:

1. Create the arrangement for the lines in P ∗

2. If 3 lines in P ∗ intersect at the same vertex, then the points associated with those 3 lines in
the primal plane are co-linear.

This takes just O(n2) time to compute the arrangement!

5.1.1 Levels of an Arrangement

We say that a point is at level k (denoted L‖) in an arrangement if there are at most k − 1 lines
above the point and at most n − k lines below. See Figure 9(a). The upper envelope of the lines
is level 1 of the arrangement, and the bottom envelope is level n. Note that each point in the
arrangement is generally on two levels, and that the levels are piecewise linear.

We can compute the levels of an arrangement in O(n2) time as follows. First we sort all the lines
via slope. Next, for each line, ℓ in the arrangement, we first compute the level of the leftmost vertex
(x = −∞) of ℓ in this sorted order in O(n) time. Next we walk along ℓ from left to right using the
edge lists. We maintain the level as we walk. The level only changes at a vertex and its change can
be computed by inspecting edges incident to that vertex.

Alternatively, we can use plane-sweep from left to right to do this in O(n2 log n time (keeping
“events” in a priority queue - hence the log n factor). Whenever, we come to the next vertex, we
swap the level numbers associated with the two lines at the intersection. See Figure 9(b). 1

5.2 Ham-sandwich algorithm

We now discuss a discrete version of the celebrated “ham-sandwich” theorem.

1The log n factor can be eliminated via topological plane sweep.

8
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Figure 11.7: An arrangement of 3 green lines (solid) and 3 blue lines (dashed) and
their median levels (marked bold on the right hand side).

from. The theorem also holds in Rd, saying that any d finite point sets (or finite Borel
measures, if you want) can simultaneously be bisected by a hyperplane. This implies
that the thieves can fairly distribute a necklace consisting of d types of gems using at
most d cuts.

Algorithmically the problem gets harder in higher dimension. But in the plane, a
ham sandwich cut can be found in linear time using a sophisticated prune and search
algorithm by Lo, Matoušek and Steiger [8].

Exercise 11.17 The goal of this exercise is to develop a data structure for halfspace
range counting.

a) Given a set P ⇢ R2 of n points in general position, show that it is possible to
partition this set by two lines such that each region contains at most dn

4 e points.

b) Design a data structure of size O(n), which can be constructed in time O(n logn)
and allows you, for any halfspace h, to output the number of points |P \ h| of P
contained in this halfspace h in time O(n↵), for some 0 < ↵ < 1.

Exercise 11.18 Prove or disprove the following statement: Given three finite sets
A,B,C of points in the plane, there is always a circle or a line that bisects A, B and
C simultaneously (that is, no more than half of the points of each set are inside or
outside the circle or on either side of the line, respectively).

11.8 3-Sum

The 3-Sum problem is the following: Given a set S of n integers, does there exist a
three-tuple2 of elements from S that sum up to zero? By testing all three-tuples this

2That is, an element of S may be chosen twice or even three times, although the latter makes sense for
the number 0 only. :-)

129

Figure 10. An arrangement of three green lines (solid) and three blue lines (dashed). The median levels for the green and
blue are marked in bold on the right. ([3])

Given: R and B are two finite sets of points.

Goal: Output a line that bisects both R and B. That is in either open half-plane defined by the
line, there are no more than |R|/2 points from R and no more than |B|/2 points from B.

Theorem: We can always find such a line in O(n2) time.

Proof: Assume |R| and |B| are both odd. If either set is not, remove an arbitrary point from it.
Then, a bisector of the remaining sets will also bisect the original sets.

Now create an arrangement of both A(R∗) and A(B∗), and compute the levels for both the red
and blue points. Let the median level for the red points be the level (|R|+ 1)/2, and note that it
defines bisecting lines for R. The leftmost and rightmost segment of this median level are defined
by the same line, ℓr, since slope alone determines the ordering of the lines at ±∞. Similarly, there
is a line ℓb that determines the leftmost and rightmost segment of the median level for A(B∗).

Note that ℓr and ℓb have different slopes since no two point in R∪B have the same x coordinate.2

Thus, since the median levels for A(R∗) and A(B∗) are piecewise linear functions, these median
levels must also intersect somewhere in A(R∗ ∪ B∗) (see Figure 10(right)). In the primal plane,
this intersection point represents a half-plane that bisects R and B. □

5.3 Red Blue Matching

Given n red and n blue points in the plane, we can pair them up using non-intersecting line segments!

Proof (by recursive algorithm).

1. If |P | = 2, match up the two points with a line segment

2. If |P | > 2

(a) Compute a ham-sandwich bisecting cut that bisects

(b) If |P | is odd, match the red and blue point on the bisecting line

(c) If |P | is even, rotate or translate the cutting line slightly so that (1) no points are on
the line and (2) the line is still a bisecting cut

2By general position assumption - can rotate the plane slightly to prevent this if it’s true.

9
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Halfplane Discrepancy: Next we consider a problem derived from computer graphics and sampling. Sup-
pose that we are given a collection of n points P lying in a unit square U = [0, 1]2. We want to use
these points for random sampling purposes. In particular, the property that we would like these points
to have is that for any halfplane h, we would like the size of the fraction of points of P that lie within
h should be roughly equal to the area of intersection of h with U . That is, if we define µ(h) to be the
area of h \ U , and µP (h) = |P \ h|/|P |, then we would like µ(h) ⇡ µP (h) for all h. This property is
important when point sets are used for things like sampling and Monte-Carlo integration.

To this end, we define the discrepancy of P with respect to a halfplane h to be

�P (h) = |µ(h)� µP (h)|.

For example, in Fig. 79(a), the area of h \ U is µ(h) = 0.625, and there are 7 out of 13 points in h,
thus µP (h) = 7/13 = 0.538. Thus, the discrepancy of h is |0.625� 0.538| = 0.087. Define the halfplane
discrepancy of P to be the maximum (or more properly the supremum, or least upper bound) of this
quantity over all halfplanes:

�(P ) = sup
h

�P (h).

(a)

h

(b)

p`
r1

r2

`
U U

Fig. 79: Discrepancy of a point set.

Since there are an uncountably infinite number of halfplanes, it is important to derive some sort of
finiteness criterion on the set of halfplanes that might produce the greatest discrepancy.

Lemma: Let h denote the halfplane that generates the maximum discrepancy with respect to P , and
let ` denote the line that bounds h. Then either (i) ` passes through one point of P , or (ii) `
passes through two points of P , and this point is the midpoint of the line segment ` \ U .

Remark: If a line passes through one or more points of P , then should this point be included in
µP (h)? For the purposes of computing the maximum discrepancy, the answer is to either include
or omit the point, whichever will generate the larger discrepancy. The justification is that it is
possible to perturb h infinitesimally so that it includes none or all of these points without altering
µ(h).

Proof: If ` does not pass through any point of P , then (depending on which is larger µ(h) or µP (h))
we can move the line up or down without changing µP (h) and increasing or decreasing µ(h) to
increase their di↵erence. If ` passes through a point p 2 P , but is not the midpoint of the line
segment `\U , then we claim that we can rotate this line about p and hence increase or decrease
µ(h) without altering µP (h), to increase their di↵erence.

To establish the claim, consider Fig. 79(b). Suppose that the line ` passes through point p and
let r1 < r2 denote the two lengths along ` from p to the sides of the square. Observe that if we
rotate ` through a small angle ✓, then to a first order approximation, the gain due to area of the
triangle on the right is r21✓/2, since this triangle can be approximated by an angular sector of a
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Figure 11. Computing Discrepancy. ([1])

(d) Recursively compute a matching for both P1 and P2, where P1 and P2 are the points on
either side of the cut.

5.4 Halfplane Discrepancy

Discrepancy is a problem closely related to sampling, and it measures how well a discrete sample
can approximate a continuous structure. Initially, it was important in computer graphics for deter-
mining how well a collection of random rays would be spread over a continuous surface. But it has
new applications in big data (finding how well a small sample represents a larger population), and
also probability and randomized algorithms (e.g. discretizing continuous probability distributions).

We are given a set, P of n points in the unit square U , and we want for any halfplane h that
the fraction of points lying in the halfplane is close to the area of h ∩ U . If we define µ(h) to be
the area of h ∩ U and µP (h) = |P ∩ h|/|P |, then we can define the discrepancy for a point set P
and a halfplane h as:

∆p(h) = |µh − µP (h)|

.
We define the halfplane discrepancy of P as supremum (least upperbound) of this quantity over

all h:

∆(P ) = sup
h

|µh − µP (h)|.

The Discrepancy Problem

Given: A set of n points P lying in the unit square.

Goal: Compute ∆(P ) and return a halfplane that achieves this discrepancy.

5.4.1 The Solution

The following lemma helps us compute ∆(P ).

Lemma: Let h be the halfplane that maximizes discrepancy with respect to P . Let ℓ denote the
line that bounds h. Then either (1) ℓ passes through one point of P and this point is the midpoint
of the line segment ℓ ∩ U ; or (2) ℓ passes through two points of P .

10
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Proof: Consider a halfplane induced by a line ℓ that does not intersect any points. Then the
discrepancy can be increased by either moving ℓ up or down (whichever direction increases discrep-
ancy) until it hits a point. (See Figure 11 (a)). Thus ℓ must intersect at least one point.

Now consider the case where ℓ intersects just one point, but that this point does not form the
midpoint of the line segment ℓ ∩ U . In this case, there are two line segments r1 and r2 of different
length that are induced by the point (See Figure 11 (b)).

Assume r1 < r2, and consider the rotation of h about p by a small angle θ. Then the asymp-
totic approximation to the gain due to the area on the right is r21θ/2, since this triangle can be
approximated by an sector of angle θ in a circle of radius r1.

3 The loss due to the area on the left
is similarly asymptotically r22θ/2.

Thus this rotation will decrease the area of the region lying below h. Similarly a rotation in the
opposite direction will increase the area of the region lying below h. Hence, it is again possible to
increase the discrepancy via rotation in the appropriate direction. □

Given this lemma, we can solve the problem in O(n2) time as follows. Let a type 1 line be one
that passes through one point of P and this point is the midpoint of the line segment ℓ ∩U . Let a
type 2 line be one that passes through two points of P . Note that there are only O(n) type 1 lines,
so we can easily compute the discrepancy of the halfplanes induced by these lines in O(n2) time.

For the type 2 lines, we use arrangements and levels. In particular, we know that any type 2
line will be a vertex in the arrangement in the dual of P ∗, i.e. in A(P∗). For each such vertex
p ∈ A(P∗), we can compute the area of the two halfplanes induced by the line p∗ in the bounding
box U in constant time. Thus we can compute µh in constant time per type-2 halfplane h.

Moreover, we can compute the levels of all the points in A(P∗) in O(n2) time as described in
the Section 5.1.1. This allows us to compute in constant time the value µP (h) in constant time per
type-2 halfplane h.

Since the total number of type-2 halfplanes is O(n2) and we can compute the discrepancy
induced by each in constant time, we can also find the maximum discrepancy of these type-2
halfplanes in O(n2).

6 Duality and Arrangements in Higher Dimensions

In Rd, identify the y axis with the d-th coordinate. Then a point can be written as p = (x1, . . . , xd−1, y)
and a d − 1 dimensional hyperplane, h is y =

#d−1
i=1 aixi − b. The dual of the hyperplane is the

point h∗ = (a1, . . . , ad−1, b) and the dual of the point is the hyperplane b =
#d−1

i=1 xiai − y. All
the properties general to point/hyperplane relationships under the assumption that the y(b) axis
is “vertical”.

An arrangement of d dimensional hyperplanes has combinatorial complexity O(nd).
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