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Abstract

Usinga saliencymeasue basedontheglobal propertyof contourclosure, wehavedevelopeda
sggmentatiommethodwhich identifiessmoothclosedcontouss boundingobjectsof unknownshape
in real images. Thesaliencymeasue incorporatesthe Gestaltprinciples of proximity and good
continuitywhich previousmethodshavealso exploited. Unlike previousmethodswe incorporate
contour closure by finding the eigenvector with largest positivereal eigenvalue of a transition
matrix for a Markov processwhele edges from the image serveas states. Element(s, j) of the
transition matrix is the conditional probability that a contour which containsedge j will also
containedge . In this paper weshowhowthe saliencymeasue, definedor individual edges,can
be usedto derivea saliencyrelation, definedfor pairs of edges, and further showthat strongly-
connected¢omponentsfthegraphrepresentinghesaliencyrelationcorrespondo smoottclosed
contoussin theimage. Finally, wereportfor thefirsttime resultson large realimagesfor which
seggmentatiortakesan average of about10 secsper objecton a generl-purposeworkstation.

1 Introduction

Visual perceptiorevolvedin aworld of objectsmary of which areboundedoy smoothclosed
contours. We hypothesizdahat thesecontoursobey a stochastidistribution which is utilized by
perceptuaprocesses finding contoursboundingobjects.In prior work [23, 25, 26] this distribu-
tion hasbeenmodeledandusedto derive asalieny measuravhich exploitstheclosureof contours
boundingobjects. It wasfound thatthis measurgrovidesa significantimprovementover previ-
ousapproachem highlightingedgedying on contoursboundingobjectsin smallsyntheticscenes
createdfrom contoursof real objectsand naturalbackgroundexture[2§. However, no method
waspresentedor actuallysegmentingoutthe salientclosedcontours.Despitethe effectivenesof
the salieny measurewe will shav thata simplethresholdon the salienciess not sufficient for
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Figurel: An exampleedgeimage. Theimagewas syntheticallycreatedby superimposingwo
copiesof edgedrom the boundaryof areal pearon a backgroundexture.

seggmentationespeciallyin casesvheretwo or more contourscontainedgesof similar salieng.
In this paper we generalizethe salieny measuralescribedn [26] anduseit asthe basisfor a
systemwhich segmentsout multiple smoothclosedcontoursin realimages.In previouswork, a
routinefrom a standarchumericalibrary wasusedto solve theeigenproblenrequiredto compute
the salieny measure.However, dueto the numberof edgesnvolved, this is infeasiblefor large
realimages. To addresghis problem,we have developedan efficient techniquethat exploits the
sparsenesandsymmetryof representationsitrinsic to the problem,usingwhich, we reportfor the
first time, resultson largerealimagest Givenanedgeimageasin Fig. 1, we would lik e to extract
outseparatelyheindividual contoursboundingthetwo pears.We wish to achiesze sucha segmen-
tationwith no a priori knowledgeof the specificobjectsthatgeneratehesecontours.Suchatask
is one of the goalsof perceptualgrouping In lieu of any specificknowledgeaboutthe objects
generatinghe contourswe imposea subsebf the Gestaltprinciplesfor perceptuabrganization.
Mostpreviousapproachewo perceptuagroupingof edgeshaveincorporatedhe Gestalfprinciples
of proximity andgoodcontinuationin someform (e.g., [2, 9, 6, 12]). Theseapproachegassume
that adjacentedgesof an objectboundaryare closetogetherand can be smoothlyinterpolated.
In additionto thesetwo local propertieswe exploit the global propertythat contoursbounding
objectsmustbe closed. Unlike proximity andgood continuation closurecannotbe reducedo a
local propertydefinedfor pairsof edgesn isolation.

Previousapproaches[16, 11, 17] have usedgraphbasedsearchtechniquego find closedcon-
tours. A graphof affinities betweeredgess constructedvherethe affinities modelproximity and
good continuation. The affinity betweentwo edgesis a purely local relationwhich is positively
correlatedwith thelik elihoodthata smoothcontourjoins the pair of edges Closureis imposedoy
searchinghegraphfor cycleswhich minimizeacostfunction(possiblysubjectto otherconstraints
like convexity[11] or winding number[§). Ourapproachdiffersfrom theseothersbecauseve first

LAn initial accouniof thework describedn this paperwaspresentedn [13].



usethelocal affinity relation(whichin our cases atransitionmatrix) to computea globalsalieny

relation (which givesthe probability that a closedcontourjoins the pair of edges).This relation,
definedfor pairs of edges,is basedon a salieny measuredefinedfor individual edges,which

wasfirst proposedandcomparedextensively with othersalieny measuresgincluding[9, 18, 21])

which do not incorporateclosurein [26]. Only afterthe computationof this global salieny rela-

tion do we employ graphsearcho isolateindividual closedcontours.Furthermorewe shav that
usingasalieng relationbasedn contourclosureleadsnaturallyto a specifictype of graphsearch,
namely the determinatiorof strongly connecteccomponentsThe closerelationshipbetweerthe

strongly connecteccomponentomputationandthe closurepropertyof the global salieny rela-

tion distinguishe®urwork from previousapproachesyheregeneriographsearchiechniquehave

beenappliedto graphsrepresentinglocal affinity relationdefinedfor pairsof edges.To illustrate
thecrucialrole playedby the global propertyof contourclosure we shav thata methodbasedn

apurelylocal affinity relationproducegpoorseggmentations.

Computingthesalieny measurdandrelation)requiresdentifying theeigervectorwith largest
positive real eigervalue of a sparse positive matrix possessing particularsymmetry Ordinary
techniquegor thecomputatiorof eigervectorsandeigervaluesareinfeasiblefor largerealimages.
We have developedefficient techniquesvhich exploit the sparsenesandsymmetryof the matrix
to significantlyreducethe time requiredto computethis eigervector In this paper we reportthe
first resultson realimageswith alarge numberof edges.Ourtechniquereduceghetime takento
computethe segmentatiorfor eachobjectcontourfrom anaverageof around2 1/2 hrs. to around
10 seconds.

2 Problem Formulation

Sincethe Gestaltprinciplesof proximity andgoodcontinuationcanbe reducedo local prop-
ertiesof the positionsandorientationsof two edgeswe canmodelthemusingonly local informa-
tion. Following[15, 23, 25], proximity andgoodcontinuationcanbe modeledby a distribution of
smoothcurvestracedby particlesmoving with constanspeedn directionsundegoing Brownian
motion. In our work, the transitionprobability betweenedge: andedge; is denotedoy P;;. It is
thesumof the probabilitiesof all pathsthata particlecantake betweerthetwo edgeqsee[23] for
details). Two parametergontrol the motion of the particleandembodythe Gestaltprinciplesof
proximity andgood continuation.Eachparticle hasa half-life, 7, which determineghe distance
over which pairsof edgesarelikely to be linked by randomwalks. Hence,m modelsproximity.
Thevariancel’, of theGaussiamandomvariablerepresentinghangen directionmodelstheprin-
ciple of goodcontinuation.A third parametery, representshe speedof the particle,andhence
determinesheeffective scaleatwhich thescends analyzedsincethetransitionprobabilitiesvary
with speed.At larger speedsthe distancebetweera pair of edgess effectively smaller while at
slower speedgshe samedistances effectively larger. In our initial experimentswe chosea fixed
speedhatwasjudgedto give goodresultsfor mostimages.In a later section,we presentesults
wherethe optimal~ for eachobjectin the sceneis identifiedusingan optimizationmethod. This
leadsto a scale-ivariantseggmentation.

The smoothcontinuationof a curve betweentwo edgesrequiresthatthe tangentat any point
alongthe curve be continuous.If we wish to extendthe curvesto includeadditionaledgesthen
tangentcontinuitymustbe enforcedatthe edgeshemseles. A particlevisiting anedge andtrav-
elingin agivendirection,mustcontinuealongin thatsamedirectionto presere tangentontinuity.



Thisrequirementanbeensuredy replacingeachorientededge wheretheorientationis anangle
in therange,[0 — ), with two oppositelydirectededgeswherethe directionsare anglesin the
range,[0 — 27). A particlemustenterandexit adirectededgein the samedirection. If we do not
imposetangentcontinuity at the edgesit is possibleto get contourswith cusps(i.e., reversalsin
direction)at the edgeswhich arenot judgedto be salientin practice. For more detailssee[26].
Sinceevery directededge: hasa sibling edgeat the sameposition but pointingin the opposite
direction,it will be convenientto denotethe sibling edgeby .

Imposingtangentontinuitythroughthe useof directededgeshasanimportantimplicationfor
the structureof the transitionmatrix P. From symmetry the probability thatary particletravels
alonga curwe startingfrom edgei andendingin edgej is the sameasthe probability of a particle
traveling from edgej to edgez in the reversedirection. HenceP;; = P,;. We call this special
symmetryof the transitionmatrix reversal symmetrywhich is distinct from the usualsymmetry
P;; = P;; which neednot holdin general Reversalsymmetryhasimportantimplicationsfor both
theform of theexpressionsvhich definethesalienciesandfor theproblemof efficiently computing
them.

In the restof the paperwe will have occasionto associate vectors with the setof directed
edgeqe.g.thevectorof salienciedor eachdirectededge),onecomponentor eachdirectededge.
Analogouswith the casefor edges,a componenf sucha vectors; associatedvith edge: will
have a sibling componentenotedoy 35; = s; associateavith edges.

3 Edgeand Link Saliencies

In this section,we first motivate the expressionfor the salieny measurantroducedin [26].
We thenshaw thatthe salieny measureanbe computedoy solving an eigenproblenmassociated
with the transitionmatrix P. Given an edgeimage,we definea closedcontourasa finite closed
sequencef edges By aclosedsequenceve meanthatif we startfrom arny edgein the sequence,
andtraceoutthe contour we will returnto the sameedge.Eachclosedcontoura hasalikelihood
(or probability) associateavith it, which we denoteby p(«). This probabilityis the productof the
transitionprobabilitiesalongthe pathdefinedby the edgesof the contour
3.1 Edge Saliency

We wouldlik eto definethesalieny of anedgesothatit is directlyrelatedto thelik elihoodthat
a closedcontourcontainsthat edge. We begin by consideringthe setof infinite closedcontours
containingtheedge.In orderto calculatetherelative saliencie®f infinite closedcontoursye start
by consideringthe relative salienciesof closedcontoursof finite lengthandtake the limit asthe
length goesto infinity. Restrictingoursehesto finite contoursfor now, the salieny of an edge
shouldbe proportionalto the expectednumberof closedcontourswhich containthatedge. The
expectednumberof closedcontoursof lengthn which containedge: is simply the sum of the
probabilitiesof all suchclosedcontours:

El =) pla]i€a,lal=n). (1)

Sincewe areinterestedn the relative salienciesof the variousinfinite contourswhich contain
differentedges,we take the limit n — oo for the expectednumberof closedcontourswhich
containa given edge: relative to the expectednumberwhich containary edgeand obtainthe



formal definitionfor the salieny of edge: :

En
¢; = lim !

n—00 Zj E;‘ )

This definition suggestshatthereis a simplerelationshipbetweeredgesalienciesandthe eigen-
vectorcorrespondingo thelargestpositive real eigervalueof thetransitionmatrix, P.

(2)

Theorem 1 (First Saliency Theorem) Thesaliencyfor edge is givenby:
Ci = 8; 8 (3)

wheethes; s arethecomponentsf theeigervector(normalizedsothat ) . s;5, = 1) correspond-
ing to thelargestpositivereal eigervalug ), of thetransitionmatrix P, i.e. Ps = As.

Proof. SeeAppendixA andalso[26] for anearlierproof.

It is importantto notethatsinceP is positive(all entriesarepositive), Perrons theorem[1( guar
anteeghat the largesteigervalue of P will be real and positive. The component®f the corre-
spondingeigervectors; will all be positive (i.e., s; > 0). Notethatdueto reversal-symmetrywe
would expectc; = ¢; ascanbeverifiedfrom the expressiorabove.
3.2 Link Saliency

In this section,we usethe salieny measuredefinedin the lastsectionfor individual edgesto
derveasaliencyrelation definedfor pairsof edgesBecausét is associatedvith a“link” between
two edgeswetermanelemenbf thesalieng relationalink saliency Thelink salieng, C;;, equals
theprobabilitythata closedcontourpasseshroughedge; andthen(withoutvisiting anotheredge)
passeshroughedgei. In away whichis analogougo the definitionfor edgesalieny, we have :

n

Oy = lim 4 4)
i = 11Imn n
n—00 Zl E]

whereE], is the expectedhumberof closedcontoursof lengthn which passthroughedgesj and:
in successiomand E}* is asdefinedbeforein (1). Like the edgesalienciesthelink salienciesalso
have asimplerelationshipwith theeigervectorcorrespondingo thelargestpositiverealeigervalue
of P.

Theorem 2 (Second Saliency Theorem) Thelink-salienciesbetweeranytwo edges;j and: are
givenby:

giPiij
— 5
: 5)

whee the s;’s are the component®f the eigervector (normalizedsud that ) _. s;5, = 1) corre-
spondingto thelargestpositivereal eigervalug ), of thetransitionmatrix, P.

Cij =

Proof. SeeAppendixA.

As in the caseof the edgesalienciesdueto reversalsymmetry we would expectC;; = C ascan
beverifiedfrom the expressiorabove (recallthat P;; = P ands; = s;).
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Sincewe are concernedvith closedcontours,an importantconseration propertyholds for
all edges.Any closedcontourthat goesfrom someedgek to a secondedge: mustcontinueon
to somethird edgej. Thisis not necessarilftrue in the caseof opencontours. We confirm this
conserationpropertyandatthe sametime useit asa consisteng checkontheexpressiongor the
C;;'sandc;’s:

S0 = Y i ©
k k

. Ei()\si)

- 2 ™)

Doing a similar calculationfor Zj Cji, wefind
k J

3.3 Contour Saliency

Ideally, oursggmentatioralgorithmshouldextractclosedcontoursn orderof increasingalieng.
A possibledefinitionfor the salieny of a closedcontourwould be to defineit asthe probability
of aparticletracinga paththroughthe sameedgesj.e. the productof the conditionalprobabilities
alongthe contours path. However, this definitionis dependenbn the lengthof the contour A
closedcontour «r, andanotherclosedcontourformedby traversingtheedgesn a twice,i.e., a - a,
shouldbe judgedto have the samesaliengy. However, it is clearthatthe probability of the second
contourwill bemuchlessthanthatof thefirst. In fact,it will bethesquareof thefirst. A morenat-
ural definitionfor the salieny of a closedcontour «, a definitionwhich is invariantto repetition,
is the geometriomeanof the conditionalprobabilitiesalongthe contours path:

A@) = p(a)*/le (11)

where|«a| is thelengthof theclosedcontourandp(c) is the productof the conditionalprobabilities
which compriseit. In otherwords,if thelengthnormalizedprobability of onecontouris greater
thanthatof asecondcontour thenwe considerthefirst contourto bemoresalientthanthesecond.
This definition of contoursalieny hasan interestingrelationshipwith the transitionmatrix, P,
constructedrom the given contour(see[26]). If we imaginea scenecontainingjust the closed
contour o, andwherethe probabilitiesbetweemon-adjacenedgesare zero,thenthe salieny of
the contouris justthelargestpositive realeigervalueof P.
3.4 Importance of Directionality

We concludethis sectionby demonstratindiow well the salieny measurgerformsfor a sim-
ple exampleconsistingof edgesfrom the silhouettesof two pearsartificially superimposedn a
backgroundexture. SeeFig. 1. The salieny measurdor eachedgewascomputedusingthe ex-
pressiorfor ¢; givenin Equation(3) after solving for the largestpositive real eigervalueof P and
its correspondingeigervector The salieny plot is shovn in Fig. 2 (a). Thelengthof anedgein
the plot is proportionalto its salieng. It canbe plainly seenthat the edgesboundingboth pears
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Figure 2: Salieny plots for the 2-pearexample. (a) Our measurewith directededges(b) Our
measuravith undirectededges.Thelengthof eachedgeis proportionalto its salieng value.

have high (and comparable)kaliencies. The salienciesof all otheredgeshave beensuppressed.
Numerically their salienciesare 20 ordersof magnitudesmallerthanthoseof the pears.

Using the sameexample,we demonstratehe importanceof using pairsof directededgesto
form antransitionmatrix, P, of size2N x 2N asopposedo simply usingthe N edgesto form
a symmetrictransitionmatrix, A, of size N x N. Recallthatthis mechanisms requiredso that
closedcontoursdo notincludereversalsin directionat thelocationsof the edges For the purpose
of this demonstrationwe constructa symmetrictransitionmatrix A from P by setting 4;; =
P;; + P;; + P + Py. It canbeverifiedthat A is symmetricbecauseP;; = Pj. Fig. 2 (b) shavs
the squarednagnitudeof the component®f the eigervectorwith largestpositive real eigervalue
of A. Two edgesn thebackgroundexturewhich, simply by chanceareproximalandvery nearly
collinear areextremelysalientwhile edgesorming the closedboundaryof the pearsareignored.
It follows thatusinga non-symmetridransitionmatrix, P, andpairsof oppositelydirectededges,
1 andz, is essentiato satishctoryperformancef the salieny measure.

In orderto distinguishthe contoursboundingthetwo pears,onemighttry to simply threshold
the edgesalienciesj.e., the ¢;’s. However, asis illustratedby this example,edgesrom different
objectscan have salienciesof comparablemagnitude. It is thereforelikely that sucha simple
stratgy will grouptogetheredgesboundingdistinct objects. In the next section,we develop a
morerobustapproactthat usesthe link salienciesj.e., the C;;’s, to grouptogethersetsof edges
belongingto individual objects.

4 Segmentation

Thegoalof segmentatioris to grouptogethetinto distinctsets edgesdoundingdistinctobjects
in the scene.To motivateour segmentatioralgorithm,considerthe hypotheticalcasewheresome
oracleprovidesuswith a setS of closedcontoursin the scenewhosesalienciesareabose some
threshold We canconstructagraphwhoseverticescorrespondo theedgesn oursceneWe create
adirectedlink in this graphfrom edges to edgej if : andj aresuccessie edgesof somesalient



contourin S. The Third Salieny Theorem(seeAppendixA) tells us that sucha construction
inducesa partition of the graphinto a setof isolatedstrongly-connectedomponentsA strongly-
connectecdomponent[bis asetof edgesn whichary pairof edges and;j have a pathfrom oneto
theotheri.e, i ~ j aswell asj ~ i. In generalkeachstrongly-connectedomponentill contain
multiple salientcontourghatsharecommonedgesit is shovnin the AppendixA thatthepartition
into a setof strongly-connectedomponentss a directconsequencef the propertyof closureof
thecontoursin S. As notedin theintroduction,the strongdependenceetweerthe natureof the
partitionandthe propertyof closureis a distinguishingfeatureof our approachascomparedvith
otherapproache$6, 11] which employ genericgraphsearch. More precisely in our approach,
the determinatiorof strongly-connectedomponentsnakessenseonly in the contect of a graph
derivedusinga salieng relationbasedon contourclosure.

In practice,of course,we do not know the salientcontoursbeforehand.Neverthelesssince
the links in the salientcontoursbecomethe links in the graph,all we needto know is which of
thelinks aresalient,i.e., thelikelihoodthatsomesalientcontourpasseshrougha givenlink. The
link-salienciesj.e., the C;;’s, encodepreciselythis information.

Ideally, the setof edgeswill bepartitionedinto isolatedcomponentsHowever, in practice not
all of thecomponentprovide reliablesggmentationsThe dominantcontourstendto suppresshe
salienciesof all othercontoursto the degreethat the salienciesof thesenon-dominantontours
areinsufficient to inducecomponentghat canbeisolatedreliably. Hence,in practice,we begin
by extracting the mostsalientcontours,and sincesuchcontourswill normally containthe most
salientedge,we first identify the contourscorrespondingo the strongly-connectedomponent
containingthe mostsalientedge. Having identifiedthe mostsalientcontours,we suppressheir
link salienciesn orderto revealthe next setof dominantcontours.We suppresshe currentsetof
dominantcontourdy deflatingall transitionprobabilitiesbetweeredgeof thestrongly-connected
componentSpecifically if i and;j areedgesn the componentthenthelink i — 5 is deflatedby
setting P;; = 0 (aswell assettingthereversal-symmetri€sibling” P; = 0). We theniteratethis
procesgo revealmultiple salientcontours.

Ideally, the strongly-connectedomponentcontainingthe mostsalientedgewill be isolated
from theothercomponentsin practice dueto noise,someof the C;;’s mightwrongly indicatethat
the strongly-connectedomponentontainingthe mostsalientedgeis connectedo oneor more
otherstrongly-connectedomponentsNeverthelessywe canextractthe componenof interestby
utilizing animportantpropertyof strongly-connectedomponentsthe setof edgesin a strongly-
connecteccomponentontaininga givenedg is the intersectionof the set of edges reatable
fromthe givenedge andthe setof edgesreatableif all links are reversed. Becauseof reversal
symmetry the above propertyreducedo a particularlysimpleform. Let reachable(j) bethe set
of edgegeachabldrom agivenedge;j. Dueto reversalsymmetryit canbe verifiedthatthe setof
edgegeachabldrom j whenall links arereversedis the sameasthereversal of the setof edges
reachabldrom edgej. Thereversalof thesetreachable(7) is definedto be

reachable(7) = {k | k € reachable(7)}.

Hence,in orderto identify the strongly-connectedomponentontainingthe mostsalientedgey,
we find

reachable(j) N reachable(7).
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SeeAlgorithm 1. Interestingly the above is analogousto the expressionfor edgesalieng,
¢; = s;5;. Oneneedssimply to replacethethe eigervectors; with the setreachable(i), therever-
sal operatorfor vectorswith the reversaloperatorfor sets,andcomponent-wisenultiplication of
vectorswith intersectiorof sets.In our case dueto reversalsymmetrytheabove propertyreduces
to a particularlysimpleform.

Algorithm 1. Extractanobject.

extract(A)
begin

P <+ af finities(A)

s < eigenvector(P)

j = argmax; (5; s;)

dreturn reachable(j) N reachable(j)

en

In orderto decideif alink is salientor not, we needto thresholdthe C;;'s. We could usea
singlethresholdor the entiregraph.However, we cando betterby choosinganadaptve threshold
for the setof links which originatefrom edgey, i.e., the j-th columnof thelink salieny matrix,
C. To thresholdtheseC;;’s in a naturalmanney we sortthe j-th columnin decreasingrdet In
this sortedlist, z, we find the k-th largestvalue (in all of the experimentsin this paperk equals
two). Edgegoinedby links from j with magnituddargerthanthe z;, areassumedo lie on salient
closedcontoursandarethereforeselected Suchathresholdingschemeamight misclassifycertain
links assalient.However, we have obsenedthatthe extractionof strongly-connectedomponents
is usuallyrobustto suchmisclassificationsSeeAlgorithm 3.

Theterminationcriterionwe usefor thecurrentimplementations to simply stopafterreporting
somefixednumberof componentsSeeAlgorithm 2. Oneway to justify the useof suchasimple
criterionis to imaginea higherlevel modulethat, for example,performsobject-recognitionand
which employs the segmentationalgorithmto highlight regions wherethe presenceor absence
of someobjectcanbe determinedusingdomainknowledgeavailableto the recognizer It is up
to the recognizerto determinethe numberof salientcontoursthatit wantsto procesgbasedon,
for example,real-timeconstraints).If the moduledetermineghatthe sggmentationalgorithmis
reportinggarbageafter a certainnumberof iterations,thenit candecideto terminatethe search
for additionalcontours.Alternatively, we could stopwhenthe largestpositive real eigervalue, A,
becomesgligibly small.

As a demonstrationye apply the segmentationalgorithmto the two pearexamplefrom Fig.
1. Thesggmentationn thefirst andsecondterationsareshovn in Fig. 3 (a) and(b) respectiely.
As previously noted,a segmentatiorbasedon simply thresholdinghe edgesalienciesvould not
be ableto separatehetwo pears.

5 Results

In this section,we shaw resultsof our segmentationalgorithmon a few realimages.All the
imageswere taken using a Kodak DC50 480x480pixel digital color camera. The Canry edge
detector[4wasrun ontheimagesaftercornvertingthemto greyscale with the parameters = 3.0,
low hysteresighreshold= 0.2 andhigh hysteresighreshold= 0.8. The setof edgeseturnedby
the Canry edgedetectorwere found to be quite redundant. The edgesare sampledto improve
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Algorithm 2: Sggmentanimage.
segment(A)
begin
S+ 0
for i < 1toN do
B «+ extract(A)

S« Su{B}
A+~ A-B
end
return S
d
Algorithm 3: Computeedgeseachabldrom j.
reachable(j)
begin
B« {j}

if not visited(j) then
fori«+ 1to|A|do
Cz'j — S Pij S;
end
z <+ sort(C[., j])
for i+ 1to|A|do
if Cz'j > 2k then
B « B U reachable(i)

end
end
end

return B
end

runningtimeswith almostno sacrificein performance.ln our experimentsve samplethe edges
suchthatno two edgesarecloserthan5 pixelsapart.

The entriesof the transitionmatrix P were calculatedwith parametersettings(seeSection
2 for their descriptionsandalso[23]) v = 0.15, T = 0.004 and7 = 5.0. All edgeimagesare
remappedo a64 x 64 imagesize.Sincethetransitionmatrix P hasaspeciasymmetry(thereversal
symmetry) we hadpreviously developedan algorithmthatfindsthe eigervectorcorrespondingo
thelargestpositive real eigervalueof P (requiredfor the computatiorof the salieng relation) by
exploiting thereversalsymmetry See[24] for details.
5.1 Example Segmentation

In our first examplewe chosea simplescenevherenon-occludingobjects(fruits) wereplaced
onatexturedbackgroundconcrete) Fig. 4 shavsfour fruits onaconcretebackgroundn greyscale
(a) andthe correspondingedgeimage(b) (with 2800 directededgesafter the samplingprocess
describedhbore). Noticethatthe contrastbetweerthe texture of the fruit on thetop-left (a cante-
lope)andthatof the backgrounds quitelow. As aresult,few edgesaredetectecalongsomeparts
of the boundaryof the cantelope.Fig 4 (a),(c),(e),(g), and(i) shown the edgesalienciesj.e. the
¢;'S, computedduring thefirst five iterationsof the segmentatioralgorithm. Fig 4 (b),(d),(f),(h),
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Figure3: Segmentatiorresultsfor thetwo pearexample.(a) Firstiteration.(b) Secondteration.

and(j) show the correspondingontourswhich are extractedduring thosesameiterations. It is
interestingto notethatthe contourboundingthe cantelopéhasbeenextracteddespitethefactthat
therearelarge gapsin somepartsof the contour

Fig. 5.1 (a) shavs the variationof the salieng of the dominantcontouracrossterations.The
dominantcontouris extractedat eachiterationby tracingout the mostsalientlinks startingfrom
themostsalientedgeuntil we returnto the mostsalientedgeagain.lts salieny is measuredy the
expressiorin equation(11). Sincethesalieny of thedominantcontourdecreaseaswe extractout
successie contourswe seethatthe contoursareindeedextractedin the orderof their saliencies.

Finally, we givethetime requirement$or ouralgorithmfor thisexample.It takes~ 13 seconds
to generatetotal of & 111, 000 entriesin the sparsdransitionmatrix P onanSGIR10000.Since
generatinghe entriesin the matrix is easilyparallelizablejt is usefulto know the time perentry
whichis =~ 0.11 msec.In Fig. 5.1 (b), we show the time taken to isolatesuccessie objects. The
eigensoler describecabove (see[24] for details)is adaptve, thetime roughly varyingaccording
to the compleity of the contoursextractedandthe numberof edgeseachcontains.As expected,
thefirst iterationtook the leasttime of ~ 3 secsincethe contourextractedis relatively salient(as
seenfrom the dominantcontoursalieny plot above) comparedo the othercontoursin the scene.
The third iterationtook the longesttime of &~ 20 sec—possiblybecausef the large gapsin the
contourbeingextracted(boundingthe cantelope) The averagetime for all iterationsis ~ 9.9 sec.
5.2 Importance of Global Information

In this section,we will shav the importanceof the global information encodedn the link
salieng matrix C by replacingt with thetransitionmatrix P whichencode®nly localinformation.
The edgesalieny vectorc is left unchangedWith this replacementthe segmentatioralgorithm
extractsout the samecontourin thefirst iterationasthe algorithmusingthe C;;’s. Notethatthis
contouris easyto traceout sincethereare no large gapspresentbetweensuccessie edgesof
the contour However, the hard partis to get a startingedge(i.e., the mostsalientedgein the
currentiteration) which (for this demonstration)s still beingprovided by the¢;’s. Fig. 6 shows
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Figure 4: Fruits on concrete. (a) Greyscaleimage. (b) Canry edgeoutput. (c)-(j) First four
iterationsof the segmentatioralgorithm. For eachiterationthe salienciesareshovn ontheleft and
the sggmentations shovn ontheright. In eachsalieny plot, thelengthof anedgeis propotional
to thesalieny of thatedge.The mostsalientedgein boththe salieny andsegmentatiorplotsare

shaowvn insidethe smallcircle.
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Figure5: (a) Dominantcontoursalieny vs. iterationnumber (b) Time periteration.

the segmentationafter the secondteration. As canbe seen the sggmentationcompletelybreaks
down. The P;;'s aresufficient aslong aswe startoff from the mostsalientedgein eachiteration
andthereareno large gapsin the contoursbeingtraced. The breakdevn in the secondteration
shavstheneedfor themoreglobalinformationencodedn theC;;’sin casesvheretherearelarge
gapsin the contoursbeingtraced.

In a previous paper[26],a purely local salieny measurgtermedWJ) wasjudgedto be more
effective in isolatingsmoothclosedcontourdn thepresencef backgrounctlutterthanthreeother
well known salieny measuregthosetermedGM, SB, andSU andbasedon [8], [18], and[21]).
Analogousto the expressiong; = s;5; (Wheres ands areright andleft eigervectorswith largest
positive real eigervalueof P) the salieny of an edgeaccordingto the WJ measuras w; = z;Z;,
wherezx; = Zj P;;. We obsere thatthe WJ measurecanbe seenasa single stepof the power
methoditeration necessaryor computingthe eigervector with largestpositive real eigervalue
of P. It follows that by comparingthe performanceof a sggmentationalgorithm basedon the
salieny measurealerivedin this paper(the measurégermedWT in [26]) to onebasedon the WJ
measureywe canascertairthevalueof power-methodterationsbeyondtheinitial step.Thisspeaks
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Figure 6: Fruits on concrete. (a) When the global link salieny matrix, C, is replacedby the

local transitionmatrix, P, from which it is derived,the segmentatioralgorithmfails in the second
iteration. (b) Whenthe globallink salieny matrix, C, is replacedoy alocal link salieny matrix,

W, basednthe WJ salieny measurethe segmentatioralgorithmfailsin thefirst iteration.

directly to theimportantissueof iterative versusnon-iteratve (i.e., voting) methodsn perceptual
organizationanissuewhichis exploredextensvely in [14].

Usingreversalsymmetry P;; = Py, we caneasilyshav thatw; = Zj,k P, P;; whichimplies
thatthe salieng for edge: is the sumof the probabilitiesof contoursof lengthtwo centeredn ;.
Becausehesalieny is determinedolelyby the probabilitiesof lengthtwo contoursijt followsthat
the global propertyof contourclosureplaysno role in determiningedgesalieny. Consequently
edgesforming a closedcontourcan be of low saliengy despitethe fact that they containmary
closedcontoursof relatively high probability.

In our seconddemonstratiorof the importanceof using global information, the global link
salieny matrix, C, basedntheWT measureis replacedy alocallink salieny matrix, W, based
ontheWJmeasureTheexpressiorfor locallink salieny is analogougo theexpressiorfor global
link salieng, Eq. 5. Specifically

VVij = i‘if)z'jxj- (12)
Usingreversal-symmetryit canbe shavn that

Wi; = PulyPy. (13)
k,l

Thusthe W;;’s areproportionalto the probability thata contourof lengththreeis centeredn the
link j — 7. However, whenwe usethis local relation, the segmentationalgorithm breaksdown
in thefirst iterationasshown in Fig. 6 (b). The mostsalientedgeaccordingto the w;’s (indicated
by the circle) lies on the cantelopewhich wasthe third fruit extractedusingthe global salieny
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relation. While tracingthe contourboundingthe cantelopethe algorithmlosesits way whenit

encountershe large gaps.In summarythec;’s areessentiafor reliably determiningthe starting
edgefor the sgmentatioralgorithm,andthe C;;’s areessentiafor bridging large gaps.Both are
functionsof theeigervectorwith largestpositive real eigervalueof the P matrix.

5.3 Additional Segmentation Examples

Fig. 7 shavs the samefour fruits with grassas the backgroundand with one of the fruits
occludinganother Dueto poorcontrasbetweerthetwo darkfruits andthebackgroundhe Canry
edgedetectordoesnot reliably detectthe edgesboundingthe two fruits. The fruits are hardly
salientin theedgeimage(notshavn) evenfor humanobseners.Ouralgorithmcanbeexpectedo
extractout contoursonly whenprovidedwith reliableedgeinformation. In this casethe algorithm
picks out only the othertwo fruits in the image. Of the two fruits that it doespick out, one
partly occludesthe other Due to the poor contrastbetweenthe two fruits, the edgeinformation
(especiallythe orientation)is quite poorin the region aroundthe occlusion.However, despitethis
fact,andthefactthatthecontourboundingthe occludedtruit containsalargegapattheocclusion,
thealgorithmsegmentsout bothfruits individually.

Fig. 8(a) shavs anexamplewheretherearesignificantshadevs which producestrongsmooth
contoursadjacento the stones.However, sincethey arenot closed,the shadav contoursarenot
assalientasthe contourswhich actuallyboundthe stones.Consequentlythey do not confusethe
algorithm.

Finally, Fig. 9(a) is animageof a large numberof coinson a tabletop. Although this is an
imagewhichwould berelatively easyto segmentusingimagebrightnessthe segmentatiorwhich
is shavnin Fig. 9(c) hasbeencomputedsolely usingthe Canry edgesshown in Fig. 9(b).

6 Findingthe Optimum Speed

The shapedistribution which is usedto build the P matrix is definedby threeparametersT’,
7, and~y. Although therehasbeensomeinterestingrecentwork on learningparameteisettings
for groupingalgorithms(seg[19]), we have simply selectedraluesfor T, 7, and~y whichwe have
foundyield goodresultsin practice.In this section we describgreliminarywork on choosinghe
valueof oneof theseparametersy, the particle’s speedautomatically

The sggmentationalgorithmwhich we have describecassumes fixed valuefor v. However,
therearetwo propertieof theshapalistributionwhich aredirectly affectedby theparticles speed.
First, the distancea particletravels beforeit decaysncreaseswith increasingspeed.Secondthe
variancein a particle’s direction of motion relative to the distanceit travels decreaseswith in-
creasingspeed. Consequentlythe choiceof « effectively determineshoth the curvatureof the
closedcontourswhich will be classifiedasmostsalient,andthe optimumdistancebetweenadja-
centedges.A moreprincipledapproachwould beto isolateclosedcontoursirrespectve of their
averagecurvatureandirrespectve of the averagedistancebetweeradjacenedges Oneway to do
this would be to systematicallyary speedwithin Algorithm 1 sothatthe contourwhich is most
salient,i.e., the contourwith maximumeigervalue,amongcontoursof all possibley is extracted.
In principle, the salieny of contoursof differentaveragecurvatureand differentedgesampling
rateswould be maximizedat differentspeedsresultingin a morerobustsegmentatioralgorithm.
SeeAlgorithm 4.

Fig. 10(a)is animageof threefruits onawoodentablewith prominentwoodgrainbackground.
The segmentationshavn in Fig. 10(c) was computedusing Algorithm 4 insteadof Algorithm
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Algorithm 4: Extractanobject(scale-ivariant).
extract(A)
begin
argmax
Ymax < 7V eigenvalue(af finities(A, 7))
s < eigenvector(af finities(A, Ymaz))
j = argmax; (5; ;) )
return reachable(j) N reachable(y)
end

1. The optimal speedwithin the range[0.01,1.5] for eachobjectwas computedusing Brent's
method[3, which doesnot requireanalyticderivatives,andis ableto locatea local optimumin
A()-

In our initial attemptto run the modified sgmentationalgorithmon this image,we usedthe
samevaluesfor 7" andr usedto computetheotherresultsin this paper Unfortunatelythe~ which
maximizedthe eigervaluewas 1.5. Becausehis valueis on the boundaryof the searchinterval,
it is notactuallyalocal optimumof (), andtheresultingsegmentatiorwasof very low quality.
After increasingthe diffusion constant,T’, from 0.004to 0.007 andthe decayconstant,r, from
5.0t0 6.5, the optimizationprocedureeturnedvaluesof v which werewithin therange[0.01, 1.5],
which implies thatthey aretrue local optima. The optimal speed;y,,...., for the first objectwas
1.23and1.27for the second.The eigervalue, A(v,.. ), at the optimal speedwas0.0099for the
first objectand0.007 1for thesecond.Theclosedcontoursareof goodquality. SeeFig. 10(c). The
algorithmfailedto find thethird object,becaus¢he Canry edgedetectoreturnedvery few edges
whichlie onits boundary

7 Conclusion

We have demonstratetiow a salieng relationbasedon the global propertyof contourclosure
canform the basisof a segmentatiomalgorithmableto identify multiple salientclosedcontoursin
realimages.More specifically we have demonstratethat computingthe connected-components
of agraphrepresentin@gsalieny relationbasedntherelatve numberof closedcontourscontain-
ing pairsof edgesjs moreeffective thansearchinga graphbasedon a purelylocal relationbased
on geometricpropertiesof the pair of edgesn isolation.

Our approactto groupingedgesdnto salientclosedcontoursinvolvesthe solutionof aneigen-
vector/eigemalueproblem.Recently otherresearchers[16,8, 19, 22] have alsoproposedyroup-
ing imagefeaturesuy solving eigervector/eigemalueproblems.

The normalizedmin-cut approachdescribedn [22] cangroup more generalimagefeatures
than our approachcan. However, sincewe restrictoursehesto groupingedges,we are ableto
imposethe importantconstraintof tangentcontinuity, which hasno counterpartor non-edgdea-
turessuchastexture or brightness Furthermoreary approactenforcingtangentcontinuity using
the mechanisnof edge-directionalityequiresa non-symmetridransitionmatrix P for which the
min-cut approachproposedn [22] doesnot apply As previously noted,the useof a symmet-
ric transitionmatrix makes contourscontainingcuspssalient(seethe discussionn Section 2).
Hence,we would expectpoor performanceon edgegroupingproblemswith a min-cutapproach
sincetangentcontinuity cannotbe enforced.

Like [22], the dominanteigervectorbasednethoddescribedoy [18] is applicableto features
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otherthanedges.Also like [22], this methodassumeshatthe transitionmatrix is symmetricand
thereforecannotuseedge-directionalityo enforcetangentcontinuity.

Of coursethe genericgroupingalgorithmsof [1, 7, 16, 22] make muchwealer assumptions
abouttheinputimagethandoesthe algorithmwhich we describehere.Thealgorithmwe describe
is specificallydesignedo group edgesinto smoothclosedcontours. Whenan imagedoesnot
containclosedcontoursywhenthecontourst containsaarenotsmooth or whenlocal edgedetection
processefail becaus®f lack of contrastj.e., whenourassumptionareviolated,our methodwill
fail. It is possiblethatin suchcasesgenericgroupingmethodswhich areableto organizeawider
variety of imagefeaturesandwhich make wealer assumptiongboutthem,may succeedn such
cases.

However, we believe that groupingmethodswhich are designedo solve a specificgrouping
problem,suchas groupingedgesinto smoothclosedcontours,will outperformgeneral-purpose
methodson imagesfor which their assumptionsold. This is becausegenericmethodscannot
fully exploit domainspecificcontraintssuchascontourclosureandtangentontinuity, which have
no counterpart$or non-edgdeaturessuchastextureor brightness.

Appendix A
Firstwe prove somepreliminarylemmas.

Lemmal If s is a (right) eigenvectorof P with eigenvalue \ thens is a left eigernvectorof P or
equivalentlya (right) eigervectorof P* with the sameeigervalue

Proof. Takingthei-th componentf P's,
Y Pusi = > Pysj (14)
j J

= ) Pys; (15)
~ s (16)

Hence§s is aneigervectorfor P* or equivalentlyaleft eigervectorfor P with the sameeigervalue
A

Lemma 2 For anirreduciblepositivematrix P that is reversal-symmetric

lim G)n =s-§7 (17)

n—oo

whee ) is thelargesteigervalueof P ands is the correspondingigernvector

Proof. For agenerairreduciblepositive matrix A it is shovn in[10] that
A n
lim (—) =x-y' (18)
n—oo \ A\

wherex andy arerespectrely the right andleft eigervectorsof A correspondingdo the largest
eigervector\ normalizedsuchthatz'y = 1. Fromthe previouslemma,we know thatif s is aleft
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eigervectorof a reversal-symmetrienatrix P, thens is the correspondingight eigervectorwith
the sameeigervalue.Hencethe proof.

Proofof the First Salieny Theorem(Theoreml). First we notethe simplerelationshipbetween
thediagonalkelementf the powersof thetransitionmatrix P andprobabilitiesof closedcontours.
(P*),; is the sum of the probabilitiesof all closedcontoursof length & that passthroughedge
1. Using this relationshipand letting A be the largesteigervalue of P, the definition for ¢; in
Equation2 canberewrittenin termsof the powersof P as:

;= lim ——r——— 9

o= s, (19)

T v) (20)
nooo 330

Theaborve limit existsif thelimit for boththe numeratormandthe denominatoexists andthe limit
for thedenominators non-zero.UsingLemma2 :

wherethe s;’s arethe component®f the eigervectorof P correspondingo its largesteigervalue
A andassuminghatthe eigervectoris normalizedsuchthat} _ ; s;5; = 1. Hence boththe limits

for the numeratorand denominatorin the ratio (20) exist andis equalto respectiely, s;5; and
>_; 8;8;. Finally, we note that the limit for the denominatorin the ratio is non-zero. For our

problemthereis anon-zergorobabilitythata contourpasseshroughary two edgesn theimagein

successioh HenceP is positive[1J andaccordingto Perron'stheoren10] for positive matrices,
all thecomponent®f the eigervectorcorrespondingo the largesteigervaluearepositive. Hence,
>_; 8j8; > 0 andhencethelimit of thedenominatoin theratio (20) is non-zero.Sincewe assume
thatthe eigervectoris normalizedsothat) _; s;5; = 1, theexpressiorfor c; becomes

B
¢ = lim (22)
noee 35 (X)%
_ o lima e (R)R (23)
limy 00 325 (3)7
S;8;
— 7 ’L_ (24)
> 88
= Sigi- (25)

Proofof the Secondsalieny Theorem{Theoren?). Theprobabilitythatclosedcontoursof length
n passhroughedges and: successiely is givenby Pﬁ‘lPij sinceall suchcontourspasgshrough
the link from edge; to edge: at leastonce. Hencewe can rewrite the definition for the link

2This is not necessarilyrue whenwe considersparseepresentationsf the matrix P, but for sucha caseall thatis
requiredis thatthereis anon-zergprobabilitythata contourstartfrom edgei andendin edgej with thepossibility of
threadingthroughintermediateedges.
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saliencieg4) as:

(26)

Again, usingthelimit theoremin Lemma(2) andargumentssimilar to that madein the proof of
Theorem(1) onthe existenceof limits, we have:

Y > limnﬁoo(g)ﬁ

._. Pil
SjSi\

_ 28
I (8)
5;P;:s;

Theorem 3 (Third Saliency Theorem) GivenasetC of closedcontoussin animage, considerthe
inducedgraph G whoseverticesare edgesfromtheimage. Theonly links betweerverticescorre-
spondto the directedlinks betweersuccessivedgesof the contouss in C. ThenG is partitioned
into isolatedstrongly-connectedomponentsjo two of which haveanylink betweerthem.

Proof. It is easilyseenthat G hasisolatedstrongly-connectedomponentsff for two edges and
j,thereis apath: ~ j iff thereis apath; ~- ¢. Hencein our casewe needto provethattheabove
conditionbetweenwo edges and; alwaysholds.It is enougho show thisfor simplepathswhere
therearenoloops.Any path: ~ j canbedecomposetto a sequencef subpathgachof which
is a subsequenchilly containedn someclosedcontourof C. The subsequenceareconstructed
in thefollowing manner Considerthe set A; of all the contoursin C thatcontainedge:. Starting
from edge; we traceoutthethepathi ~ j. As we move alongthis path,we remove from the set
A; ary closedcontoursthatdoesnot containthe whole subsequencseensofar. Theneitherwe
reachedge;j beforeexhaustinghecontoursn A; or A; becomegmptyatsomeintermediateedge.
In theformercaseary of theremainingclosedcontourin A; providesareturnpathto edge: from
j by tracingout the restof sucha closedcontour In the latter case et k£ be the lastintermediate
edgeatfter which the set A, becomesmpty The pathfrom : ~» £ is thefirst subsequencthat
we construct.At k therestill exists someclosedcontourin A;. Thusthereis areturnpathk ~ i
by completingary suchclosedcontourremainingin A;. We recursvely constructthe remaining
subpathdy consideringhepathk ~ j andstartingwith thesetA, whichis thesetof all contours
in C thatpassthroughedgek. As aguedabove, eachsuchsubpathhasa returningpathfrom the
endof the subpathto its beginning. Henceall the returningpathscanbe concatenatetbgetherin
reverseorderto getareturningpathfrom j ~» . Hencei ~~ j iff j ~~ i. A stronglyconnected
componenbf a graphis defined[5] asa subsef nodeswherefor ary two nodes: andj in the
subsetthereexistsa pathfrom i ~ j andfrom j ~» i. Hencein our casesincei ~» j iff j ~ 4,
if thereexistsary path: ~» j, thenedges and; belongto somestronglyconnectedcomponent.
Hencethe whole graphcanbe partitionedinto a setof isolatedstrongly connecteccomponents
with no links betweerary two of thecomponents.
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Appendix B

In this appendix,we give an analyticexpressioncharacterizinghe probability distribution of
boundary-completioshapesierivedin [23]. For a derivationof a relatedfunction see[20]. We
definethetransitionprobability, P;;, betweertwo directededgesj andj, to be

P(j | i) = / TP itydt ~ FPG | i to) (30)

whereP(j | i;t) is the probability thata particlewhich beginsits stochastianotionat (z;, z;, 6;)
attime O will beat (z;,y;, ;) attimet. This probability is definedto be the sumover the prob-
abilities of all pathsthata particlecantake betweerthetwo edges.This integral is approximated
analytically The approximationis the productof P evaluatedat the time at which the integral is
maximized,.e., t,,:, andaweightingfactor F. The expressiorfor P attimet is

3 exp[—Tits(at2 — bt +c)] exp(—f)

P( |ist) = — (31)
N
where
. - 2+ cos:())Hj —0;) (32)
b ;i (cos f; + cos 6;) :; ysi(sin 0; + sin 0;) (33)
2. 2
o = @ited) 4y

,-)/2

for z;; = x; — z; andy;; = y; — y;. Thedistributionof shapess determinedy the half-life, 7, the
variance,T, andthe speedf the particle,y. The expressiorfor P shouldbe evaluatedatt = ¢,,,
wheret,,, is real, positve, andsatisfieghe cubicequation

W N 3(at® — 2bt + 3c)
4 T

= 0. (35)

If morethanonereal, positive root exists, thenthe root maximizing P(j | 4;t) is chosen.Finally,
theextrafactorF' is

12(3c—btopt) | Ttopt
T + =
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Figure9: Coins (a) Original image. (b) Edgeinput obtainedby Canry detector (c) Segmented
objects,numberedn the orderin which they areextracted.
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Figure10: Fruits. (a) Originalimage. (b) Edgeinput obtainedby Canry detector (c) Segmented
objects,numberedn the orderin which they areextracted.The optimal speed;y .., for thefirst
objectwas1.23and1.27for thesecond Theeigervalue,\ (V42 ), attheoptimalspeedvas0.0099
for thefirst objectand0.007 1for thesecond.
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