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Abstract
Usinga saliencymeasurebasedontheglobalpropertyof contourclosure, wehavedevelopeda

segmentationmethodwhich identifiessmoothclosedcontoursboundingobjectsof unknownshape
in real images. Thesaliencymeasure incorporatesthe Gestaltprinciplesof proximity and good
continuitywhich previousmethodshavealsoexploited.Unlike previousmethods,weincorporate
contour closure by finding the eigenvector with largest positivereal eigenvalue of a transition
matrix for a Markov processwhere edges from the image serveas states. Element

���������
of the

transition matrix is the conditional probability that a contour which containsedge
�

will also
containedge

�
. In thispaper, weshowhowthesaliencymeasure, definedfor individualedges,can

be usedto derivea saliencyrelation,definedfor pairs of edges,and further showthat strongly-
connectedcomponentsof thegraphrepresentingthesaliencyrelationcorrespondto smoothclosed
contours in theimage. Finally, wereport for thefirst time, resultson large real imagesfor which
segmentationtakesanaverageof about 	�
 secsper objecton a general-purposeworkstation.

1 Introduction
Visualperceptionevolvedin a world of objectsmany of which areboundedby smoothclosed

contours.We hypothesizethat thesecontoursobey a stochasticdistribution which is utilized by
perceptualprocessesin findingcontoursboundingobjects.In prior work [23, 25,26] thisdistribu-
tion hasbeenmodeledandusedto deriveasaliency measurewhichexploitstheclosureof contours
boundingobjects. It wasfound that this measureprovidesa significantimprovementover previ-
ousapproachesin highlightingedgeslying oncontoursboundingobjectsin smallsyntheticscenes
createdfrom contoursof real objectsandnaturalbackgroundtexture[26]. However, no method
waspresentedfor actuallysegmentingout thesalientclosedcontours.Despitetheeffectivenessof
the saliency measure,we will show that a simplethresholdon the salienciesis not sufficient for



Figure1: An exampleedgeimage. The imagewassyntheticallycreatedby superimposingtwo
copiesof edgesfrom theboundaryof a realpearon abackgroundtexture.

segmentation,especiallyin caseswheretwo or morecontourscontainedgesof similar saliency.
In this paper, we generalizethe saliency measuredescribedin [26] anduseit asthe basisfor a
systemwhich segmentsout multiple smoothclosedcontoursin real images.In previouswork, a
routinefrom astandardnumericallibrary wasusedto solve theeigenproblemrequiredto compute
the saliency measure.However, dueto the numberof edgesinvolved, this is infeasiblefor large
real images.To addressthis problem,we have developedan efficient techniquethatexploits the
sparsenessandsymmetryof representationsintrinsicto theproblem,usingwhich,wereportfor the
first time,resultson largerealimages.1 Givenanedgeimageasin Fig. 1, wewould like to extract
outseparatelytheindividualcontoursboundingthetwo pears.Wewish to achievesuchasegmen-
tationwith no a priori knowledgeof thespecificobjectsthatgeneratethesecontours.Sucha task
is oneof the goalsof perceptualgrouping. In lieu of any specificknowledgeaboutthe objects
generatingthecontours,we imposea subsetof theGestaltprinciplesfor perceptualorganization.
Mostpreviousapproachesto perceptualgroupingof edgeshaveincorporatedtheGestaltprinciples
of proximity andgoodcontinuationin someform (e.g., [2, 9, 6, 12]). Theseapproachesassume
that adjacentedgesof an objectboundaryareclosetogetherandcanbe smoothlyinterpolated.
In additionto thesetwo local properties,we exploit the global propertythat contoursbounding
objectsmustbeclosed.Unlike proximity andgoodcontinuation,closurecannotbe reducedto a
local propertydefinedfor pairsof edgesin isolation.

Previousapproaches[1,6, 11,17] haveusedgraphbasedsearchtechniquesto find closedcon-
tours.A graphof affinities betweenedgesis constructedwheretheaffinities modelproximity and
goodcontinuation.The affinity betweentwo edgesis a purely local relationwhich is positively
correlatedwith thelikelihoodthatasmoothcontourjoins thepairof edges.Closureis imposedby
searchingthegraphfor cycleswhichminimizeacostfunction(possiblysubjectto otherconstraints
likeconvexity[11] or windingnumber[6]). Ourapproachdiffersfrom theseothersbecausewefirst

1An initial accountof thework describedin this paperwaspresentedin [13].
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usethelocalaffinity relation(which in ourcaseis a transitionmatrix) to computeaglobalsaliency
relation(which givestheprobability thata closedcontourjoins thepair of edges).This relation,
definedfor pairsof edges,is basedon a saliency measure,definedfor individual edges,which
wasfirst proposedandcomparedextensively with othersaliency measures(including[9, 18,21])
which do not incorporateclosurein [26]. Only after thecomputationof this globalsaliency rela-
tion do we employ graphsearchto isolateindividual closedcontours.Furthermore,we show that
usingasaliency relationbasedoncontourclosureleadsnaturallyto aspecifictypeof graphsearch,
namely, thedeterminationof stronglyconnectedcomponents. Thecloserelationshipbetweenthe
stronglyconnectedcomponentcomputationandthe closurepropertyof the global saliency rela-
tion distinguishesourwork from previousapproaches,wheregenericgraphsearchtechniqueshave
beenappliedto graphsrepresentinga localaffinity relationdefinedfor pairsof edges.To illustrate
thecrucialrole playedby theglobalpropertyof contourclosure,we show thatamethodbasedon
apurelylocalaffinity relationproducespoorsegmentations.

Computingthesaliency measure(andrelation)requiresidentifyingtheeigenvectorwith largest
positive real eigenvalueof a sparse,positive matrix possessinga particularsymmetry. Ordinary
techniquesfor thecomputationof eigenvectorsandeigenvaluesareinfeasiblefor largerealimages.
We have developedefficient techniqueswhich exploit thesparsenessandsymmetryof thematrix
to significantlyreducethetime requiredto computethis eigenvector. In this paper, we reportthe
first resultson real imageswith a largenumberof edges.Our techniquereducesthetime takento
computethesegmentationfor eachobjectcontourfrom anaverageof around�
	���� hrs. to around	�
 seconds.

2 Problem Formulation
SincetheGestaltprinciplesof proximity andgoodcontinuationcanbereducedto local prop-

ertiesof thepositionsandorientationsof two edges,wecanmodelthemusingonly local informa-
tion. Following[15, 23,25], proximity andgoodcontinuationcanbemodeledby a distribution of
smoothcurvestracedby particlesmoving with constantspeedin directionsundergoingBrownian
motion. In our work, thetransitionprobabilitybetweenedge

�
andedge

�
is denotedby ����� . It is

thesumof theprobabilitiesof all pathsthataparticlecantakebetweenthetwo edges(see[23] for
details). Two parameterscontrol themotion of theparticleandembodytheGestaltprinciplesof
proximity andgoodcontinuation.Eachparticlehasa half-life, � , which determinesthedistance
over which pairsof edgesarelikely to be linkedby randomwalks. Hence,� modelsproximity.
Thevariance,� , of theGaussianrandomvariablerepresentingchangein directionmodelstheprin-
ciple of goodcontinuation.A third parameter, � , representsthespeedof theparticle,andhence
determinestheeffectivescaleatwhich thesceneis analyzed,sincethetransitionprobabilitiesvary
with speed.At largerspeeds,thedistancebetweena pair of edgesis effectively smaller, while at
slower speedsthesamedistanceis effectively larger. In our initial experiments,we chosea fixed
speedthatwasjudgedto give goodresultsfor mostimages.In a latersection,we presentresults
wheretheoptimal � for eachobjectin thesceneis identifiedusinganoptimizationmethod.This
leadsto ascale-invariantsegmentation.

Thesmoothcontinuationof a curve betweentwo edgesrequiresthat the tangentat any point
alongthecurve becontinuous.If we wish to extendthecurvesto includeadditionaledges,then
tangentcontinuitymustbeenforcedat theedgesthemselves.A particlevisiting anedge,andtrav-
elingin agivendirection,mustcontinuealongin thatsamedirectionto preservetangentcontinuity.
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Thisrequirementcanbeensuredby replacingeachorientededge,wheretheorientationis anangle
in the range, ��
���� � , with two oppositelydirectededges,wherethe directionsareanglesin the
range,��
�� �!� � . A particlemustenterandexit a directededgein thesamedirection.If we do not
imposetangentcontinuityat theedges,it is possibleto getcontourswith cusps(i.e., reversalsin
direction)at theedges,which arenot judgedto besalientin practice.For moredetailssee[26].
Sinceevery directededge

�
hasa sibling edgeat the samepositionbut pointing in the opposite

direction,it will beconvenientto denotethesiblingedgeby " # .
Imposingtangentcontinuitythroughtheuseof directededgeshasanimportantimplicationfor

the structureof the transitionmatrix P. From symmetry, the probability that any particletravels
alonga curvestartingfrom edge

�
andendingin edge

�
is thesameastheprobabilityof a particle

traveling from edge "$ to edge " # in the reversedirection. Hence ���%�'&(�*)+,)- . We call this special
symmetryof the transitionmatrix reversal symmetrywhich is distinct from the usualsymmetry���%��&.�/�0� which neednot hold in general.Reversalsymmetryhasimportantimplicationsfor both
theform of theexpressionswhichdefinethesalienciesandfor theproblemof efficiently computing
them.

In the restof the paperwe will have occasionto associatea vector 1 with the setof directed
edges(e.g.thevectorof salienciesfor eachdirectededge),onecomponentfor eachdirectededge.
Analogouswith the casefor edges,a componentof sucha vector 23� associatedwith edge

�
will

haveasiblingcomponentdenotedby "23��&.24)+ associatedwith edge" # .
3 Edge and Link Saliencies

In this section,we first motivatethe expressionfor the saliency measureintroducedin [26].
We thenshow that thesaliency measurecanbecomputedby solvinganeigenproblemassociated
with the transitionmatrix P. Givenan edgeimage,we definea closedcontourasa finite closed
sequenceof edges.By a closedsequencewe meanthat if we startfrom any edgein thesequence,
andtraceout thecontour, we will returnto thesameedge.Eachclosedcontour5 hasa likelihood
(or probability)associatedwith it, whichwedenoteby 6 � 5 � . Thisprobabilityis theproductof the
transitionprobabilitiesalongthepathdefinedby theedgesof thecontour.
3.1 Edge Saliency

Wewould liketo definethesaliency of anedgesothatit is directlyrelatedto thelikelihoodthat
a closedcontourcontainsthat edge. We begin by consideringthe setof infinite closedcontours
containingtheedge.In orderto calculatetherelativesalienciesof infinite closedcontours,westart
by consideringthe relative salienciesof closedcontoursof finite lengthandtake the limit asthe
lengthgoesto infinity. Restrictingourselvesto finite contoursfor now, the saliency of an edge
shouldbe proportionalto the expectednumberof closedcontourswhich containthat edge.The
expectednumberof closedcontoursof length 7 which containedge

�
is simply the sumof the

probabilitiesof all suchclosedcontours:8�9� &.:<;=6 � 5�> �@? 5 � >A5B>!&C7 �4D (1)

Sincewe are interestedin the relative salienciesof the variousinfinite contourswhich contain
different edges,we take the limit 7FE G for the expectednumberof closedcontourswhich
containa given edge

�
relative to the expectednumberwhich containany edgeand obtain the
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formal definitionfor thesaliency of edge
�

:H ��& I,JLK9�MBN 8 9�O � 8 9� D (2)

This definitionsuggeststhat thereis a simplerelationshipbetweenedgesalienciesandtheeigen-
vectorcorrespondingto thelargestpositiverealeigenvalueof thetransitionmatrix,P.

Theorem 1 (First Saliency Theorem) Thesaliencyfor edge
�
is givenby:H ��&P2Q�R"23� (3)

wherethe 2Q� ’sarethecomponentsof theeigenvector(normalizedsothat
O � 2Q��"23��&S	 ) correspond-

ing to thelargestpositivereal eigenvalue, T , of thetransitionmatrix U , i.e. U
1V&PTW1 .
Proof.SeeAppendixA andalso[26] for anearlierproof.

It is importantto notethatsinceU is positive(all entriesarepositive),Perron’s theorem[10] guar-
anteesthat the largesteigenvalueof U will be real andpositive. The componentsof the corre-
spondingeigenvector 2Q� will all bepositive (i.e., 2Q�YX=
 ). Note thatdueto reversal-symmetry, we
wouldexpect H ��& H ) + ascanbeverifiedfrom theexpressionabove.
3.2 Link Saliency

In this section,weusethesaliency measure,definedin thelastsectionfor individualedges,to
deriveasaliencyrelation, definedfor pairsof edges.Becauseit is associatedwith a“link” between
twoedges,wetermanelementof thesaliency relationa link saliency. Thelink saliency, Z[�0� , equals
theprobabilitythataclosedcontourpassesthroughedge

�
andthen(withoutvisiting anotheredge)

passesthroughedge
�
. In awaywhich is analogousto thedefinitionfor edgesaliency, wehave :Z[�A�\& I,JLK93M]N 8 9�0�OP^ 8 9^ (4)

where
8 9�0� is theexpectednumberof closedcontoursof length 7 whichpassthroughedges

�
and
�

in succession,and
8 9^

is asdefinedbeforein (1). Like theedgesaliencies,thelink salienciesalso
haveasimplerelationshipwith theeigenvectorcorrespondingto thelargestpositiverealeigenvalue
of P.

Theorem 2 (Second Saliency Theorem) Thelink-salienciesbetweenany two edges
�

and
�

are
givenby : Z[�0�_& "2Q�`�/�A�a2b�T (5)

where the 2Q� ’s are the componentsof the eigenvector(normalizedsuch that
O � 23��"2Q�B&(	 ) corre-

spondingto thelargestpositivereal eigenvalue, T , of thetransitionmatrix,P.

Proof.SeeAppendixA.

As in thecaseof theedgesaliencies,dueto reversalsymmetry, wewould expect Z[�0�B&PZV)- ) + ascan
beverifiedfrom theexpressionabove(recall that �/�A�\&P�@)- ) + and " "2Q��&P2Q� ).
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Sincewe areconcernedwith closedcontours,an importantconservation propertyholds for
all edges.Any closedcontourthat goesfrom someedge c to a secondedge

�
mustcontinueon

to somethird edge
�
. This is not necessarilytrue in the caseof opencontours.We confirm this

conservationpropertyandat thesametimeuseit asaconsistency checkontheexpressionsfor theZ[�0� ’s and H � ’s : :�deZ[� d & :�d "2Q� � �f� d 2 d �T (6)

& "2Q� � Tg2Q� �T (7)& "2Q��2Q� (8)& H � D (9)

Doingasimilar calculationfor
O � Zh��� , wefind: d Z[� d & H ��&.: � Zh��� D (10)

3.3 Contour Saliency
Ideally, oursegmentationalgorithmshouldextractclosedcontoursin orderof increasingsaliency.

A possibledefinition for thesaliency of a closedcontourwould be to defineit astheprobability
of aparticletracingapaththroughthesameedges,i.e. theproductof theconditionalprobabilities
alongthe contour’s path. However, this definition is dependenton the lengthof the contour. A
closedcontour, 5 , andanotherclosedcontourformedby traversingtheedgesin 5 twice, i.e., 5jik5 ,
shouldbejudgedto have thesamesaliency. However, it is clearthattheprobabilityof thesecond
contourwill bemuchlessthanthatof thefirst. In fact,it will bethesquareof thefirst. A morenat-
ural definitionfor thesaliency of a closedcontour, 5 , a definitionwhich is invariantto repetition,
is thegeometricmeanof theconditionalprobabilitiesalongthecontour’spath:T � 5 � &l6 � 5 �bmonkp ; p (11)

where >A5B> is thelengthof theclosedcontourand6 � 5 � is theproductof theconditionalprobabilities
which compriseit. In otherwords,if the lengthnormalizedprobabilityof onecontouris greater
thanthatof asecondcontour, thenweconsiderthefirst contourto bemoresalientthanthesecond.
This definition of contoursaliency hasan interestingrelationshipwith the transitionmatrix, P,
constructedfrom the given contour(see[26]). If we imaginea scenecontainingjust the closed
contour, 5 , andwheretheprobabilitiesbetweennon-adjacentedgesarezero,thenthesaliency of
thecontouris just thelargestpositiverealeigenvalueof P.
3.4 Importance of Directionality

We concludethis sectionby demonstratinghow well thesaliency measureperformsfor asim-
ple exampleconsistingof edgesfrom the silhouettesof two pearsartificially superimposedon a
backgroundtexture. SeeFig. 1. Thesaliency measurefor eachedgewascomputedusingtheex-
pressionfor H � givenin Equation(3) aftersolvingfor thelargestpositive realeigenvalueof P and
its correspondingeigenvector. Thesaliency plot is shown in Fig. 2 (a). The lengthof anedgein
theplot is proportionalto its saliency. It canbe plainly seenthat theedgesboundingboth pears
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(a) (b)

Figure2: Saliency plots for the � -pearexample. (a) Our measurewith directededges(b) Our
measurewith undirectededges.Thelengthof eachedgeis proportionalto its saliency value.

have high (andcomparable)saliencies.The salienciesof all otheredgeshave beensuppressed.
Numerically, their salienciesare �<
 ordersof magnitudesmallerthanthoseof thepears.

Using the sameexample,we demonstratethe importanceof usingpairsof directededgesto
form an transitionmatrix, P, of size �<q rs�tq asopposedto simply usingthe q edgesto form
a symmetrictransitionmatrix, A, of size qurvq . Recallthat this mechanismis requiredso that
closedcontoursdo not includereversalsin directionat thelocationsof theedges.For thepurpose
of this demonstration,we constructa symmetrictransitionmatrix A from P by setting w]�0�x&�/�A�zy{�f�L)- y{�R)+ �zy|�R)+,)- . It canbeverifiedthatA is symmetricbecause�/�A�
&}�@)- )+ . Fig. 2 (b) shows
thesquaredmagnitudeof thecomponentsof theeigenvectorwith largestpositive realeigenvalue
of A. Two edgesin thebackgroundtexturewhich,simplyby chance,areproximalandverynearly
collinear, areextremelysalientwhile edgesforming theclosedboundaryof thepearsareignored.
It follows thatusinga non-symmetrictransitionmatrix, P, andpairsof oppositelydirectededges,�

and " # , is essentialto satisfactoryperformanceof thesaliency measure.
In orderto distinguishthecontoursboundingthetwo pears,onemight try to simply threshold

theedgesaliencies,i.e., the H � ’s. However, asis illustratedby this example,edgesfrom different
objectscan have salienciesof comparablemagnitude. It is thereforelikely that sucha simple
strategy will group togetheredgesboundingdistinct objects. In the next section,we develop a
morerobustapproachthatusesthe link saliencies,i.e., the Z[�0� ’s, to grouptogethersetsof edges
belongingto individualobjects.

4 Segmentation
Thegoalof segmentationis to grouptogetherinto distinctsets,edgesboundingdistinctobjects

in thescene.To motivateour segmentationalgorithm,considerthehypotheticalcasewheresome
oracleprovidesuswith a set ~ of closedcontoursin thescenewhosesalienciesareabove some
threshold.Wecanconstructagraphwhoseverticescorrespondto theedgesin ourscene.Wecreate
a directedlink in this graphfrom edge

�
to edge

�
if
�

and
�

aresuccessive edgesof somesalient
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contourin ~ . The Third Saliency Theorem(seeAppendixA) tells us that sucha construction
inducesa partitionof thegraphinto a setof isolatedstrongly-connectedcomponents.A strongly-
connectedcomponent[5] is asetof edgesin whichany pairof edges

�
and
�

haveapathfrom oneto
theother, i.e.,

�����
aswell as

�j�u�
. In generaleachstrongly-connectedcomponentwill contain

multiplesalientcontoursthatsharecommonedges.It is shown in theAppendixA thatthepartition
into a setof strongly-connectedcomponentsis a directconsequenceof thepropertyof closureof
thecontoursin ~ . As notedin the introduction,thestrongdependencebetweenthenatureof the
partitionandthepropertyof closureis a distinguishingfeatureof our approach,ascomparedwith
otherapproaches[6, 11] which employ genericgraphsearch.More precisely, in our approach,
the determinationof strongly-connectedcomponentsmakessenseonly in the context of a graph
derivedusinga saliency relationbasedoncontourclosure.

In practice,of course,we do not know the salientcontoursbeforehand.Nevertheless,since
the links in the salientcontoursbecomethe links in the graph,all we needto know is which of
thelinks aresalient,i.e., thelikelihoodthatsomesalientcontourpassesthrougha givenlink. The
link-saliencies,i.e., the Z[�0� ’s,encodepreciselythis information.

Ideally, thesetof edgeswill bepartitionedinto isolatedcomponents.However, in practice,not
all of thecomponentsprovide reliablesegmentations.Thedominantcontourstendto suppressthe
salienciesof all othercontoursto the degreethat the salienciesof thesenon-dominantcontours
areinsufficient to inducecomponentsthat canbe isolatedreliably. Hence,in practice,we begin
by extractingthe mostsalientcontours,andsincesuchcontourswill normally containthe most
salientedge,we first identify the contourscorrespondingto the strongly-connectedcomponent
containingthe mostsalientedge. Having identifiedthe mostsalientcontours,we suppresstheir
link salienciesin orderto revealthenext setof dominantcontours.We suppressthecurrentsetof
dominantcontoursby deflatingall transitionprobabilitiesbetweenedgesof thestrongly-connected
component.Specifically, if

�
and
�

areedgesin thecomponent,thenthelink
� E � is deflatedby

setting �g����&�
 (aswell assettingthereversal-symmetric“sibling” �R)+,)- &e
 ). We theniteratethis
processto revealmultiplesalientcontours.

Ideally, the strongly-connectedcomponentcontainingthe mostsalientedgewill be isolated
from theothercomponents.In practice,dueto noise,someof the Z[�A� ’smightwrongly indicatethat
the strongly-connectedcomponentcontainingthe mostsalientedgeis connectedto oneor more
otherstrongly-connectedcomponents.Nevertheless,we canextract thecomponentof interestby
utilizing animportantpropertyof strongly-connectedcomponents:thesetof edgesin a strongly-
connectedcomponentcontaininga given edge is the intersectionof the set of edges reachable
fromthe givenedge and the setof edgesreachableif all links are reversed. Becauseof reversal
symmetry, theabove propertyreducesto a particularlysimpleform. Let �<��� HQ� ������� �,��� betheset
of edgesreachablefrom agivenedge

�
. Dueto reversalsymmetryit canbeverifiedthatthesetof

edgesreachablefrom
�

whenall links arereversedis thesameasthe reversal of thesetof edges
reachablefrom edge "$ . Thereversalof theset �<��� HQ� ������� � "$ � is definedto be�t��� Ha� ������� � "$ � &�� "c�>�c ? �<��� HQ� ������� � "$ �b��D
Hence,in orderto identify thestrongly-connectedcomponentcontainingthemostsalientedge

�
,

wefind �<��� HQ� ������� �,���f� �t��� Ha� ������� � "$ �4D
8



SeeAlgorithm 1. Interestingly, the above is analogousto the expressionfor edgesaliency,H �/&S23��"2Q� . Oneneedssimply to replacethetheeigenvector 2Q� with theset �<��� HQ� ������� ����� , therever-
saloperatorfor vectorswith thereversaloperatorfor sets,andcomponent-wisemultiplicationof
vectorswith intersectionof sets.In ourcase,dueto reversalsymmetry, theabovepropertyreduces
to a particularlysimpleform.

Algorithm 1: Extractanobject.�Q���%�t� H � � w �
beginU=� ���*� � 7 � � � ��2 � w �1V� � �o� �37���� H ���!� � U �� &P�t����K���� � � "2Q�g2Q� �

return �t��� Ha� ������� �,���f� �<��� HQ� ������� � "� �
end

In orderto decideif a link is salientor not, we needto thresholdthe Z[�A� ’s. We could usea
singlethresholdfor theentiregraph.However, wecandobetterby choosinganadaptivethreshold
for thesetof links which originatefrom edge

�
, i.e., the

�
-th columnof the link saliency matrix,

C. To thresholdtheseZ[�0� ’s in a naturalmanner, we sort the
�
-th columnin decreasingorder. In

this sortedlist, z, we find the c -th largestvalue(in all of the experimentsin this paper c equals
two). Edgesjoinedby links from

�
with magnitudelargerthanthe ¡ d areassumedto lie on salient

closedcontours,andarethereforeselected.Sucha thresholdingschememight misclassifycertain
links assalient.However, wehaveobservedthattheextractionof strongly-connectedcomponents
is usuallyrobustto suchmisclassifications.SeeAlgorithm 3.

Theterminationcriterionweusefor thecurrentimplementationis to simplystopafterreporting
somefixednumberof components.SeeAlgorithm 2. Oneway to justify theuseof suchasimple
criterion is to imaginea higher-level modulethat, for example,performsobject-recognition,and
which employs the segmentationalgorithm to highlight regionswherethe presenceor absence
of someobjectcanbe determinedusingdomainknowledgeavailableto the recognizer. It is up
to the recognizerto determinethe numberof salientcontoursthat it wantsto process(basedon,
for example,real-timeconstraints).If the moduledeterminesthat the segmentationalgorithmis
reportinggarbageafter a certainnumberof iterations,thenit candecideto terminatethe search
for additionalcontours.Alternatively, we couldstopwhenthe largestpositive realeigenvalue, T ,
becomesnegligibly small.

As a demonstration,we apply thesegmentationalgorithmto the two pearexamplefrom Fig.
1. Thesegmentationin thefirst andseconditerationsareshown in Fig. 3 (a) and(b) respectively.
As previously noted,a segmentationbasedon simply thresholdingtheedgesaliencieswould not
beableto separatethetwo pears.

5 Results
In this section,we show resultsof our segmentationalgorithmon a few real images.All the

imageswere taken usinga KodakDC50 480x480pixel digital color camera. The Canny edge
detector[4]wasrunontheimagesafterconvertingthemto greyscale,with theparameters¢�&¤£ D 
 ,
low hysteresisthreshold&�
 D � andhigh hysteresisthreshold&�
 D¦¥ . Thesetof edgesreturnedby
the Canny edgedetectorwere found to be quite redundant.The edgesaresampledto improve
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Algorithm 2: Segmentanimage.2�� � § �37W� � w �
begin~v� ¨

for
� � 	 to q do© � �Q���%�<� H � � w �~v� ~�ª«� © �w¤�uw|� ©

end
return ~

end

Algorithm 3: Computeedgesreachablefrom
�
.�t��� Ha� ������� �,���

begin© � � ���
if not � � 2 � ����¬ �,��� then

for
� � 	 to > w­> doZ[�0�\� "2Q�W�/�0�B2b�

end® � 2����!� � Z�� D��/�
¯°�
for
� � 	 to > w­> do
if Z[�0�±X|¡ d then© � © ª²�t��� Ha� ������� ���³�
end

end
end
return

©
end

runningtimeswith almostno sacrificein performance.In our experimentswe sampletheedges
suchthatno two edgesarecloserthan ´ pixelsapart.

The entriesof the transitionmatrix U were calculatedwith parametersettings(seeSection
2 for their descriptionsandalso[23]) �µ&¶
 D 	�´ , �·&¶
 D 
t
t¸ and � &¹´ D 
 . All edgeimagesare
remappedtoa ºt¸RrYºt¸ imagesize.Sincethetransitionmatrix U hasaspecialsymmetry(thereversal
symmetry),we hadpreviously developedanalgorithmthatfindstheeigenvectorcorrespondingto
thelargestpositive realeigenvalueof U (requiredfor thecomputationof thesaliency relation)by
exploiting thereversalsymmetry. See[24] for details.
5.1 Example Segmentation

In ourfirst examplewechoseasimplescenewherenon-occludingobjects(fruits) wereplaced
onatexturedbackground(concrete).Fig.4showsfour fruitsonaconcretebackgroundin greyscale
(a) andthe correspondingedgeimage(b) (with � ¥ 
t
 directededgesafter the samplingprocess
describedabove). Noticethatthecontrastbetweenthetextureof thefruit on thetop-left (a cante-
lope)andthatof thebackgroundis quitelow. As a result,few edgesaredetectedalongsomeparts
of theboundaryof thecantelope.Fig 4 (a),(c),(e),(g), and(i) show theedgesaliencies,i.e. theH � ’s, computedduringthefirst five iterationsof thesegmentationalgorithm. Fig 4 (b),(d),(f),(h),
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(a) (b)

Figure3: Segmentationresultsfor thetwo pearexample.(a)First iteration.(b) Seconditeration.

and(j) show the correspondingcontourswhich areextractedduring thosesameiterations. It is
interestingto notethatthecontourboundingthecantelopehasbeenextracteddespitethefact that
therearelargegapsin somepartsof thecontour.

Fig. 5.1 (a) shows thevariationof thesaliency of thedominantcontouracrossiterations.The
dominantcontouris extractedat eachiterationby tracingout themostsalientlinks startingfrom
themostsalientedgeuntil wereturnto themostsalientedgeagain.Its saliency is measuredby the
expressionin equation(11). Sincethesaliency of thedominantcontourdecreasesasweextractout
successivecontours,weseethatthecontoursareindeedextractedin theorderof their saliencies.

Finally, wegivethetimerequirementsfor ouralgorithmfor thisexample.It takes »e	�£ seconds
to generateatotalof »e	�	t	 � 
�
�
 entriesin thesparsetransitionmatrix U onanSGIR10000.Since
generatingtheentriesin thematrix is easilyparallelizable,it is usefulto know thetime perentry
which is »F
 D 	�	 msec.In Fig. 5.1 (b), we show the time takento isolatesuccessive objects.The
eigensolver describedabove (see[24] for details)is adaptive, thetime roughlyvaryingaccording
to thecomplexity of thecontoursextractedandthenumberof edgeseachcontains.As expected,
thefirst iterationtook theleasttime of »}£ secsincethecontourextractedis relatively salient(as
seenfrom thedominantcontoursaliency plot above)comparedto theothercontoursin thescene.
The third iterationtook the longesttime of »¼�t
 sec–possiblybecauseof the large gapsin the
contourbeingextracted(boundingthecantelope).Theaveragetime for all iterationsis ».½ D ½ sec.
5.2 Importance of Global Information

In this section,we will show the importanceof the global information encodedin the link
saliency matrixC by replacingit with thetransitionmatrixP whichencodesonly localinformation.
Theedgesaliency vectorc is left unchanged.With this replacement,thesegmentationalgorithm
extractsout thesamecontourin thefirst iterationasthealgorithmusingthe Z[�0� ’s. Note that this
contour is easyto traceout sincethereare no large gapspresentbetweensuccessive edgesof
the contour. However, the hardpart is to get a startingedge(i.e., the mostsalientedgein the
currentiteration)which (for this demonstration)is still beingprovidedby the H � ’s. Fig. 6 shows
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(a) (b)

(c) (d)

(e) (f)

(g) (h)

(i) (j)

Figure 4: Fruits on concrete. (a) Greyscaleimage. (b) Canny edgeoutput. (c)-(j) First four
iterationsof thesegmentationalgorithm.For eachiterationthesalienciesareshown ontheleft and
thesegmentationis shown on theright. In eachsaliency plot, thelengthof anedgeis propotional
to thesaliency of thatedge.Themostsalientedgein boththesaliency andsegmentationplotsare
shown insidethesmallcircle.
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Figure5: (a)Dominantcontoursaliency vs. iterationnumber. (b) Timeperiteration.

thesegmentationafter theseconditeration. As canbeseen,thesegmentationcompletelybreaks
down. The �f�0� ’s aresufficient aslong aswe startoff from themostsalientedgein eachiteration
andthereareno large gapsin the contoursbeingtraced. The breakdown in the seconditeration
showstheneedfor themoreglobalinformationencodedin the Z[�0� ’s in caseswheretherearelarge
gapsin thecontoursbeingtraced.

In a previouspaper[26],a purely local saliency measure(termedWJ) wasjudgedto bemore
effective in isolatingsmoothclosedcontoursin thepresenceof backgroundclutterthanthreeother
well known saliency measures(thosetermedGM, SB, andSU andbasedon [8], [18], and[21]).
Analogousto theexpression,H �@&¿2Q��"2Q� (wheres and "1 areright andleft eigenvectorswith largest
positive realeigenvalueof P) thesaliency of anedgeaccordingto theWJ measureis À_�@&����b"��� ,
where ���[& O � �/�A� . We observe that theWJ measurecanbeseenasa singlestepof thepower-
methoditeration necessaryfor computingthe eigenvector with largestpositive real eigenvalue
of P. It follows that by comparingthe performanceof a segmentationalgorithm basedon the
saliency measurederived in this paper(themeasuretermedWT in [26]) to onebasedon theWJ
measure,wecanascertainthevalueof power-methoditerationsbeyondtheinitial step.Thisspeaks
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(a) (b)

Figure 6: Fruits on concrete. (a) When the global link saliency matrix, C, is replacedby the
local transitionmatrix,P, from which it is derived,thesegmentationalgorithmfails in thesecond
iteration. (b) Whentheglobal link saliency matrix, C, is replacedby a local link saliency matrix,
W, basedon theWJ saliency measure,thesegmentationalgorithmfails in thefirst iteration.

directly to theimportantissueof iterativeversusnon-iterative (i.e., voting) methodsin perceptual
organization,anissuewhich is exploredextensively in [14].

Usingreversalsymmetry, �f�0�'&S�@)- )+ , we caneasilyshow that À_��& O ��Á d � d �L�/�A� which implies
thatthesaliency for edge

�
is thesumof theprobabilitiesof contoursof lengthtwo centeredon

�
.

Becausethesaliency is determinedsolelyby theprobabilitiesof lengthtwocontours,it followsthat
theglobalpropertyof contourclosureplaysno role in determiningedgesaliency. Consequently,
edgesforming a closedcontourcan be of low saliency despitethe fact that they containmany
closedcontoursof relatively highprobability.

In our seconddemonstrationof the importanceof usingglobal information, the global link
saliency matrix,C, basedontheWT measure,is replacedby alocal link saliency matrix,W, based
ontheWJmeasure.Theexpressionfor local link saliency is analogousto theexpressionfor global
link saliency, Eq. 5. Specifically, Â �0�\&Ã"���°�/�0�b��� D (12)

Usingreversal-symmetry, it canbeshown thatÂ �0�_& : d Á ^ � d �L�/�0�4��� ^ D (13)

Thusthe

Â �0� ’s areproportionalto theprobabilitythata contourof lengththreeis centeredon the
link
� E � . However, whenwe usethis local relation,the segmentationalgorithmbreaksdown

in thefirst iterationasshown in Fig. 6 (b). Themostsalientedgeaccordingto the À_� ’s (indicated
by the circle) lies on the cantelope,which wasthe third fruit extractedusingthe global saliency
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relation. While tracingthe contourboundingthe cantelope,the algorithmlosesits way whenit
encountersthe largegaps.In summary, the H � ’s areessentialfor reliably determiningthestarting
edgefor thesegmentationalgorithm,andthe Z[�0� ’s areessentialfor bridging largegaps.Both are
functionsof theeigenvectorwith largestpositiverealeigenvalueof theP matrix.
5.3 Additional Segmentation Examples

Fig. 7 shows the samefour fruits with grassas the backgroundand with one of the fruits
occludinganother. Dueto poorcontrastbetweenthetwo darkfruits andthebackgroundtheCanny
edgedetectordoesnot reliably detectthe edgesboundingthe two fruits. The fruits arehardly
salientin theedgeimage(notshown) evenfor humanobservers.Ouralgorithmcanbeexpectedto
extractout contoursonly whenprovidedwith reliableedgeinformation.In this casethealgorithm
picks out only the other two fruits in the image. Of the two fruits that it doespick out, one
partly occludesthe other. Due to the poor contrastbetweenthe two fruits, the edgeinformation
(especiallytheorientation)is quitepoorin theregion aroundtheocclusion.However, despitethis
fact,andthefactthatthecontourboundingtheoccludedfruit containsa largegapat theocclusion,
thealgorithmsegmentsoutbothfruits individually.

Fig. 8(a)showsanexamplewheretherearesignificantshadows which producestrongsmooth
contoursadjacentto thestones.However, sincethey arenot closed,theshadow contoursarenot
assalientasthecontourswhich actuallyboundthestones.Consequently, they do not confusethe
algorithm.

Finally, Fig. 9(a) is an imageof a large numberof coinson a tabletop. Although this is an
imagewhich wouldberelatively easyto segmentusingimagebrightness,thesegmentationwhich
is shown in Fig. 9(c)hasbeencomputedsolelyusingtheCanny edgesshown in Fig. 9(b).

6 Finding the Optimum Speed
Theshapedistribution which is usedto build the P matrix is definedby threeparameters,� ,� , and � . Although therehasbeensomeinterestingrecentwork on learningparametersettings

for groupingalgorithms(see[19]), we havesimply selectedvaluesfor � , � , and � which wehave
foundyield goodresultsin practice.In thissection,wedescribepreliminarywork onchoosingthe
valueof oneof theseparameters,� , theparticle’sspeed,automatically.

Thesegmentationalgorithmwhich we have describedassumesa fixedvaluefor � . However,
therearetwo propertiesof theshapedistributionwhicharedirectlyaffectedby theparticle’sspeed.
First, thedistancea particletravelsbeforeit decaysincreaseswith increasingspeed.Second,the
variancein a particle’s directionof motion relative to the distanceit travels decreaseswith in-
creasingspeed. Consequently, the choiceof � effectively determinesboth the curvatureof the
closedcontourswhich will beclassifiedasmostsalient,andtheoptimumdistancebetweenadja-
centedges.A moreprincipledapproachwould be to isolateclosedcontoursirrespective of their
averagecurvatureandirrespectiveof theaveragedistancebetweenadjacentedges.Oneway to do
this would beto systematicallyvary speedwithin Algorithm 1 sothat thecontourwhich is most
salient,i.e., thecontourwith maximumeigenvalue,amongcontoursof all possible� is extracted.
In principle, the saliency of contoursof differentaveragecurvatureanddifferentedgesampling
rateswould bemaximizedat differentspeeds,resultingin a morerobustsegmentationalgorithm.
SeeAlgorithm 4.

Fig.10(a)is animageof threefruits onawoodentablewith prominentwoodgrainbackground.
The segmentationshown in Fig. 10(c) wascomputedusingAlgorithm 4 insteadof Algorithm
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Algorithm 4: Extractanobject(scale-invariant).�Q���%�t� H � � w �
begin��ÄfÅÇÆ\� Å³È,É�ÄfÅÇÆ� � ��� �37�������ÊW� � � ��� � 7 � � � ��2 � w � � ���1V� � �o� �37���� H ���!� � ���*� � 7 � � � ��2 � w � ��ËÍÌ%Î ���� &P�t����K���� � � "2Q�g2Q� �

return �t��� Ha� ������� �,���f� �<��� HQ� ������� � "� �
end

1. The optimal speedwithin the range �0
 D 
 	 � 	 D ´ ¯ for eachobject was computedusing Brent’s
method[3], which doesnot requireanalyticderivatives,andis ableto locatea local optimuminT � � � .

In our initial attemptto run the modifiedsegmentationalgorithmon this image,we usedthe
samevaluesfor � and � usedto computetheotherresultsin thispaper. Unfortunately, the � which
maximizedtheeigenvaluewas1.5. Becausethis valueis on theboundaryof thesearchinterval,
it is not actuallya local optimumof T � � � , andtheresultingsegmentationwasof very low quality.
After increasingthe diffusion constant,� , from 0.004to 0.007andthe decayconstant,� , from
5.0to 6.5,theoptimizationprocedurereturnedvaluesof � whichwerewithin therange�0
 D 
Ï	 � 	 D ´ ¯ ,
which implies that they aretrue local optima. The optimal speed,��Ë�Ì�Î , for the first objectwas
1.23and1.27for the second.The eigenvalue, T � ��ËÍÌ%Î � , at the optimal speedwas0.0099for the
first objectand0.0071for thesecond.Theclosedcontoursareof goodquality. SeeFig. 10(c).The
algorithmfailedto find thethird object,becausetheCanny edgedetectorreturnedvery few edges
which lie on its boundary.

7 Conclusion
We havedemonstratedhow asaliency relationbasedon theglobalpropertyof contourclosure

canform thebasisof a segmentationalgorithmableto identify multiplesalientclosedcontoursin
real images.More specifically, we have demonstratedthatcomputingtheconnected-components
of agraphrepresentingasaliency relationbasedontherelativenumberof closedcontourscontain-
ing pairsof edges,is moreeffective thansearchinga graphbasedon a purelylocal relationbased
on geometricpropertiesof thepair of edgesin isolation.

Our approachto groupingedgesinto salientclosedcontoursinvolvesthesolutionof aneigen-
vector/eigenvalueproblem.Recently, otherresearchers[16,18, 19,22] have alsoproposedgroup-
ing imagefeaturesby solvingeigenvector/eigenvalueproblems.

The normalizedmin-cut approachdescribedin [22] cangroupmoregeneralimagefeatures
thanour approachcan. However, sincewe restrictourselvesto groupingedges,we areable to
imposetheimportantconstraintof tangentcontinuity, which hasno counterpartfor non-edgefea-
turessuchastextureor brightness.Furthermore,any approachenforcingtangentcontinuityusing
themechanismof edge-directionalityrequiresa non-symmetrictransitionmatrix U for which the
min-cut approachproposedin [22] doesnot apply. As previously noted,the useof a symmet-
ric transitionmatrix makescontourscontainingcuspssalient(seethe discussionin Section 2).
Hence,we would expectpoorperformanceon edgegroupingproblemswith a min-cut approach
sincetangentcontinuitycannotbeenforced.

Like [22], thedominanteigenvectorbasedmethoddescribedby [18] is applicableto features
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otherthanedges.Also like [22], this methodassumesthat thetransitionmatrix is symmetricand
thereforecannotuseedge-directionalityto enforcetangentcontinuity.

Of course,thegenericgroupingalgorithmsof [1, 7, 16, 22] make muchweaker assumptions
abouttheinput imagethandoesthealgorithmwhichwedescribehere.Thealgorithmwedescribe
is specificallydesignedto groupedgesinto smoothclosedcontours. Whenan imagedoesnot
containclosedcontours,whenthecontoursit containsarenotsmooth,or whenlocaledgedetection
processesfail becauseof lackof contrast,i.e., whenourassumptionsareviolated,ourmethodwill
fail. It is possiblethatin suchcases,genericgroupingmethods,whichareableto organizeawider
varietyof imagefeatures,andwhich make weaker assumptionsaboutthem,maysucceedin such
cases.

However, we believe that groupingmethodswhich aredesignedto solve a specificgrouping
problem,suchasgroupingedgesinto smoothclosedcontours,will outperformgeneral-purpose
methodson imagesfor which their assumptionshold. This is becausegenericmethodscannot
fully exploit domainspecificcontraintssuchascontourclosureandtangentcontinuity, whichhave
no counterpartsfor non-edgefeaturessuchastextureor brightness.

Appendix A
First weprovesomepreliminarylemmas.

Lemma 1 If 1 is a (right) eigenvectorof P with eigenvalue T then Ð 1 is a left eigenvectorof P or
equivalentlya (right) eigenvectorof �'Ñ with thesameeigenvalue.

Proof.Takingthe
�
-th componentof UÒÑ�Ð1 ,: � �g���%"2��Ó& : � �R)+Ô)- 2 )� (14)& : � �R)+A�42b� (15)& TÍ"2Q� D (16)

Hence,Ð 1 is aneigenvectorfor U Ñ or equivalentlya left eigenvectorfor P with thesameeigenvalueT .
Lemma 2 For an irr educiblepositivematrix P that is reversal-symmetricILJ,K9�MBN Õ U T�Ö 9 &¤1Bi "1 Ñ (17)

where T is thelargesteigenvalueof U and 1 is thecorrespondingeigenvector.

Proof.For ageneralirreduciblepositivematrix A it is shown in[10] thatI,JLK93M]N Õh× T�Ö 9 &CØÙi3Ú Ñ (18)

where Ø and Ú arerespectively the right andleft eigenvectorsof A correspondingto the largest
eigenvector T normalizedsuchthat ��ÑWÛ�&}	 . Fromthepreviouslemma,weknow thatif 1 is a left
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eigenvectorof a reversal-symmetricmatrix P, then "1 is the correspondingright eigenvectorwith
thesameeigenvalue.Hencetheproof.
Proofof theFirst Saliency Theorem(Theorem1). First we notethesimplerelationshipbetween
thediagonalelementsof thepowersof thetransitionmatrixP andprobabilitiesof closedcontours.� � d � �Ü� is the sumof the probabilitiesof all closedcontoursof length c that passthroughedge�
. Using this relationshipand letting T be the largesteigenvalue of P, the definition for H � in

Equation2 canberewritten in termsof thepowersof P as:H �Ý& ILJ,K9�MBN � U 9 � �Ü�O � � U 9 � �Ç� (19)& ILJ,K9�MBN �4Þ ßR� 9�Ü�O � � Þ ß*� 9�o� D (20)

Theabove limit exists if thelimit for boththenumeratorandthedenominatorexistsandthelimit
for thedenominatoris non-zero.UsingLemma2 :ILJLK9�MBN Õ U TÒÖ 9�Ü� &P2Q��"2Q� (21)

wherethe 2Q� ’s arethecomponentsof theeigenvectorof P correspondingto its largesteigenvalueT andassumingthat theeigenvectoris normalizedsuchthat
O � 2b�t"2b��&à	 . Hence,boththe limits

for the numeratoranddenominatorin the ratio (20) exist and is equalto respectively, 23��"2Q� andO � 2b��"2b� . Finally, we note that the limit for the denominatorin the ratio is non-zero. For our
problemthereis anon-zeroprobabilitythatacontourpassesthroughany two edgesin theimagein
succession2. HenceP is positive[10] andaccordingto Perron’s theorem[10] for positivematrices,
all thecomponentsof theeigenvectorcorrespondingto thelargesteigenvaluearepositive. Hence,O � 2b��"2b�±X{
 andhencethelimit of thedenominatorin theratio (20) is non-zero.Sinceweassume
thattheeigenvectoris normalizedsothat

O � 2b�t"2b�\&�	 , theexpressionfor H � becomes:H �Ý& I,JLK9�MBN � Þ ßR� 9�Ü�O � � Þ ß � 9�o� (22)

& ILJLK 93MBN � Þ ß � 9�Ü�ILJ,K 9�MBN O � � Þ ßR� 9�o� (23)& 23��"23�O � 2b��"2b� (24)& 2Q��"2Q� D (25)

Proofof theSecondSaliency Theorem(Theorem2). Theprobabilitythatclosedcontoursof length7 passthroughedges
�

and
�
successively is givenby � 9!á m�%� �f�0� sinceall suchcontourspassthrough

the link from edge
�

to edge
�

at leastonce. Hencewe can rewrite the definition for the link
2This is not necessarilytruewhenweconsidersparserepresentationsof thematrix P, but for suchacaseall thatis

requiredis thatthereis anon-zeroprobabilitythatacontourstartfrom edgeâ andendin edgeã with thepossibilityof
threadingthroughintermediateedges.

18



saliencies(4) as:

Z[�0�u& I,JLK93M]N�ä Þ ß*å 9<á m��� iRæ�ç�è éßjêO ^ �4Þ ß � 9 ^�^ (26)

Again, usingthe limit theoremin Lemma(2) andargumentssimilar to thatmadein theproof of
Theorem(1) on theexistenceof limits, wehave :

Z[�0�u& I,JLK 93M]N ä Þ ß*å 9<á m��� i æëç�è éßjêO ^ I,JLK 93M]N � Þ ß � 9 ^�^ (27)

& 2b�t"2Q� æ�ç�è éßjêO ^ 2 ^ "2 ^ (28)& "2Q�`�f�0�42b�T D
(29)

Theorem 3 (Third Saliency Theorem) Givenasetì of closedcontoursin animage, considerthe
inducedgraph í whoseverticesare edgesfromtheimage. Theonly links betweenverticescorre-
spondto thedirectedlinks betweensuccessiveedgesof thecontours in ì . Then í is partitioned
into isolatedstrongly-connectedcomponents,no two of which haveanylink betweenthem.

Proof. It is easilyseenthat í hasisolatedstrongly-connectedcomponentsif f for two edges
�

and�
, thereis apath

�����
if f thereis apath

�î�ï�
. Hencein ourcase,weneedto provethattheabove

conditionbetweentwo edges
�
and
�

alwaysholds.It is enoughto show thisfor simplepathswhere
thereareno loops.Any path

���(�
canbedecomposedinto asequenceof subpathseachof which

is a subsequencefully containedin someclosedcontourof ì . Thesubsequencesareconstructed
in thefollowing manner. Considertheset w]� of all thecontoursin ì thatcontainedge

�
. Starting

from edge
�

we traceout thethepath
�Y���

. As we movealongthis path,we remove from thesetwV� any closedcontoursthatdoesnot containthewholesubsequenceseenso far. Theneitherwe
reachedge

�
beforeexhaustingthecontoursin wV� or w]� becomesemptyatsomeintermediateedge.

In theformercase,any of theremainingclosedcontourin wV� providesareturnpathto edge
�
from�

by tracingout therestof sucha closedcontour. In the lattercase,let c bethe last intermediate
edgeafter which the set wV� becomesempty. The pathfrom

�ð� c is the first subsequencethat
we construct.At c therestill existssomeclosedcontourin wV� . Thusthereis a returnpath c � �
by completingany suchclosedcontourremainingin wV� . We recursively constructthe remaining
subpathsby consideringthepath c �(� andstartingwith theset w d which is thesetof all contours
in ì thatpassthroughedgec . As arguedabove, eachsuchsubpathhasa returningpathfrom the
endof thesubpathto its beginning. Henceall thereturningpathscanbeconcatenatedtogetherin
reverseorderto geta returningpathfrom

�«� �
. Hence

�±� �
if f
�«� �

. A stronglyconnected
componentof a graphis defined[5] asa subsetof nodeswherefor any two nodes

�
and
�

in the
subset,thereexistsa pathfrom

�B�u�
andfrom

�²� �
. Hencein our casesince

�B�u�
if f
�²� �

,
if thereexistsany path

�\� �
, thenedges

�
and
�

belongto somestronglyconnectedcomponent.
Hencethe whole graphcanbe partitionedinto a setof isolatedstronglyconnectedcomponents
with no links betweenany two of thecomponents.
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Appendix B
In this appendix,we give ananalyticexpressioncharacterizingtheprobabilitydistribution of

boundary-completionshapesderived in [23]. For a derivationof a relatedfunctionsee[20]. We
definethetransitionprobability, ����� , betweentwo directededges,i andj, to be� �Ô� > �³� &Pñ Nò � �,� > ��ó � � ¬��îô�õÒ� �Ô� > ��ó �%ö°÷bø � (30)

where � �Ô� > ��ó � � is theprobability thata particlewhich beginsits stochasticmotionat
� ��� � ��� �bù � �

at time 0 will beat
� ��� � ÛQ� �bù � � at time t. This probability is definedto be thesumover theprob-

abilitiesof all pathsthata particlecantake betweenthetwo edges.This integral is approximated
analytically. Theapproximationis theproductof P evaluatedat the time at which the integral is
maximized,i.e., �%öL÷�ø , andaweightingfactor, F. Theexpressionfor � at time t is� �Ô� > ��ó � � & £îú��Ïû/�ü��ýþ ø ÿ � � � � �x�k�fy H ��¯ ú4� û � � ø� �� � ÿ þ ÿ ø��� (31)

where � & �By��
	�� ��ù �[� ù � �£ (32)�u& ���%� � �
	�� ù �hy
��	�� ù � � y Û3�%� � ��J�� ù �hy
��J�� ù � �� (33)H & � � ���� ylÛ ���� �� � (34)

for ���%�*&µ���/�Ù��� and Û3�%�g&¤Û3�R��Û!� . Thedistributionof shapesis determinedby thehalf-life, � , the
variance,T, andthespeedof theparticle, � . Theexpressionfor � shouldbeevaluatedat �Y&P�%ö°÷bø ,
where�%öL÷�ø is real,positive,andsatisfiesthecubicequation��� ���¸ y £ � ��� � �l�t�k�fy £ H �� &C
 D (35)

If morethanonereal,positive root exists,thentheroot maximizing � �,� > ��ó � � is chosen.Finally,
theextra factor õ is

õS& ���� �!�*���ö°÷bøm ��� ��� á�� ø! #"%$'&þ y)( ø ÿ #"%$� D (36)
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(a) (b)

(c) (d)

Figure 7: Fruits on grass. (a) Greyscaleimage(b) Canny edgeoutput (c)-(d) first andsecond
segmentations.
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(a) (b)

(c) (d)

(e) (f)

Figure8: Stoneon pavement. (a) Greyscaleimage(b) Canny edgeoutput(c)-(f) first four seg-
ments.
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(a) (b)

(c)

Figure9: Coins. (a) Original image. (b) Edgeinput obtainedby Canny detector. (c) Segmented
objects,numberedin theorderin which they areextracted.
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(a) (b)

(c)

Figure10: Fruits. (a) Original image.(b) Edgeinput obtainedby Canny detector. (c) Segmented
objects,numberedin theorderin which they areextracted.Theoptimalspeed,��Ë�Ì�Î , for thefirst
objectwas1.23and1.27for thesecond.Theeigenvalue, T � ��Ë�Ì�Î � , at theoptimalspeedwas0.0099
for thefirst objectand0.0071for thesecond.
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